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PREFACE

In my book [1],* which is devoted to the foundations of classical statis
tical mechanics, I point out (page 7) that the same method may, in prin
ciple, be applied to the construction of the mathematical foundations of 
quantum statistics. However, since all aspects of this method must undergo 
certain changes in form, I decided to write a special monograph devoted 
to the foundations of quantum statistics. This plan took almost ten years 
to complete, partly because of the burden of other work, and partly because 
of the difficulty in applying the method: Inclusion of the “new” statistics 
(symmetric and antisymmetric) required a more serious modification of the 
method than I had originally thought necessary.

Despite more or less significant alterations of a technical nature, the 
central idea of the method remains unchanged. In the area of quantum 
statistics, I show that a rigorous and systematic mathematical basis of the 
computational formulas of statistical physics does not require a special 
unwieldy analytical apparatus (the method of Darwin-Fowler), but may 
be obtained from an elementary application of the well-developed limit 
theorems of the theory of probability. Apart from its purely scientific value, 
which is evident and requires no comment, the possibility of such an appli
cation is particularly satisfying to Soviet scientists, since the study of these 
limit theorems was founded by P. L. Chebyshev and was developed fur
ther by other Russian and Soviet mathematicians. The fact that these 
theorems can form the analytical basis for all the computational formulas 
of statistical physics once again demonstrates their value for applications.

This monograph, like my first book, is devoted entirely to the mathe
matical method of the theory and is in no way a complete physical treatise. 
In fact, no concrete physical problem is considered. The book is directed 
primarily towards the mathematical reader. However, I hope that the 
physicist who is concerned with the mathematical apparatus of his science 
will find something in it to interest him.

29 August 1950 A. K hinchin

* Numbers in square brackets refer to the references listed at the end of the book.





INTRODUCTION

§1. The most important characteristics of the mathematical 
apparatus of quantum statistics

The transition from classical to quantum mechanics involves a basic 
change in the fundamental ideas and concepts of this science. It is there
fore not surprising that the mathematical apparatus of statistical mechan
ics should undergo a significant change in the transition to the concepts of 
quantum physics. In most cases this change is expressed in a generalization 
or a refinement of the mathematics, but sometimes the introduction of 
essentially new mathematical ideas is required. We begin with the enumer
ation of those new concepts of quantum physics which have the greatest 
effect on its statistical apparatus.

First, we recall two facts which significantly change the external appear
ance of the mathematical apparatus of statistical physics yet do not have 
a profound effect on its content: 1) Some physical quantities have discrete 
spectra (denumerable sets of possible values). This fact has only a super
ficial effect on the mathematical apparatus. It merely requires that finite 
sums or infinite series be used in place of the usual integrals of classical 
mechanics. 2) Physical quantities, in addition to depending on the usual 
Hamiltonian variables of classical mechanics, depend on “spin” variables 
which are specific to quantum physics and have no analog in the classical 
theory. This fact also causes no change in the basic ideas of statistical 
physics, but only complicates the calculations slightly in certain cases. In 
order not to obscure the fundamental concepts of the theory with details 
which are not of primary importance for the mathematical method, we 
avoid mentioning spin wherever possible in this book.

A new aspect of quantum mechanics, which is not present in classical 
physics, is the statistical nature of its assertions. In classical mechanics, the 
state of a system uniquely determines the values of all the physical quan
tities associated with it. Since every such quantity is a function of the 
Hamiltonian variables, specifying the values of the latter is equivalent to 
specifying the state of the system. In quantum mechanics, the state of a 
system defines the physical quantities only as random variables, i.e., it de
termines the laws of distribution obeyed by the physical quantities and not 
their values. This essentially statistical feature of quantum mechanics is 
independent of and distinct from the statistical aspects of the special meth
ods of statistical physics. In statistical physics the mean value of a physical 
quantity is found by averaging the quantity over different states of the sys
tem. In quantum mechanics, however, we speak of the mean value of a 
quantity in a certain definite fixed state. Therefore, quantum statistics, as

1



2 INTRODUCTION

distinct from the classical theory, is a statistical theory in a double sense 
of the word. It is very important to distinguish carefully between the con
cepts and computational methods of quantum mechanics on the one hand 
and those of statistical physics on the other. We introduce a special ter
minology and system of notation for each of them, and we rigorously avoid 
confusing the two sets of ideas since they effectively have nothing in com
mon, except that both are statistical in nature.

This double statistical character of quantum statistics has a somewhat 
greater effect on the mathematical apparatus than the two facts mentioned 
above. However, even here the necessary changes do not affect the basis 
of the method. The intrinsic statistical nature of quantum mechanics, 
because it is completely independent of the special methods of statistical 
physics, does not cause any change in the essence of these methods. Only 
a new superstructure is required, and this requirement merely changes the 
appearance of the final result.

Finally, we must consider in detail two new features of quantum me
chanics which have a much more profound effect on the apparatus of statis
tical physics. In some applications these features require a qualitative 
change in the apparatus.

The first of these features involves the so-called “new” statistical schemes 
(Bose-Einstein and Fermi-Dirac) which do not and cannot have analogs 
in classical statistical mechanics. In principle, the situation just alluded to 
is also possible in the classical theory: It is only a question of the necessity 
of forming mean values of physical quantities by averaging over some 
(small) fraction of the number of states of the system which have a given 
total energy. In the classical theory such a reduction of the averaging mani
fold becomes necessary whenever the equations of motion have a single
valued integral which is independent of the energy integral (see [1; §10, p. 
47]). However, such a necessity rarely arises in practice, since under ordi
nary conditions integrals of this kind either do not occur at all; or, if they 
do occur, the averages over the reduced manifold prove to be practically the 
same as the averages over the original complete manifold.

The transition to the “new” statistics signifies just such a reduction of 
the manifold of “accessible” states of the system over which the averaging 
must be carried out. The reduction is necessary because of the existence 
of a certain single-valued integral of Schrodinger’s equation. (This quantum- 
mechanical equation describes the evolution in time of the state of a sys
tem and thus replaces the “equations of motion” of classical mechanics.) 
The existence of this integral (we call it “the index of symmetry” in the 
following) is the rule, not the exception. Also, the mean values obtained 
by averaging over the reduced manifold differ from those obtained by aver
aging over the original complete manifold to such a degree that it is abso-
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lutely necessary to calculate these differences. In classical mechanics the 
equations of motion cannot have integrals which are in any way analogous 
to this “index of symmetry” . This index describes a specific feature of 
quantum mechanics.

In constructing a general statistical theory, this necessity to reduce the 
averaging manifold leads to an essential complication of the mathematical 
apparatus. The local limit theorems of the theory of probability remain the 
fundamental basis as before. However, even in the simplest case of systems 
consisting of particles of a single type, which obey symmetric or antisym
metric statistics, it is convenient to use two-dimensional limit theorems 
instead of a one-dimensional theorem. The use of a one-dimensional limit 
theorem only suffices for the case of complete statistics (i.e., for the case of 
the classical “Maxwell-Boltzmann scheme”). The reduction of the com
putational problems of statistical physics to those of establishing limit 
theorems of the theory of probability also undergoes significant changes. 
In addition, the need to carry out all computations on an extremely gen
eral basis, which simultaneously includes all three basic statistical schemes, 
naturally makes the exposition more complicated.

The second specific feature of quantum mechanics which exerts a sub
stantial influence on the methods of statistical physics involves the prob
lem of the “suitability” of the mean values given by these methods; that 
is, the question of whether these mean values can be verified by experiment. 
(This will be the case if the dispersions are small.) To answer this question, 
it is customary in classical statistical mechanics to formulate so-called 
ergodic hypotheses or theorems. These state that, on the average, a sys
tem, whose evolution in time is governed by the equations of motion, re
mains in different parts of a given manifold of constant energy for fractions 
of the total time interval which are proportional to the volumes of these 
parts. Therefore, if we observe any physical quantity associated with a 
given system over a definite time interval, the arithmetic average of the 
results of a sufficiently large number of measurements will, as a rule, be close 
to the (theoretical) statistical average. It is well-known that in classical 
statistical mechanics no attempt at such an “ergodic” approach to estab
lishing the suitability of theoretical averages has yet led to any completely 
satisfactory solution (despite a series of remarkable isolated successes). 
However, in quantum statistical mechanics such an “ergodic” approach 
turns out to be impossible in principle. A classical mechanical system 
changes its state according to the equations of motion and during the course 
of time its state, at least in principle, can approach as closely as desired to 
any previously specified state which has the same total energy. This state
ment is used as a basis for the attempt to compare theoretical averages of 
physical quantities, taken over all possible states of an isolated system,
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with data obtained from measurements of the corresponding quantities of 
the same system made at different times in its evolution. In quantum me
chanics the situation is completely different. If a system has a definite 
(fixed) total energy (i.e., if the system is in a “stationary” state) and evolves 
according to Schrodinger’s equation, then the distribution law of any phys
ical quantity associated with the system remains invariant in time. (We 
prove this in Chapter II, §5.) But in quantum mechanics the state of a 
system determines only the distribution laws obeyed by the physical quan
tities associated with the system. We must therefore suppose that the 
state of a system, which has a definite total energy, does not in general 
change with time. Hence, the average of a sequence of measurements per
formed on such a system (even if a sequence of this kind were possible 
without radical disruption of the state of the system by each individual 
measurement) should yield a result which has nothing in common with the 
theoretical statistical average, since the latter is obtained by averaging the 
quantity over all states which have the same total energy as the given 
system.

Thus, regardless of how we appraise the effectiveness of ergodic methods 
in classical statistical mechanics, in quantum statistics they are in principle 
of no value in establishing the suitability of the theoretical mean values of 
physical quantities. (See [2].) The “time averages” of such quantities, in 
virtue of the above discussion, will, as a rule, be quite different from the 
theoretical mean values. Therefore, in choosing a mathematical apparatus 
in quantum statistics we must consider the need to find other methods for 
establishing the suitability of mean values. As we shall see, this requires a 
very accurate estimate of the remainder terms in the relevant limit theo
rems of the theory of probability. In particular, the accuracy must be sig
nificantly improved compared to that required for estimating mean values.

We wish to emphasize once again that despite the various changes neces
sary in the mathematical apparatus the central idea of our methods remains 
unchanged in the transition from classical to quantum physics. This idea 
consists in the systematic application of the asymptotic formulas of the 
theory of probability to all the calculations of statistical physics. These 
formulas represent a general study of mass phenomena, and provide a 
rigorous mathematical foundation for statistical physics. Therefore, the 
creation of a special analytical apparatus is unnecessary.

§2. Contents of the book

We mentioned in the Preface that this book is intended for two categories 
of readers: physicists interested in the mathematical foundations of their 
science and mathematicians who wish to become acquainted with physical 
applications of mathematics. As a rule, these two groups approach the
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reading of a book with different backgrounds. Therefore, to provide both 
types of readers with the minimum amount of material necessary to master 
the basic sections of the book, we have expanded the introductory part 
somewhat. Two long chapters (the first and the second) are devoted en
tirely to preliminary material and the treatment of the problems of quan
tum statistics does not begin until Chapter III.

The first chapter contains a discussion and complete proofs of those 
limit theorems of the theory of probability which are used in the main 
sections of the book. We refer here to local limit theorems for sums of iden
tically distributed random variables that can assume only non-negative 
integral values. It is well-known that the general conditions for the appli
cability of theorems of this type were found only quite recently by B. V. 
Gnedenko and his students. Chapter I contains complete proofs of the 
local theorems for the one-dimensional and two-dimensional cases. The 
fundamental method of Gnedenko is used in these proofs. However, in 
view of the applications to be made of these theorems, the calculations 
are carried out in somewhat more detail in order to obtain not only asymp
totic formulas, but also accurate estimates of the remainder terms. Thus, 
this chapter contains a certain element of novelty even for a mathematician 
whose specialty is the theory of probability. For mathematicians of other 
specialties, and also for physicists, it will doubtless be completely new. 
Readers who are not interested in the details of the proofs of the limit the
orems should not read the first chapter thoroughly but merely become 
acquainted with the statements of the theorems which are given at the 
end of §§4 and 5.

The second chapter introduces the necessary preliminary concepts of 
quantum mechanics. The educated physicist will, as a rule, find it super
fluous. We suggest that he only glance at it to familiarize himself with the 
terminology and the system of notation used in the remainder of the book. 
The mathematician will probably find it necessary to read this chapter. 
However, we must caution him that familiarization with its contents can
not replace a preparatory mastery of the fundamental ideas of quantum 
physics which can even be obtained from literature of a more or less popu
lar character. Chapter II can not be considered either as a short course or 
as a synopsis of a course in quantum mechanics. The choice of material is 
not intended to be exhaustive, but is determined solely by an interest in 
the special problems discussed in the remaining chapters. In particular, 
the second chapter is concerned almost exclusively with the mathematical 
apparatus of quantum mechanics. The physical content of the subject 
has not been emphasized. From a formal point of view this chapter con
tains everything necessary to understand the following sections of the 
book. However, for the reader who is totally unacquainted with the ideas
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of quantum physics, it will be of little value: A knowledge of its purely 
formal content will only leave the reader in mid-air. (It is sufficient to point 
out that in the entire chapter not a single experiment is mentioned.) We 
repeat, therefore, that the mathematician approaching the study of our 
book must have at least a modest acquaintance with the general ideas of 
quantum physics. As we have said, this acquaintance may be obtained 
from very elementary sources. If the principal physical ideas of quantum 
physics are already known to the reader, then our second chapter will easily 
raise this knowledge to the mathematical level necessary for an understand
ing of the following chapters.

The third chapter contains an exposition of the general ideas and the 
basis of the computational methods of quantum statistics. In classical 
mechanics the statistical theory is used primarily to investigate the sta
tistics of various physical quantities associated with a system of given total 
energy. Similarly, in quantum statistics the distribution laws of various 
physical quantities are studied for a system that has a definite total energy. 
Thus, at least at the outset, only those states of a system will be considered 
in which the total energy has a definite value. These states are described 
by eigenfunctions of the total energy operator 3C.

In classical mechanics the set of states in which the total energy of the 
system has a given constant value forms some “surface of constant energy” 
in the phase space. In quantum mechanics the analogous set of states is 
the linear manifold 90?, whose elements are eigenfunctions of the operator 
3C belonging to some definite eigenvalue of this operator. For systems con
sidered in statistical physics this manifold always has a finite but very 
large dimension [a high degree of degeneracy (multiplicity) of the eigen
values]. In classical mechanics mean values of physical quantities are ob
tained by averaging over a given surface of constant energy (or parts of it, 
if in addition to the energy integral there are other single-valued integrals 
of the motion). Similarly, in quantum statistics the averaging is performed 
over the manifold 9W or over parts of it. In fact, as we remarked in §1, it is 
necessary to make a significant reduction in this manifold for the majority 
of systems considered in statistical physics. In these cases only symmetric 
or antisymmetric eigenfunctions are admissible. Thus, in the statistical 
problems of quantum physics it is necessary to develop computational 
methods for three fundamental statistical schemes: complete, symmetric 
and antisymmetric. For this purpose, we establish first a particular com
plete orthogonal system of eigenfunctions for each of these three schemes. 
These functions have great importance for all that follows, and we call 
them the fundamental eigenfunctions. The states which are described by 
these eigenfunctions are called the fundamental states of the system.

Further, we introduce the notion of “occupation numbers” which is of
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basic importance in quantum statistics. Each of these specifies the number 
of particles of the system which is found in a particular state. The funda
mental states chosen are especially convenient for statistical calculations 
because in each of these states the occupation numbers have definite (fixed) 
values. Thus, some definite set of occupation numbers corresponds to each 
fundamental state in any of the three statistical schemes. Conversely, one 
or several fundamental states correspond to each set of the occupation num
bers. The number of fundamental states corresponding to a given set of 
occupation numbers is different for the three basic statistical schemes. 
This difference is the most important consequence of the statistical dis
similarity of these schemes.

Many of the most important physical quantities studied in statistical 
physics have a “sum” character, i.e., they are sums of quantities each de
pending on the state of only one of the particles which compose the system. 
The mean value of a “sum function” can be written down immediately 
from a knowledge of the mean values of the occupation numbers. If in addi
tion to the mean values of the occupation numbers we are able to find the 
mean values of their pairwise products, then we can immediately write the 
dispersion of an arbitrary sum function. These facts explain why authors 
of systematic expositions of quantum statistics consider the determination 
of the mean values of the occupation numbers to be their most important 
initial task. I t should be noted, however, that the mean values of the occu
pation numbers determine directly the mean values only of sum functions. 
Even though the sum functions are the most important functions they do 
not exhaust all quantities which can be of interest in statistical physics. 
Any quantity which depends symmetrically on the states of the particles 
which compose the system can be of interest in statistical physics. While 
sum functions are the simplest and most frequently encountered of these 
symmetric functions, they evidently do not exhaust the set. (Thus the dis
persion of a sum function is symmetric but is obviously not a sum func
tion.) From the mathematical point of view it would no doubt be an in
teresting and worthwhile task to consider a broader class of problems. 
However, we must note that the limit laws for symmetric functions of a 
large number of random variables are still completely undeveloped. [ E d i 

t o r ’s  N o t e : In several later articles Khinchin did consider a broader class 
of symmetric functions. This work has been included here as Supplements 
V and VI.]

At the end of the third chapter we show that the problem of establishing 
the suitability of microcanonical averages can be reduced to that of esti
mating the microcanonical dispersions of the corresponding physical quan
tities. In particular, we derive an expression for the dispersion of sum func
tions which is valid for all three statistical schemes.
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After establishing the foundations of the statistical methods of quantum 
physics, we give a concrete structure to quantum statistics in the fourth 
and fifth chapters. The fourth chapter is devoted to the statistics of pho
tons, and the fifth to the statistics of material particles (i.e., particles with 
non-zero “rest mass”). We start with photons solely for pedagogical rea
sons. I t is well-known that the number of photons constituting a given 
system is not constant, but can change with time. This makes the statistics 
of a “photon gas” substantially simpler than the statistics of systems con
sisting of material particles. Therefore, we develop all the computational 
methods first using this simplest example for which a one-dimensional limit 
theorem suffices. We hope that the reader masters this chapter before pass
ing to the more complicated case of material particles. He will then be ac
quainted with the fundamental ideas of the method and the purely tech
nical complications encountered in Chapter V will not cause him any great 
difficulty.

The derivation of the fundamental computational formulas is carried 
out in completely parallel fashion in these two chapters. The dimension of 
the linear manifold of eigenfunctions of the operator 3C which belong to a 
given eigenvalue I? is a function of E, and is called the structure function 
of the system. (In the case of material particles the structure function 
also depends on the number of particles composing the system.) The first 
step of the derivation is to determine the exact expressions for the mean 
values of the occupation numbers and their pairwise products in terms of 
the structure function. These expressions are very simple but are different 
for the different statistical schemes. They enable us to reduce completely 
the problem of finding asymptotic estimates of the mean values of the oc
cupation numbers and their pairwise products to that of finding approxi
mate expressions for the structure function. The second step is to express 
the structure function for each case in terms of the distribution law of a 
random variable which is defined as the sum of a very large number of 
mutually independent and identically distributed random variables. In 
general, these distribution laws are multi-dimensional. Only in the prob
lem of photons are they one-dimensional. Finally, in the third and last 
step of the computation the limit theorems derived in Chapter I are applied 
to obtain asymptotic expressions for these distribution laws. This gives us 
convenient, and at the same time very accurate, approximate expressions 
for the structure function and, hence, for the mean values of the occupation 
numbers and their pairwise products. Using these expressions and the 
methods developed in Chapter III, we easily find approximate expressions 
for the mean values and the dispersions of sum functions which are just as 
accurate. The precision obtained in this case turns out to be perfectly ade
quate to establish the suitability of microcanonical averages of physical 
quantities which are sum functions.
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In the sixth and last chapter the results found previously are used to 
define the concept of entropy and to establish by statistical methods the 
basis of the second law of thermodynamics and, hence, of all of thermo
dynamics.

In the “supplements” which complete the book, we consider several 
topics of significant interest that are somewhat peripheral to the main line 
of development of the theory. Therefore, we prefer to assign to them a 
special place at the end of the book.

We must still add some general remarks concerning the method of ex
position adopted in this book. These remarks are necessary for a broader 
understanding of the material.

1. In the best expositions of statistical physics following the first works 
of Darwin and Fowler, basic use has been made of the mean values of phys
ical quantities rather than of their most probable values. Prior to this period, 
the most probable values were invariably used. In regard to this change, 
we will mention two very basic facts: i) In those cases where the mean 
and most probable values of quantities are considerably different from 
each other, the mean values always play the deciding role in descriptions 
of macroscopic phenomena, ii) The methods adopted in statistical physics 
for the calculation of the most probable values always deserve the valid 
criticism of being mathematically incomplete. On the other hand, the 
method of calculation of mean values, formulated by Darwin and Fowler, 
is faultlessly rigorous in mathematical respects.

In the following, we always speak of the mean values of physical quan
tities. I t is true that for most quantities of interest in statistical physics, 
the differences between the mean and most probable values are sufficiently 
small so that in practice they may be neglected. However, rather than dem
onstrate rigorously that these differences are negligible (a conclusion con
sidered obvious by those who use most probable values) we present a suffi
ciently well-developed theory of mean values so that a consideration of 
most probable values is unnecessary.

The sole advantage of the (mathematically unrigorous) calculations of 
most probable values consists in their incontestable relative simplicity. 
There is no doubt that the method of Darwin and Fowler, which is based 
on a specially constructed analytical apparatus, is very complicated mathe
matically. This explains its relative unpopularity among physicists. But, 
as we mentioned in the Preface, the primary purpose of this book is to show 
that there is no need for a special analytical apparatus to justify rigorously 
the methods of calculation of mean values of physical quantities. The cal
culation leads to a completely elementary application of general and well- 
known limit theorems of the theory of probability. Thus, the last purely 
practical objection to the transition from most probable values to mean 
values can be eliminated.
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2. The reader who is acquainted with this subject will probably notice 
that in our book, in contrast to the majority of contemporary expositions 
of this subject, no mention is ever made of the so-called “statistical en
sembles”. The systematic use of this term usually indicates that the phys
ical system being studied is considered as an element of some set of physical 
systems which have the same structure as the given system but are in dif
ferent states. However, it should be understood that in all statistical the
ories, a physical quantity is given a value which is obtained by averaging 
the quantity over all different states of the observed system. Such a value, 
in general, corresponds to the mean value of the results of a large number 
of experimental observations of the quantity. This connection of the sta
tistical theory with the physical world is discussed in great detail and is 
often emphasized throughout our book. I t appears to us, however, that the 
systematic assignment of a physical system of the same structure to each 
of the possible states of the given system (thus forming the “ensemble” 
introduced by many authors) is completely superfluous and only hinders 
an understanding of the theory. We prefer to consider the set of states 
which are possible states for the system (a phase space in classical physics) 
and not to consider a set of systems which are assigned to these states. 
The latter approach only complicates the picture of the phenomenon. This 
same point of view was introduced in our book on the mathematical found
ations of classical statistical mechanics. Instead of assigning a whole “en
semble” of systems of the same type to the phase space and then following 
the evolution of this “ensemble”, we simply spoke of the “natural motion” 
of the phase space itself. (This can be thought of as a space which is con
tinuously being transformed onto itself, the motion being like that of a 
simple hydrodynamic model.) This description is simple and convincing 
from both the mathematical and the physical points of view. Only the un
necessary assignment of some physical system to each point of the phase 
space is lost.

3. In keeping with our pedagogical aim, we choose only the simplest 
examples and consciously refrain from considering more complicated situa
tions so that the reader can concentrate all of his attention on the mathe
matical method. In the text proper we limit ourselves to homogeneous sys
tems (i.e., systems consisting of particles of the same structure) and only 
in Supplement I do we show how our method can be applied to hetero
geneous systems. The particles composing each system are assumed to be 
enclosed in a vessel of constant volume. I t is well-known that this leads 
to a discrete energy spectrum

fl < f-l < • • • < cr ■ ■ ■
for the particles. As is usual in such investigations, we also assume that the
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energy levels er of the particles are integers. In practice, all the energy levels 
can be made to approximate integers as closely as desired by choosing a 
sufficiently small unit of energy. Further, as is also customary, we assume 
that the energy of the system is equal to the sum of the energies of its con
stituent particles. This means that we neglect the interaction energy of 
the particles; i.e., strictly speaking, we are limiting ourselves to multi
atom ideal gases. I t is, of course, impossible to follow this point of view to 
its logical conclusion, since in the absence of an interaction between them, 
the particles cannot exchange energy, and the whole statistical problem 
becomes meaningless. Usually, as a result of this difficulty, it is assumed 
(in many cases with good reason) that the interaction between the particles 
is sufficient to guarantee a free exchange of energy between them, but at 
the same time is weak enough so that for all practical energy calculations 
it is possible to equate the energy of the system to the sum of the energies 
of its constituent particles. Thus, the “mixed” terms which express the 
interaction energy of the particles can be neglected.

The primary purpose of our method is to deduce all the asymptotic for
mulas necessary for quantum statistics. As usual, these formulas are derived 
on the assumption that the number of particles N  of the given system, its 
total energy E, and its volume V are infinitely large quantities which main
tain constant ratios (a constant mean energy per particle and a constant 
mean density of the gas). In essence, this means that units of energy and 
volume are chosen so that the ratios E /N  and V /N  are neither too small 
nor too large. All quantities characterizing the given system which depend 
only on these ratios must therefore be regarded as constants in our asymp
totic formulas.



Chapter I

PRELIMINARY CONCEPTS OF THE THEORY 
OF PROBABILITY

§1. Integral-valued random variables
This book is concerned with the rigorous and detailed mathematical 

bases of the most important formulas of quantum statistics. These are 
established with the help of the limit theorems of the theory of probability, 
since the question of limit theorems of some particular type arises in all 
cases. For a long time these theorems have been of interest to specialists 
and in recent years they have been developed significantly, particularly by 
mathematicians in the U. S. S. R. Nevertheless they are not, as a rule, dis
cussed in textbooks and consequently are little known to a wide circle of 
scholars. (As an exception we may mention the book by von Mises [3].) 
Hence, in the present chapter we give both detailed formulations and com
plete proofs of the limit theorems which are necessary for our development. 
We assume only that the reader is acquainted with a general text such as 
Feller [4].

The type of limit theorem we need is distinguished by the following im
portant specific characteristics:

1) We always consider random variables all of whose possible values 
are integers;

2) All the limit theorems of interest to us are of the local type, i.e., we 
always consider an asymptotic estimate of the probability that the sum of 
the random variables being studied assume some definite value;

3) We can limit ourselves to sums of mutually independent and identi
cally distributed random variables that have finite moments up to the fifth 
order inclusive;

4) In all cases we must find not only an asymptotic formula, but also 
an accurate estimate of the error;

5) Finally, in addition to the one-dimensional limit theorems, we will be 
equally interested in multi-dimensional limit theorems of the same type 
(in particular, two-dimensional limit theorems).

Local limit theorems for integral-valued random variables attracted the 
attention of investigators a relatively long time ago, although much less 
effort was devoted to them than to theorems of the “integral” type. Thus, 
in the book by von Mises, one may find rather deep theorems of this latter 
type. However, a sufficiently general formulation of the problems of in
terest to us has been achieved only recently. In particular, the limit the
orems of the type we require were first proved by B. V. Gnedenko [5] and

12
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his students [6]. Although they considered multi-dimensional problems, the 
fundamental direction of their investigations differs significantly in one 
way from that which we need: While Gnedenko and his students always 
sought more general conditions under which the fundamental limiting re
lationship is valid, we, as stated above, can confine ourselves to a very 
narrow class of initial distributions. On the other hand, we cannot be satis
fied with deriving limiting relationships, but must estimate the resulting 
error, sometimes rather accurately. Thus, although Gnedenko’s methods 
are completely adequate for our purpose, we need formulations of limit 
theorems which are somewhat different from those given by him and his 
co-workers. This is a further reason for our including a chapter containing 
detailed proofs of the limit theorems we require.

The random variables we must consider in this book always have only 
integers as their possible values. We call such random variables integral- 
valued. Evidently, the distribution law of the integral-valued random vari
able £ is completely determined by giving for each integer n the probability

P(£ = n) = pn [pn > 0 ( -  oo < n < oo); pn = 1],

that the variable £ take on the value n. In the future we shall say briefly 
that the variable £ obeys (is subject to) the law pn or is distributed according 
to the law pn ■

If the series

y . n=—co npn

converges absolutely, its sum is called the mathematical expectation E£ 
of the variable £. (Sometimes, instead of mathematical expectation, the 
term “mean value” of the random variable £ is used. We carefully avoid 
this terminology, since the term “mean value” has a completely different 
meaning in this book.) In general, given an absolutely convergent series

where /(«.) is an arbitrary real or complex function of the integral argument 
n, we call the sum of the series the mathematical expectation E/(£) of the 
random variable/(£). In particular, the mathematical expectation E£ft of 
the variable t  (if it exists) is called the moment of order k (klh moment) 
of the variable £. The mathematical expectation E(£ — E£)A of the variable 
(£ — E£)ft (if it exists) is called the central moment of order k of the vari
able £. The central moment of second order

D£ = E(£ -  E£)2 = (n -  E£)*p»
(if it exists) is called the dispersion (variance) of the variable £ and is, 
along with the mathematical expectation E£, one of the most important
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characteristics of this variable. All the random variables we shall consider 
actually possess moments of arbitrary order k > 0. However, we shall see 
that for the proof of the relevant limit theorems, it is sufficient to assume 
the existence of moments of only relatively low orders.

If £' and £" are integral-valued random variables obeying, respectively, 
the laws p,! and pn", then the sum £' +  £" = £ is an integral-valued ran
dom variable. The distribution law pn of this sum, in addition to depending 
on the laws pn' and p„", also depends on the form of the mutual depend
ence of the variables £' and £". In particular, if these two variables are 
mutually independent, then the numbers pn are very simply expressed in 
terms of the numbers pn' and pn". Indeed, in order that £ = n, it is neces
sary and sufficient that £' = k, £ = n — k, where k is any integer. There
fore,

P(£ = n) = P(£' = k, £" = n -  k),

and in virtue of the mutual independence of the variables £' and £",
E ao t  ft

k - = — «  P k  P n —k *

The last equation may be rewritten as

P n  ^  i k-\-l*=n P k  P i  •

In the same fashion if we have s mutually independent integral-valued 
random variables

>(1) >(2) _ _ _ Us)
S j s  y * * * y s

with the corresponding distribution laws
a) „<2> „(»>

P n  ,  P n  , • • • , P n  ,

then the distribution law pn of the sum

f = Z U £ (<)
may be expressed as
/f \  v®  a) (2:
V 1  J P n 2 -^k i= —tti /  A . o = — ac * ' ' /  jk . _  ! = — « pk  j  Pk <>

where a = n — ^*=1 k , ; or, equivalently,

( 2 )  P n  =  P ^  P k • • • P k \ \

(1- 1) (s)

where /3 = X X i • The expression for the distribution of the sum of 
mutually independent random variables in terms of the distributions of 
the summands is called the rule of composition of these distributions. Thus, 
formulas ( 1) and (2 ) express the rule of composition of the distributions 
of an arbitrary number of integral-valued random variables.
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It is known from the elementary theory of probability that the mathe
matical expectation of a sum of an arbitrary number of random variables 
is always equal to the sum of their mathematical expectations. If the sum
mands are mutually independent, the analogous law holds true for the 
products. Finally, the dispersion of the sum is equal to the sum of the dis
persions of the summands when the summands are pairwise mutually in
dependent.

We must repeatedly consider cases in which the basic element is not one 
random variable, but a family of several (two, three or more) mutually 
dependent integral-valued random variables £, 77, •••. For simplicity of 
notation we consider the case of a pair (£, 17) of such variables. (All that is 
said for this case holds true with the corresponding obvious changes for 
any larger family of variables.) A pair of this type is sometimes called a 
(two-dimensional) random vector. The probability P(£ = I, 17 = m) of the 
simultaneous realization of the equations £ = I and 77 = m is denoted by 
pim . The set of numbers pim ( — 00 < I, m < 0°) forms the distribution law 
of the random pair (£, 77). If pn and qm , respectively, denote the distribu
tion laws of the variables £ and 77, then evidently

(3) Pl ^ ,m=—aa Pim , 5m ^ R=—oo Pim •

Hence,

E£ = Ipi = l 05 pim ,
and analogously,

Et7 ^ J m = —00 nl y  ln —00 Pim •

It is assumed that all these series converge absolutely.
If /(£, v) is an arbitrary real or complex function of the variables £ and 

77, then the quantity

(4) E/(£, 7,) = £ r - .  m)p«»

is called its mathematical expectation if the double series converges ab
solutely. In particular, from formulas (3) or (4) we obtain expressions for 
the dispersion of the variables £ and 7; in terms of the numbers pim :

D£ = E(£ -  E£)2 = £ ? —  (f -  E£)*p„ ,
Dtj = E(t; — E77)2 = (m — Etj)2pim .

R(£, 77) = E{(£ -  E£)(t? -  E t,)|/( D£ Du)*

= [E(£t,) -  E£Et,]/(D£ Dt,)5

The ratio
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is called the correlation coefficient of the variables £ and y. The numerator 
of this ratio can be written in the form

E{({ -  Ef)(u -  Et?)} = (I ~  E$)(m -  Ey)Pim.

From the random pairs (£', tj') and (£", y") we may form the pair (£' +  
£", 1}’ +  v") which is called the sum of the given pairs. In the same fashion, 
the sum of an arbitrary number of pairs can be defined. Let piJ, pim , 
pim denote the distributions of the pairs (£', y'), (£", y"), (£' +  £", y' +  y"), 
respectively. The numbers pim are, in general, not completely defined by 
specifying the numbers pim' and pim"; for this it is also necessary to know 
the dependence between the pairs (£', yr) and (£", y"). In the most im
portant case, when the latter pairs are mutually independent (i.e., when 
the values taken by the variables £', y' do not depend on the law pim", and 
conversely) we easily obtain the rule of composition expressing the num
bers pim in terms of the numbers pim' and pim". Moreover, we can obtain 
the rule of composition for the addition of an arbitrary number of (mu
tually independent) pairs. These formulas (which we shall not introduce 
here) are completely analogous to formulas ( 1) and (2), which were es
tablished above for the one-dimensional case, but are, of course, substan
tially more complicated than (1) and (2).

§2. Limit theorems

In the theory of probability, as in every mathematical theory of a natural 
science, such as theoretical mechanics, thermodynamics and many others, 
one tries to establish conformance to the most general principles. These 
principles would relate not only to the particular processes taking place 
in nature and in human practice, but would include the widest possible 
class of phenomena. For instance, the fundamental theorems of mechanics 
— the theorem of kinetic energy, the (Keplerian) theorem of areas, etc. —■ 
are not related to any special form of mechanical motion, but to an ex
tremely wide class of such motions. In the same way, the fundamental 
propositions of the theory of probability (such as the law of large numbers) 
not only include special forms of mass phenomena, but include extremely 
wide classes of them. It can be said that the essence of mass phenomena is 
revealed in regularities of this type, i.e., those properties of these phe
nomena are revealed which are due to their mass character, but which 
depend in only a relatively slight manner on the individual nature of the 
objects composing the masses. For example, sums of random variables, the 
individual terms of which may be distributed according to any of a wide 
range of laws, obey the law of large numbers; neither the applicability nor 
the content of the law of large numbers depends upon these individual dis
tribution laws (which must satisfy only certain very general requirements).

One of the most important parts of the theory of probability — the theory
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of limit theorems — was developed because of this desire to establish general 
principles of a type which includes the widest possible class of real phe
nomena. In a very large number of cases — in particular, in the simplest 
problems which arose initially — the mass character of the phenomenon 
being studied was taken into account mathematically by investigating 
sums of a very large number of random variables (more or less equally 
significant and mutually dependent or independent). Thus, in the theory 
of measurement errors (one of the first applications of the theory of prob
ability) we study the error actually incurred in performing a measurement; 
this error is usually the sum of a large number of individual errors caused 
by very different factors. The law of large numbers is concerned with just 
such sums of a large number of random variables. In the XVIIIth century, 
De Moivre and Laplace showed that in some of the simplest cases the sums 
of large numbers of mutually independent random variables, after proper 
normalization, were subject to distribution laws which approach the so- 
called “normal” law as the number of terms approaches infinity. The “den
sity” of this law is given by the function

(2tt r }e“k\

This was the first of the limit theorems of the theory of probability, the 
so-called theorem of De Moivre and Laplace. It is now studied in all courses 
on the theory of probability. This theorem includes only an extremely nar
row class of cases, the so-called Bernoulli trials, where each term has as its 
possible values only the numbers 0 and 1, and the probabilities of these 
values are the same for all terms. However, as was stated by Laplace, the 
causes, due to which distribution laws of sums in the case of Bernoulli trials 
have a tendency to approach the normal law, have a character so general 
that there is every reason to suppose that the theorem of De Moivre and 
Laplace is merely a special case of some much more general principle. Lap
lace attempted to find the basis for this tendency to the normal law for a 
wider class of situations. However, neither he nor his contemporaries made 
significant progress in this direction, partly because the methods of mathe
matical analysis known at that time were inadequate for this purpose. The 
first method, by which it was possible to prove that the limit theorem is a 
general principle governing the behavior of sums of a large number of 
mutually independent random variables, was not formulated until the 
middle of the XIXth century by P. L. Chebyshev, the great Russian 
scholar. It is well-known that the first general conception of the law of large 
numbers is due to him. In general, the desire to establish principles of wide 
validity, which is common to every natural science and of which we spoke 
at the beginning of the present section, was noticeable in the theory of prob
ability only after the investigations of Chebyshev.

Chebyshev tried to formulate a general limit theorem during almost all
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of his .scientific life. He finally found a suitable formulation, but, did not 
succeed in proving the theorem itself. The proof was completed shortly 
after Chebyshev’s death by his student and successor A. A. Markov. How
ever, several years before the work of Markov, A. M. Liapunov, who was 
also a student of Chebyshev, proved the limit theorem under extremely 
general conditions by a different method, which more closely resembles the 
contemporary proof.

The central limit theorem, first proved by Liapunov and later refined 
by other investigators, asserts that under certain general conditions the 
distribution law of a suitably normalized sum of a large number of mutually 
independent random variables should be close to the “normal” law intro
duced above. Here we are speaking of the so-called “integral” laws: If this 
normalized sum is denoted by S, then the probability of the inequality 
S < x must be close to

(27r)~* f  du.
*'—00

It is immediately evident that in the general case, where the type of dis
tribution laws of the summands themselves is unknown, any other formula
tion of the problem is impossible. Thus, for example, if the summands are 
integral-valued random variables, their sum may assume only integral 
values. To pose the question of the limiting behavior of the “density” of the 
distribution law of the sum would be meaningless in this case.

However, even though in the general case of arbitrarily distributed ran
dom variables only limit theorems of an “integral” type have meaning, it is 
still possible that if the terms of a given sum obey certain special types of 
laws, then “local” limit theorems may hold. These theorems can then give 
an approximate expression either for the probabilities of individually pos
sible values of this sum or for the density of its distribution law, depending 
upon whether the summands obey discrete (in particular, integral-valued) 
or continuous distribution laws. Local limit theorems of both types turned 
out to be very important. Consequently, considerable attention has been 
given to their proof. For our purpose, the mathematical foundations of 
quantum statistics, only local limit theorems for the case of integral-valued 
random variables are necessary. Therefore, we consider only local limit 
theorems for integral-valued random variables and ignore the case of con
tinuous distributions.

Suppose that we have an integral-valued random variable £ subject to 
the distribution law pk . The possible values of £ are those integers k for 
which pk > 0. The set of all pairwise differences of these possible values of 
the variable £ has a greatest common divisor d. It is clear that if ao is one 
of the possible values of £, any arbitrary possible value of £ may be repre-
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sented in the form ao +  Id, where I is an integer. The converse is in general 
not true: a0 +  Id need not be a possible value of £ for an arbitrary integer I. 
However, those numbers I for which do +  Id is a possible value, evidently 
form a (finite or infinite) set of integers with the greatest common divisor 1.

Now let us assume that we have n mutually independent random varia
bles & , £2 , • ■• , £«,  each subject to the distribution law described above. 
Then the sum sn of these variables evidently assumes only values of the 
form nat> +  Id, where I is an integer. The problem of establishing a local 
limit theorem in this case consists in finding a suitable approximate expres
sion for the probability

P(s„ = nan +  Id)

for different values of I.
In the modern theory of probability limit theorems (of both the integral 

and the local type) are extended to sums of random vectors. One tries to 
prove that under very general conditions the distribution laws of such sums, 
after a suitable normalization, approach the “normal” law in the proper 
number of dimensions when the number of summands approaches infinity. 
Assume, for example, that (£,■, Vi) (i = 1, 2, ■ ■ • , n) are mutually inde
pendent integral-valued random vectors obeying the same law

p<* = P(£,- = a, iu = b).

Each pair of integers (a, b) represents a point in the plane having in
tegral-valued Cartesian coordinates (a, b). Such points for which pab > 0 will 
be referred to as lattice points. These “possible” points of the vector 
(£f, Vi) form a set of lattice points M  in the plane. This set is a subset of 
the set of all lattice points of the plane. In general, it is possible (and in 
our applications it will often happen) that there exist in the plane other 
coarser parallelogram lattices of points covering the set M  of possible points 
of our vector. The set of points of an arbitrary parallelogram lattice of the 
plane may be represented in the form

X — do ka - f -

(5)
y — bo +  ky +  IS,

where a0, bo, a, ft, 7 , 5 are integral constants, d = aS — l3y ^  0, and k 
and I range over the complete set of integers. Every parallelogram whose 
vertices belong to this lattice and which contains no other points of the lat
tice in its interior or on its boundary is called a fundamental parallelogram 
of the lattice. The given lattice may have fundamental parallelograms of dif
ferent form, but their area is always the same and is therefore a fundamental 
characteristic of the parallelogram lattice itself. This area, as may easily be
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calculated, is | d | = | aS — f}y | . The parallelogram lattice covering the 
set M  is called a maximal lattice if the area of its fundamental parallelogram 
has the largest possible value. This maximal area of a fundamental parallelo
gram plays the same role in the theory of two-dimensional random vectors 
as the number d, introduced above, plays in the one-dimensional case.

We shall call the integral-valued random vector ( |, v) degenerate if all 
of its possible points lie on one straight line, i.e., if £ and r\ are linearly de
pendent. We now prove that every non-degenerate vector has a maximal 
lattice. In fact, if the vector (£, 17) is non-degenerate, then it has at least 
three possible points which do not lie on a straight line. We adjoin to them 
a fourth point so that a parallelogram P is obtained. Let the area of P be s. 
I t is evident that P will be a parallelogram in any parallelogram lattice 
which covers the set M. Consequently, the fundamental parallelogram of 
such a lattice cannot have an area larger than s. It follows immediately 
that a maximal lattice can be found among such covering lattices [7].

If the distribution law of the random vector (£;, 77,-) (i = 1, 2, • ■ • , n) 
has the covering lattice (5), and if we assume that

B - i  1  = <5, ,  £ r - i  m = T n ,
then only points (x , y) of the form

x = na0 + ka + If}

y = nbo ky -I- 15,

where k and I are integers, can be possible points of the vector (S„ , T„). 
Here the problem of establishing a local limit theorem consists in finding a 
convenient approximate expression for the probability

P(*S,i = nao T  ka -(- lf}t T n = nbo ky -(- 15)

for given integers k and I.
The remainder of this chapter will be devoted to establishing limit theo

rems of a similar type. However, in addition to finding the above-mentioned 
approximate expressions, we must also, for all cases of interest in subsequent 
applications, find an accurate estimate of the error caused by the replace
ment of the desired probability by an asymptotic expression.

In concluding the present section we make several historical remarks con
cerning the development of the study of limit theorems that followed the 
first discoveries of Liapunov and Markov. This development continued 
(and continues to the present time) in the following fundamental directions: 
1) the extension of the limit theorems to multi-dimensional random varia
bles (random vectors); 2) the proof of local limit theorems (of continuous 
and discrete types); 3) the extension of limit theorems to sums of mutually 
dependent random variables; 4) the search for the broadest possible (neces-



§3] METHOD OF CHARACTERISTIC FUNCTIONS 21

sary and sufficient ) conditions for the applicability of limit theorems; and 5) 
the refinement of the estimate of the remainder terms. In this exposition we 
limit ourselves to problems in which the limiting laws are normal. Of course, 
there is also the question of what other laws under what conditions can 
serve as limiting laws for sums of a large number of random variables. 
While this question has led to a particularly well-developed theory, we are 
not able to discuss it here [8].

§3. The method of characteristic functions

The most convenient method now known for proving the limit theorems 
of the theory of probability is the so-called method of characteristic func
tions. This is particularly so when the terms of the sum are mutually in
dependent. We present the fundamentals of this method as applied to the 
case of interest to us, namely that of integral-valued random variables.

Let £ be an integral-valued random variable obeying the law

Vn = P(£ = n) ( — oo < n < ).

If /(£) is an arbitrary (real or complex) function of the variable £ and if the 
series

X “=— f(n)Pn = E/(£)
converges absolutely, then the sum of this series is what we agreed in §1 
to call the mathematical expectation of the random variable /(£). Let us 
assume, in particular, that

/(£) = eilf,

where i = ( — 1) * and t is an arbitrary real number. Since the series
E oo i n i

n = —oo ® P n

evidently converges absolutely for all real t, the mathematical expectation

E i l t  \ ^ a o  i n ie = 2^n=-w pne

of the complex random variable etl( exists for all real t and is a function of 
the real parameter t. We denote this function by <p(t) and call it the char
acteristic function of the variable £ or of the distribution law p„ . Thus,

(6) <p(t) =

We now mention some of the simplest general properties of characteristic 
functions.

1°. Evidently, we always have

<p{0) = oc Pn = 1,



22 THEORY OF PROBABILITY [CH. I

and for real t

I p (0  I <  I X — Vn =  1.

2°. If the variable £ has the mathematical expectation E£, then the latter 
can be represented by the series

y  / n = — co R P r c  j

which converges absolutely. In this case the series
E oo • _______ in tn-=—oo tfl'pnC f

which is obtained from the series (6) by means of termwise differentiation 
with respect to I, obviously converges absolutely and uniformly over the 
whole real line. Thus, the differentiability of the characteristic function <p(l) 
for arbitrary t, and also the relation

*'(0) = iEf,
follow from the existence of the mathematical expectation E£ of the varia
ble £.

3°. In completely analogous fashion we easily convince ourselves that 
the existence of the fcth moment of the variable £ (where k is an arbitrary 
positive integer) implies the fcth order differentiability of the function <p(t), 
and also the relation

^(i,(0) = **E£\

4°. From equation (6) it follows immediately that the characteristic 
function of an integral-valued random variable is always a periodic func
tion, and that it always has a period (not necessarily the smallest) equal 
to 2it.

5°. Let £' and £" be two mutually independent integral-valued random 
variables obeying, respectively, the distribution laws pn' and pn", and hav
ing the characteristic functions <f>x(t) and so that

Vi(0  =  I X -  Pn'eint, v ,(t) = Z  Pn"eint.

Let pn and <p(t) denote, respectively, the distribution law and the charac
teristic function of the sum £ = £' +  £". Then, as we have seen in §1,

E ®  /  / /
* = - « ,  P k P n - k  ,

and consequently
/ . \  \  ' ®  i n t  \  ' oo i n t  \ -'*3 t / /^^n=—oo Pn& 7i ——« £ /  oo Pk Pn—k

Z ®  /  V ™ '®  /  ikt  n i ( n —k) t \
» = —  (  2 - * ~ —  P k C  P n - k  e )

Z ®  t  ikt  ^ ^ ®  ff i { n -  k)t
f c = — ®  P k  @ ̂  n = — oc P n —k @

= I X - p X * '  2 X -  Vl"eilt = w(0v*(0-
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If we considered as proved the theorem that the mathematical expecta
tion of the product of mutually independent random variables is equal to 
the product of the individual expectations, then the result just obtained 
follows very simply from

v (t) = Eei,f = Eei,(£'+t'>

= E(e<<tV'lt')

= Eeitl'Eei,tr = « M 0 -

Thus, the characteristic function of the sum, of mutually independent random 
variables is equal to the product of the individual characteristic functions. This 
rule of composition of characteristic functions was proved for the addition 
of only two random variables. Evidently, by using mathematical induc
tion, the proof can be extended immediately to the case of the sum of an 
arbitrary number of (mutually independent) random variables.

This exceptional simplicity of the rule of composition of characteristic 
functions makes them an extremely convenient instrument for investigating 
sums of large numbers of mutually independent random variables, and, in 
particular, for proving limit theorems. On the other hand, the rule of com
position of the distribution laws themselves, given by formulas (1) and (2) 
of §1, is quite complex, particularly for a large number of summands. For 
characteristic functions this rule, as we see, is distinguished by extraordi
nary simplicity, so that knowing the characteristic functions of the sum
mands we can immediately and directly form the characteristic function 
of the sum.

However, for the characteristic functions to be a sufficiently powerful 
tool for the investigation of sums of a large number of random variables, 
one simple rule of composition is not enough. After finding the characteris
tic function of the sum, we should be able to establish, with its help, the 
distribution law of this sum. At present, we have related the distribution 
law to the corresponding characteristic function only through formula (6) 
which expresses <p(t) in terms of pn ■ We not only do not have the inverse 
relation which gives pn in terms of <p(t), but in essence we do not even know 
if the characteristic function <p(t) defines the corresponding distribution 
pn uniquely. All these questions, as we now show, are easily resolved by 
means of the classical formulas of Fourier.

6°. We multiply both sides of equation (6) by e~>mt, where m is an arbi
trary integer, and integrate the expression obtained with respect to t from 
~  rr to 7t. The series on the right side, being uniformly convergent in the 
range indicated, may be integrated termwise. We find

f  e-*"V(0 <i( =  E  P. f  e,<n- m)i dt.
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or, since on the right side the integral is obviously equal to 27r for n = m 
and to zero for n 9̂  m,

f  e - % ( 0 dt = 2irpm.

Hence,

(7) pm = (27t)-1 [ e~'mt<p(t) dt.
v— IT

This “inversion formula” shows that the distribution law of an integral
valued random variable is uniquely determined by its characteristic func
tion <p(t). At the same time formula (7) gives an extremely simple expres
sion for this dependence.

7°. In §1, we wrote the whole set of possible values of the random variable 
£ in the form ao +  Id, where d is the greatest common divisor of the pair
wise differences of these values, a0 one of the possible values, and I an inte
ger. In the sequel we agree to call the number d, which is uniquely deter
mined by the distribution law of the variable £, the increment of this 
variable. If, as previously, we denote the distribution law of the variable 
£ by pn , then evidently pn > 0 only if

n = a0 (mod d),

i.e., if the number n has the form a0 +  Id. Therefore, in contrast to what was 
done previously, it will be convenient to denote by pi the probability that 
£ = a0 +  Id. In this notation the characteristic function of the variable £ 
is expressed by the formula

/ , \  \ ^ o o  { ( o n  +  W ) <  iant  \ ^ o o  i ldt<p(t) = 2^=-°= P& = e 2^ 1=-* Vie ■
We immediately see that the function

/  , \  — t ' a n t  i ldt<p(t)e = 2-<i=-=°e Pi

has period 2ir/d. A calculation carried out in analogy with that of 6° easily 
shows that

(8) pi = (d/2r) [ 1 e-i(aa+ldUM  dt.
?r/d

The great value of the concept of the increment d of an integral-valued 
random variable is explained by the following lemma:

L e m m a  1. Let £ be an integral-valued random variable having increment d 
and characteristic function <p(t). Then, \ <p(t) | < 1 for 0 < t < v/d. (The 
presence of the increment indicates that the random variable £ is non-de
generate, i.e., that it has no less than two possible values.)
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Indeed, if for an arbitrary value t we have

25

\<p(0  | =  1,

then

| Z ? ^ p ieadt\ = | <p(t)e~ia°l | = 1.

Since Pi = 1> the above is possible only if all members of the sum
for which pi > 0 have the same argument 0, i.e., if pi > 0 implies that

Idt = 6 -(- 2wui,

where ui is an integer. Suppose pi- > 0 and pr > 0. Then

(I" - V ) d =  (Mr -  ur)(2r/t).

But (I" — l')d = (ao +  I" d) — (aQ +  I'd) is the difference between 
any two possible values of £. Thus, all such differences are integral multiples 
of 2t/L This means that the greatest common divisor of these differences, 
by definition equal to d, is an integral multiple of 2ir/t. Hence,

d = s(2ir/t),

where s is an integer. Therefore,

I = 2trs/d.

Since the region 0 < | t \ < ir/d does not contain such values of t, it follows 
that | <p(t) | <  1 in this region, which was to be proved.

The method of characteristic functions can be generalized in a natural 
fashion to treat multi-dimensional random variables (random vectors). Let 
(£, 7)) be an integral-valued random vector subject to the distribution law

Pab = P(£ = a, v = b).
The mathematical expectation of the variable is equal to

Eei(,£+s’) = ZaV-oo eiUa+sb)pai,

where t and s are real parameters. We will call this the characteristic func
tion of the vector (£,?/) or of the law p„b, and designate it by <p(t, s), so that

/. \ i(fa+s6)<P\ty S) /  —so Pab̂

As in the one-dimensional case, the function <p(l, s) is periodic with period 
2ir relative to each of the two parameters; <p(0, 0) = 1, and for any real 
t, s, we have | <p(t, s) | < 1.

Further, if the moment E(£V) exists, then the partial derivative

dh+k<p/dthdsk'
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also exists, and the value of this derivative for t = s = 0 is equal to

t^ E C fV ).
If (£1 , Vi) and (£2, Vi) are two mutually independent integral-valued 

random vectors with the characteristic functions s) and <pi(t, s) and 
if <p(t, s) is the characteristic function of the vector (£1 +  £2, Vi +  Vi), then

<p(t, s) = s)(p2(t, s).

This rule of composition remains valid for the addition of an arbitrary 
number of mutually independent random vectors.

Further, the “inversion formula”

Pab = (l/4ir2) f  f  e~,(la+sb)<p(t, s) dt ds

holds.
All of these results are established in complete analogy with the one

dimensional case and with the same ease.
Now let the law pab have the maximal lattice

a = Uo +  koc “I-
(9)

b — b0 + ky + 18,

where d = a8 — fiy ^  0. Then Pab can be different from zero only if a and b 
have the form (9) for some integers k and I. Therefore, as in the one-di
mensional case, we change the notation somewhat and set

Ph = P(£ = do +  ka +  10, v = bo +  ky +  18).

For the characteristic function of the vector (£, j?) we thus obtain the ex
pression

(10)
<p(t, s) E °o i[t (aQ+kat + lp) +s(E>o +A'7+/fi)Jk,l=—qo Vk&

i ( < « 0+ « 6o )  ^  i [ t ( k a + l 0) + s ( k y  +  l&)]e 2^k,i—qo ph#

Our next problem is to find the “inversion formula” expressing the law 
Pki in terms of the function <p(t, s). This will be analogous to formula (8) 
of the one-dimensional case. For this purpose, we choose an arbitrary pair 
of integers (k', V) and multiply both sides of (10) by

i[ t {aQ-\-k> a +  ̂ (9) + s ( 6 o + ^ , 7  +  ̂ ^ ) ]

We then take the integrals of both sides, extending them over the region D 
of the plane (t, s), characterized by the inequalities

(D)
— tt <  at +  ys < ir,

—  I T  <  31 +  8s  <  T ,
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which evidently represent a parallelogram of area 4irV| d | with its center 
at the origin. We obtain

j ' J * H l( o Q + k 'a + l f (i)+s(bQ +k'y+l*6)]<p(t, s) dl ds

E  Pki dt ds
k , l = - a  J J  D

On the right side of this equation the integral corresponding to the values 
k = k', I = V is evidently equal to the area of the region D, i.e., 47t2/[ d |. 
We now show that all the remaining integrals on the right side vanish. 
We choose any one of these integrals and transform the variables in it by 
setting

at +  ys = u, 

fill + 5s = v.

Then the integral assumes the form 

r  r  cii(*-*',«+(i-i'),i( |d |)-i dudv

= (\d \)~ l f  eHk- k')udu f  ei{l~nv dv,

and clearly vanishes if at least one of the two differences k — k ',l  — V is 
different from zero. Thus we find

I I  c- i(i(,»«'»+r ? ) W H r f ) i ^ jjS) dtds = ( 4 ^ / id p p ^ , .

Hence, dropping the primes over the letters, we obtain for an arbitrary pair 
of integers 1c, I,

(11) pH = ( |d |/4 r2) I f  e“i[‘(O0+i'“+'3,+s(60+i:7+'5)V(b s) df ds.

This is the inversion formula we shall need.
Finally, to prove the two-dimensional limit theorem, it is very important 

to establish the propostion analogous to Lemma 1: If the lattice (9) is 
maximal, then | <p(t, s) | < 1 everywhere within and on the boundary of 
the region D, except for the point t = s = 0.

Indeed, let (t, s) be an arbitrary point of the plane for which

I <p(t, s) | = 1.
Then, by (10),
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( 12)

Since

E x> n t  ( d f l  - t k a  +  lfi) + s ( 6(i H '7l - ]PklC

^ -fr./--x Pkl 1,

all terras in the sum (12) in which > 0 must have the same argument 
(to within multiples of 2ir). Thus, if pki > 0, then

(do “I- ka lfi)t -|- (6o -H ky -f" 18)s — 8 -(- 2witt,

where 6 is a constant and m is an integer (depending on k and I). Hence, 
an arbitrary possible point (a, b) of the vector (£, ij) satisfies the relation

at +  bs = 8 +  2rmr,

with m an integer.
Let us consider the points

k = (27t/ | d | ) 5, Si = — (2ir/ | d \ )/3,

t-1 = — (2ir/ I d I )y, S 2 = (2ir/ | d \ )a

of the plane (t, s). It is clear that these points cannot be connected to the 
origin by the same straight line. It is easily verified that

I <p(k > ®i) I = I v{ k  , S2) | = 1-

Let us assume now that | f i t ,  s) | = 1 at some point (t, s) different from 
the origin. As we just proved, an arbitrary possible point of the vector 
(?, v) then lies on one of the system of parallel lines

(13) xt +  ys = 8 +  2rmr,

where m is an integer. Since (k , Si) and (t2, s?) lie on a straight line which 
does not intersect the origin, the straight line passing through the origin 
and the point (t, s) cannot contain both points (k , Si) and (/2, s2). For 
definiteness, let (k , si) lie outside this line; then ks — srf ^  0. Since 
| #>(fi, si) | = 1, all possible points of the vector (£, t/) belong, in addition 
to the system (13), to the system of straight lines

(14) xk + ysx = 0i +  27m,

with n an integer. The points of intersection of the systems of straight lines 
(13) and (14) form a lattice which, as we have shown, covers the set M. 
An easy calculation shows that the area of the fundamental parallelogram 
of this lattice is

(15) 47T2/  I Sit — ks | .
If the point (t, s) lies, as we now assume, within or on the boundary of
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the region D, then by the definition of this region, | j3t +  Ss | <  ir. Hence,

I — hs | = (2x/ | d | ) | 0t +  Ss | <  2ir2/  | d | .

I t follows that the area (15) of the fundamental parallelogram of the lat
tice just constructed must be >2 | d \ . This is impossible, since this lattice 
covers the set M  for which | d | is the area of the fundamental parallelogram 
of the maximal lattice (9). Thus, we have proved the following proposi
tion:

Lemma 2. Suppose that all possible points (a, b) of the random vector 
(f, 77) are covered by the maximal lattice

a = d0 +  hot -f- l/3j

b = bo ~h hy -f- 15.

Then | <p(t, s) \ <  1 everywhere within and on the boundary of the region D  
defined by the inequalities

| at -f- 7s | <  x,

| 0t +  Ss | < 7r,

except at the point t = s = 0.

§4. The one-dimensional limit theorem

Let £1 , £2 be mutually independent integral-valued random
variables subject to the same distribution law

Pi = P(£,- = do +  Id) ( — =0 <  I < 00),

where a0 is one of the possible values and d is the increment of the variable 
£ i. Let us set

£1 +  £2 +  • • • +  £re — s„

Evidently, the random variable sn can assume only values of the form 
nao +  Id an integer), and for brevity we write

P(s„ = nao + Id) = Pn(l).

Let
/.\ \  „ tUao+W)

— /  ji=L—tx) pie

be the characteristic function of £,. Then, according to the rule of compo
sition, the characteristic function of s„ is [<p(t)]", which we write briefly 
as <pn(t). Thus,

Er=-» P„(^)e’'i'"O0+M, = Vn(l).
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The inversion formula (8), §3 thus gives

(16) p n(l) = (d/2x) r  *  ( - » < ; <  oo).
J-tU

Our aim is to find convenient approximate expressions for the distribu
tion law Pn(l) and to estimate the associated error. Formula (16) will serve 
as a starting point.

We assume that the distribution law pt of |, has finite moments up to 
the fifth order inclusive, i.e., that the series

\ l \%

converges. As we saw in §3, this implies the existence of the derivatives of 
<p(t) up to the fifth order inclusive. In particular, the mathematical expec
tation

E|,- = X “—® (do +  ld)pi = —iv'(0) =  a 

and the dispersion

D{,■ = E|,2 -  (E |,)2 = Xr=-« (Oo +  Id -  a f Vl 
= ~<p"(0) +  [<p'(0)]2 -  b

of |i exist.
Let us set nao + Id — na = u. (For given I the variable u represents the 

deviation of the value na0 +  Id of the random variable s„ from its mathe
matical expectation, which is evidently equal to na.) In the present section 
we show that for n —» « ,

(17) Pn(l) = d(2Tnbrie-ut'2nb +  n“!(m„ +  mlU) +  0[n“5(n* +  | u |3)],

where m0 and mi are constants (independent of n and u). Formula (17) is 
the form of the one-dimensional local limit theorem which we need. In the 
case of deviations u which are not too large, this formula gives a very ac
curate and at the same time very simple approximate estimate of the prob
ability Pn(l).

To prove (17) we first establish an auxiliary proposition, a refinement of 
Lemma 1, §3.

L e m m a  3. For — ir/d <  t <  ir/d we have

I <p(t) | <  e~cti,
where c is a positive constant.

Proof. In virtue of our assumptions concerning the existence of the mo
ments of the variable |, , the function <p(t) in some neighborhood of zero 
may be represented in the form

<p(t) = 1 +  iat — +  0( | t | ),
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where a = E£, q = E£2. (For brevity, we omit the subscript from £.) Hence 

1 <p(t) 12 = (1 — +  a t2 +  0( | t 3)

= 1 -  t2{q -  a )  +  0( \ l |3)

= 1 -  bt2 +  0 ( | 113), 

where 6 = q — a >  0 is the dispersion of f. Hence,

I v(l) | 2 < 1 -  bf +  Cl | t |3, 

with Ci a positive constant. Let us set 6,/2ci = a. For t \ < cr we obtain

(18)
I <p(t) I2 < 1 -  bt2 + CM2 = 1 - \b t2 < e -hbfi

I <p(t) | < e
But, for u < | t | <  ir/d we have, by Lemma 1, | <p(t) \ < 1. Since the func
tion | <p(t) | is continuous, a constant n < 1 can be found such that

I <p(t) I < t1
for a <  11 | <  ir/d. Determining the positive number c2 from the equality

H = e—C2(̂ /d)2

we have for a < | 11 < w/d,

(19) v(t) I < M = e 'C2(T/d)2 < -C2<2

Now if c denotes the smaller of the numbers 6/4 and c2, then, in view of
(18) and (19), we have in the whole interval ( —ir/d, +  ir/d),

I m  i <  e- c(\

This proves Lemma 3.
We now turn to the proof of (17). We divide this proof into steps so that 

it can be more easily comprehended.
1. Let us choose an arbitrary number X, f  < X < ,̂ which we subse

quently consider to be constant, and let us put n~x = a, so that the quan
tity <t approaches zero as n —> °o. For constant r > 0, a > 0 and for n —> °o,

(20)
P  tre~ant2 dt = (an)“i(r+1) f  _ w V ’ duJa voini X

.. / \ —i(rH-l) — 2X f  r _^2 , / — u\< (an) e u e au = o(n ),
*'0

where u is any positive constant. (The above follows since
—u2 —u2/2 —u2/2 ^  —Jan1 2X _w2/2e — e e <  e e

in the interval of integration.) Hence, by Lemma 3,
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f  e-itina°+ldV ( t ) d t \<  [  \<p(l)\n dt
o<\t\<.irld  | ^ o <.\t\ <.v I d

< 2 ^  e~ncii dt = o(rT“);
ĉr

and consequently, by (16),

(2 1 ) PM ) = (d/2ir) f  e“’,(Mt+'V ( i) r f (  +  oU '") ( - » < ! < « ) .J—g

2. Formula (21) allows us to limit ourselves to the analysis of values of t 
between — <r and +<r. In particular, the product n \ t [3 < nl~3X can always 
be considered arbitrarily small because X >

Since, according to our assumption, <p(t) has a derivative of the fifth 
order at t = 0,

M ) = 1 +  m  -  El4 + 0 ( \ t  |5).

Therefore, because Ef = a, El2 = b +  a,

In tp(t) — ito ~  |f><2 +  ic3l3 +  c4<4 +  0 ( | t |5), 
where c% and c4 are real constants. Hence,

— it{na +  u) +  n In <p{t)
(22)

= —itu — \ribtf +  ic3nt3 +  c4n£4 +  0 (n | i |6),

where all the terms on the right side, starting with the third, are arbitrarily 
small for | 11 < a = n \

Since X > we have nY2 = o(n \ t |5) and consequently

cos (c3nt3) = 1 — \c3n t3 +  0(n  1115).

Hence, in virtue of

e'1*'1 = 1 +  c4ni4 +  0 { n f )  = 1 +  CiUt* +  0{n \ t |5),

we obtain from (22) the following relation:

e- if(".+V (< )
_  e- “u- inb‘2(cos C3?l(3 q. { sin Cin?){\ +  c4n<4 +  0(n  \ t |°)j 

= -  i C3V <6 +  0 (n 1115) +  i  sin c3nt3\

•{ 1 +  Cint1 +  0 ( n  | t |5))
_  e-itu-i*bt2jj _|_ ĉ nji _  j sjn C:i7li3 _  ic32c4n3<10

+  fc4n<4 sin c3nt3 +  0(n  \ t |5)}.
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But, because X > f  >  5 ,
1 2 3.10 / -W  2 I . 17\5C3 an t = 0 (n  | t | ),

and we find finally
—t t ( n a + u )  7J./  »\  — i t u —\ n b f i (  ■% . .4 1 2 2 .6e <p (t) = e 1 +  Cint — \c%nt

(23)
+  i sin c3nf3 +  0{n \ 115) +  0{n \ 117)).

Because na +  u = naQ +  Id, the left side of the above equation is the 
integrand of the integral (21). Therefore, we have obtained the required 
asymptotic expression for the integrand.

3. Let us first estimate the integral

(d/2x) f  e~llu- lnbt2 dt J — <T

of the main term of this formula. Using the well-known formula of Laplace:

(L) ( 1/ 2*) P  e~ilu- inbli dt = (2TnbTie~uV2nb,
J—ao

we obtain

(d/2r )  f  e- Uu- lnbtt dt = d{2im b)-VuV2nb -  (d /2*) [

Hence, by (20),

(24) (d/2*) [ ' e “u-inbl2 dt = d(2wnb)-ie-uV2nb +  o(n~u) ,J—ff

where a> is any real number.
4. Now let us turn to the estimate of the remainder terms. First, we re

place e~'tu on the right side of (23) by cos ut — i sin ut and perform a 
term-by-term multiplication, putting cos ut = 1 +  0 ( u t2). We retain 
only even terms in t in the product since the odd terms vanish after integra
tion. This yields for the set of remainder terms on the right side of (23) 
the expression

e inbll\cinti — \ c 2n tb +  sin ut sin c3n<3

+  0 (n u tb) +  0 ( n u ts) +  0(n  \ t |5) +  0 (n  \ 117))
_  g-*'16'2jC4n/  _  i C32ny  UC3U(* -j- 0 ( | u | n'Y°)

+  0( | u 13nt6) +  0(u2ntb) +  O ( u n f )

+ 0(n  1115) +  0{n | I |7) j .

(25)
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Now let us integrate. We integrate between the limits ( —<»,<») in all 
cases. In view of (20), the extension of the region of integration introduces 
an error only of order o(n~“) for the first three terms (where w is any real 
number) and only strengthens the estimates for the remaining terms. Since 
for any r > 0,

(26) r  \ t \ re~inb‘2 dt = n -Hr+i)0r,
J — oo

where /3r is a positive constant, integration of the first three terms of the 
expansion (25) yields an expression of the form

n- , (m0 +  rriiu),
with m0 and mi independent of n and u.

After integration the remaining six terms of (25) yield, respectively,

0( | u | ri~s), 0( | u 1 0 ( a 2n-3),

0 (u n ~*), 0(n~2), 0(n~2).

Therefore, the sum of all the integrals obtained can be written as

n~*(mo +  m,iu) +  Ofn~-(n‘ +  [ u |3)],

with m0 and mi constants independent of n and u. The integral of the set of 
remainder terms taken over the interval ( —<r, +<r) differs from this ex
pression by a quantity of order o(n~“). But since the integral of the princi
pal term is given by (24), we find

{d/2ir) f  e“i,("a°+,V ( 0  dtJ—O
= d(2irri.6)~*e~“2/2"!’ +  n^3(mo +  mw) +  0[n-?(n5 +  |u |3)] )

where u = naa +  Id — na, and m0, mi are independent of n and u. In virtue 
of (21) this yields

(27) Pn(l) = d(2imb)~^e~u2l2nb +  ti"!(m0 +  m^u) +  0[n~*(v} +  [ u |3)],

which we had intended to establish.
The one-dimensional limit theorem expressed by (27) yields an estimate 

for the probability P„(l) which is accurate enough for all the applications 
needed in quantum statistics. However, a cruder (but simpler) estimate, 
which we now establish, is sufficient in the majority of cases. Returning to 
(23), we again substitute cos lu — i sin tu for e~'tu, but this time we do not 
put cos tu = 1 +  0(f2w2). Instead, we simply note that cos tu is an even 
function of t whose absolute value does not exceed unity. As before, this 
yields the principal term

—  i t u — ^e
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Writing only terms in even powers of t, we obtain for the set of remainder 
terms the expression

eT,‘nhtt {c4n<4 cos tu — %Ci2nt* cos tu

+  (sin tu) sin c3n<3 +  0 (n | 115) +  0(n  \ 117)|

= e~inb‘2{0(nt4) +  0 (n t 'i) +  0 ( | tt | nt*)

After integration between the limits ( — , » ), the three terms obtained
yield, in view of (26),

0 (m"!), 0 (n~*), 0 ( | u | n~*).

Consequently, as before, we find

(28) Pn(l) = d(21m6)“ie"“2/2"6 +  0[»”*( 1 +  | u | )].

This is the cruder estimate of the probability P„(l) which we shall sub
sequently need.

In conclusion, we give a complete formulation of the one-dimensional 
limit theorem just proved.

Theorem 1. Let

Pi = P(£ — do +  Id)
be the distribution law of the integral-valued random variable i- with a possible 
value do, increment d, mathematical expectation a, and dispersion b. Let sn be 
the sum of n mutually independent random variables each subject to the law 
pi and let

P(s„ = na0 + Id) = P„(l).

I f  the law pi has finite moments up to the fifth order inclusive, then as n —> <x> 
the following relations hold uniformly in I:

(28) Pn(l) = d(2wnb)~ie~uV2,,b +  0[nH(l +  | u | )]

and

(27) P„(Z) = d{2irnb)~’e~"il2,,b +  n~’(mn +  m^u) +  0[rT5(?i* +  I m |3)], 

where u = na0 +  Id — na, and mo, mi are constants.

§5. The two-dimensional limit theorem

Let (& , t)i), (fir, ; 7)2), • • • , (fin , 7]n) be mutually independent integral- 
valued random vectors subject to the same distribution law pkt with the 
maximal lattice

do +  ka +  10, bo +  ky +  IS, aS — 0y = d ^  0,

so that
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Tpki — P(£; — do +  ka +  Ifi, i)i — bo +  ky +  IS)

(1 <  i  <  n ; —  <=o <  k <  — oo <  /  <  oo ) .

Let us put

Z i u  {,■ = -s’„ , e ? - i  u.- = t „ .
Obviously, the only possible points for the random vector (S n , Tn) are 
pairs of numbers of the form

(29) Sn — ti&o ~b ka Ifi, Tn = nbo -[- ky IS,

which comprise a lattice of the vector (Sn , Tn) if k and I range through all 
the integers. For brevity, let us put

P(iS„ = thzo -f- ka -f- Ifi, Tn = nb0 T- ky IS) = Pn(k, I).

The characteristic function of the vector (£,, rp) is

<P\ l j  S )  —  /  uk . l = —oo Vlcl@

According to the composition rule, the characteristic function of the vector 
(<$„ , Tn) is [<p(t, s)]” which we write briefly as <pn(t, s). Hence,

Z °° D  /  7„ 7 \_*[ (wao+fca+ i^ )  <+(n 6o+ fcy+ ^ ) s ]  ______ n(*
k, l = — oo * n\'C> v j G  *P \ * f  S )  .

Therefore, the inversion formula (11) of §3 yields

(30) Pn(k, I) = (I d 1/4O  f  I  e - [ ( n a „ + t e + W ( + W „ s) dt dS;

where the region D is defined by the inequalities

(D) | at +  ys j < it, fit +  5s | < 7r.

[We did not investigate the question of the maximality of the lattice (29) 
which we introduced for the vector (Sn , T„). However, this is not neces
sary since the inversion formula ( 11) holds for any lattice, whether maxi
mal or not, provided that the lattice includes all possible points of the 
vector.]

We now wish to establish a convenient approximate expression for the 
probability Pn(k, I) and to find an accurate estimate of the error incurred 
in the approximation.

We assume that the initial distribution pki is not degenerate; hence, ac
cording to §2 it follows that the distribution has a maximal lattice. (This, 
however, we had already assumed at the beginning of this section.) Fur
thermore, as in the one-dimensional case, we assume that £,■ and i;,- have 
finite moments up to the fifth order inclusive, which is equivalent to as
suming the convergence of the double series
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^X,i=-oo ( I k |5 +  | I |5)Pa-i ■

The last assumption guarantees the existence of all the partial derivatives 
up to the fifth order inclusive of the characteristic function <p(t, s) at the 
point / = s = 0. In particular, this guarantees the existence of the mathe
matical expectations

Oi = E£ = —i(d<p/dt)t=s=o, ao = Ey = — i(d<p/ds) ^ s=0,

of the dispersions

fell = E[(£ — Oi)2] = [(difi/dt)2 — d2<p/di2\t=s=0,

i>22 = E[(j/ — a2)2] = [{d<p/ds)2 — dV/ds2](=3=o,

and of the “mixed” second order moment

foi2 = (fonfo2°) î2 =  E[(£ — o,i)(v — a2)]

= [{dip/dt) (d<p/ds) — d2tp/dt ds]i=a=o.

Hence, because of the assumed non-degeneracy of the vector (£,, in), it 
follows from Schwarz’s inequality that the correlation coefficient Rn of the 
quantities (& , 77.) is different from ± 1, i.e.,

I fol2 | <  ( fo l l f o 2 2 ) i ,

or

A — foiifo22 — foi2 ^  0.

The mathematical expectations of the quantities Sn and Tn are nax and 
na2 , respectively. The deviations of the values na0 +  ka +  fo3, nba +  ky +  
jS of these quantities from their mathematical expectations are therefore

nao +  ka +  1/3 — nai = in , nfo0 +  ky +  18 — na2 = u2,

respectively.
The purpose of the present section is to establish the validity as n —> 00 

of the following asymptotic expansion:

Pn(k, I) = I d I (27rnAi)~1e-<1/2’ri>^22Ul2-26l2“1“2+i’llU221
(31)

+  n 2(mo +  myiti +  m2w2) +  0 [ ji 3(nh + \ ii\ |3 +  | w2 |3)],

where m0, m 1 , m2 are constants (independent of n, ux and u-2). Formula 
(31) is the most accurate form of the two-dimensional limit theorem that 
we shall need.

First, we prove an auxiliary proposition which permits us to extend 
Lemma 3 of the preceding section to the two-dimensional case (and, simul
taneously, to make Lemma 2 of §3 more precise).
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Lemma 4. There exists a constant c >  0 such that for any -point (t, s) of 
the region D,

| <  e-c(l2+s2).

Proof. Because of our hypotheses, the function <p(t, s) can be represented 
in some neighborhood of the origin in the form

<p(t, s )  = 1 +  i ( a f  +  a 2s ) -  % (a n t2 +  2 a u ts  +  a 22s 2) +  0 (  | I |3 +  | s |3),

where the numbers ai , a2, an , a12, a22 are first and second moments of the 
random vector (£,, v>)- Whence,

I <p(ti s) | 2 = [1 — i(a u f  +  2ai2ls +  022s2)]2 +  (ait +  02s)2

+ 0 ( \ t \ 3 + \ s \ 3)

= 1 — (an< d* 2 a i2t s  d- a 22s  ) d~ ( a i t  d" a2s)

+ 0 ( \ t \ 3 + \ s \ 3)

= 1 — [(an — ai2)<2 d- 2(ai2 — aia2)<s -+- (a22 — a22)s2]

+ o( m 3 -b is 13).

Here an — ai = bn , ai2 — aia2 — bi2, a22 — a2 — b22 are the second 
order central moments of the vector (£;, m) which we discussed above. 
Thus,

I v(ti s) | 2 = 1 -  (but2 +  2bi2ts +  b22s2) -b 0 ( | 113 -b | s |3).

But, we saw above that A = bnb22 — b\2 > 0 [non-degeneracy of the vector 
({,■, V i) \-  Therefore, the form but2 -b 2 b i2ts -b b22s 2 is positive definite (since 
6n > 0, b22 > 0). This means that there exists a positive number Ci such 
that

b u t  "b 2 b i2ts  -b b22s  P C i( t  -b s )

identically. Therefore, in some neighborhood of the origin,

I <p(t) s )  | 2 <  1 — Ci(t2 +  S2) +  c2( I 1 13 +  ] s |3),

where c2 is another positive constant. If <r < Ci / 2 c2 and | I \ < <r, j s | < a, 
then

c2( | 113 ~b | s |3) <  ^Ci(<2 -b s2).

Hence,

\v>(t, s) | 2 <  1 -  id ( t2 +  s2) < e- ^ (l2+s2),

or
(32) | <p(t, s) | <  ( \ t \  < <r, |8 | < v).
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Let us denote by Q the square j t \ < <j , | s | <  a of the (t, s) -plane. In 
view of Lemma 2, we have | (pit, s) \ < 1 everywhere within the (closed) 
region D — Q. Since the function | p(t, s) | is continuous, a number n < 1 
exists such that | <p(t, s) | < /i everywhere in the region D — Q. If we de
note by A the largest value of the sum t2 +  s2 in the region D and choose 
c3 > 0 sufficiently small so that

- —C3 An < e 3 ,

then

(33) | <p(t, s) | < „ < e—A < e- ‘3<‘2+‘2>

everywhere in the region D — Q. Finally, if we denote by c the smaller of 
the numbers \c4 and c3, then in view of (32) and (33), we have

I /x \ 1 ^  — c(J2+«2)I <p(t, s) I < e

both in the region Q and in the region D — Q and hence in the whole region 
D .  This proves Lemma 4.

Turning now to the proof of the asymptotic formula (31), we again 
divide our discussion into steps corresponding to those of the preceding 
section in which we proved the one-dimensional limit theorem.

1. We again denote by X an arbitrary constant lying between 7 and § 
and put n~x = a.

The double integral in (30) extends over the region D defined by the 
inequalities (D ). We divide this region into two parts, one being the square 
Q:  11 | <  <j, | s | < (7 , and the other the complement D — Q of the square 
Q  in the original region D. In the region D — Q at least one of the numbers 
| 11, | s [ exceeds o- and so by Lemma 4, | <p(t, s) | < e~c° . Hence we find 
(taking into account that the area of the region D is 4x2/  | d \ )

/ /  <D— Q

- i l( n a o + A : a + / 0 )  t+(nbQ+ky+ lB)s]<pn(t, s) dt ds < (4tt2/ | d |)e-c"1”2X = o(n

with a; any real number. In view of (30), this yields for — 00 < k, I < =0 ,

Pn(k,l) = (| d |/4ir2) f f  e~il(na<,+lia+lPu+Mll+l‘y+li>sl(f,n(t, s) dt ds
(34)

+  0(71““),

in complete analogy with (21) of the preceding section.
2. Since the function <p(t, s) has partial derivatives up to the fifth order 

inclusive at t = s = 0, we can (by assuming that | / | < <r, | s | < a) write 
the expansion

In (p{t, s) = iPiit, s) — §P2(t, s) +  iP*(t, s) + P4(t, s) +  0 ( t6),
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where t = [ s | +  | t | and PT(t, s) denotes a homogeneous real polynomial 
of degree r in t and s. In particular,

Pi(t, s) = ait +  a2s,

P 2(f, s) — b\\t 2bi2ts -{- 622s ,

and for any r,

PT{t,s) = 0 ( tt).

Hence we obtain for the logarithm of the integrand in (34),

— i(nai +  u{)t — i(na2 +  u2)s +  n In s) = —i{uit +  u2s)

— (but -|- 2buts -|- b22s ) -|- inP3 tiP.\ T  0(nr  ).

Since X > f ,  we have n V 2 = o(nr5) and consequently

cos nP3 = 1 — \n P 3 +  0(raV2) = 1 — \n P 3 +  0(nr'>).

Since it also follows that

enp* = 1 +  nPA +  0 ( n / )  = 1 +  nPA +  0 (n r5),

we find
—il(nai+ui)t+(na2+U2)s\ n/. \e <p s)

= e“,(ul<+U2S)“J"^2[cos nP3 +  i sin nP3][l +  nP4 +  0 (n r5)]

= e- iiu,t+u^ - inF2[l -  \n P 3 +  O(nr)  + i sinnP3][l +  nP4 +  0(rcr5) 

= e~H u i +  np 4 -  \n P 3 +  i sin nP3 -  \n P in P i  

+  nP* i sin nP3 +  0 (n r5)].

But here, since X > f  >  f,

|n 2P 32nP4 = 0(nV °) = 0 (n r5), nP4 sin nP3 = 0(n2r 7),

and we find, finally,
— t'[(nao+ui)i+fna2+“2̂ ) n(j c\V \ly  S )

(35) = +  np i _  1 n2p 32 _  i sin np i

+  0 (n r5) +  O(nV)].

This asymptotic expression for the integrand of (34) is completely analogous 
to (23) of the preceding section.

3. First let us estimate the integral

(| ot |/4tt2) I f  e-i|,ll+,,” ' W! dlds
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of the main term of (35). Since

41

Uit +  u2s = ux[t +  ( 6 i 2s / & u ) ]  +  s [ m 2 —  ( 6 i 2M i / 6 h ) ]

and

P t ( t ,  s )  — b u t  +  2 b l2t s  -|- b22s  — b n [ t  +  ( 6 i 2s / 6 u ) ]  +  As2/6n > 

we have

(| d |/4»r2) f f  e- « « i dt ds

__ (|d]/47T2) / e_t'sI“2_(612‘*i/&1i)]-inCAs*/611) ^
J—00

/ 00
i«i [̂ +(6l2«/&ll)]~3n̂ H [(+Ĉ12s/̂ l 1)] 2

•OO

= (Id I/27T) Jf

• (l/2ir) r  <fo.
J—eo

—is[w2—(i'i2“i/f,n)] — ̂ (As2/6ji)

Now let us apply formula (L) of the preceding section to both of the 
integrals on the right side. This gives for the first integral

| d | 6;1(2irnA)“ie“(1/27!A)[tt2“(6l2“,/6,l)l2i>n,

and for the second

(2 m bn)~ V Ulil2nbl' .

Thus, we find

( l d l / 4 * - 2) J  J  dt ds

= (| d l/2ir?lA’) g—(1/211̂ )1*11U22—26x2UiU2+&22“12I

This is precisely the leading term of the right side of (31). However, we 
integrated over the whole plane ( — qo < t, s < » )  instead of over the 
square Q and we must therefore estimate the error incurred. To do this 
we note, for example, that

J' ds j  dt = J' e~in^ i,bu ds J  dt

= r  e-"As2/26-> ds r  e~inbiiu2 du = o (» -)Jg J— 00
for all real to since (20) of §4 gives this estimate for the first factor, and
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the second factor approaches zero as n —» «s. Hence we can consider

as established and can proceed to estimate the remaining terms.
4. For this purpose we replace jn the right side of (35) by

cos («i< +  u2s) — i sin (ud +  u2s), in complete analogy with the compu
tations of the previous section. Then we multiply term by term using the

the one-dimensional case, we retain only terms of even order in the vari
ables t, s since the odd terms drop out after integration over the square Q. 
This gives for the set of remaining terms the expression

Now we must integrate the expression (37) over the region Q. We can 
integrate the first three terms over the whole plane ( — °° < t, s < *>) 
instead of over the region Q and incur thereby an error only of order n~a, 
where u is any real number. In order to see this, it is evidently sufficient 
to show that

for all integers p, q > 0. But, putting i +  (bnS/bu ) = z, we evidently get

Pi = (As2/bn) -f- buz2.

Expanding [z — (6i2s/6n)]p by the binomial formula, we see (with no 
computation) that the integral I(p,  q) is represented as a sum of products 
of the form

fact that cos (u\t -f- u2s) = 1 +  0 ( u t 2), where u = \ Ui \ +  | u21. As in

(37)

e 'nfi2[nPi — ln P 32 — sin nP3 sin (uit +  u2s)

+  0 ( u 2t i 2t s )  +  O ( u n r ^ )  +  O ( n V )  +  0 ( w t 5) ]

= e inP'l[nPi — \nP-i +  nP3(uit +  u2s) +  0 (u n r 10)

+ 0 ( u n r 6) +  0 (u V r8) +  0 ( u2tit6) +  0(n2r 7) +  0 (n rB)].

Hence,

Kp, q)  = [
J a

sV "4' ’'* "  ds f  [z — (bns/bn)]
w—  GO

r  e~lnh>z* dz.
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where as n increases the first factor has the form o(n~“) by (20) of the 
previous section, and the second factor in any case remains bounded. This 
shows that/(w , r) = o(n‘ “).

In regard to the remaining terms, it is clear that extending the region 
of integration only strengthens the inequality obtained. Consequently, we 
can also integrate these terms over the whole (I, s)-plane instead of over 
the region Q.

For the homogeneous polynomial Pr(t, s) of degree r, the transformation 
in1 = t', sv} = s' yields

J  j  PT{t, s)e~in?2U'a) dt ds = n~iir+l)c,

with c independent of n. Therefore, integrating the first three terms of the 
expansion (37) over the whole (t, s)-plane yields an expression of the form

n“2(m0 +  miUi +  m2it 2),

where mo, m i, m2 are independent of n, U\ and w2.
After integration we obtain the following estimates for the last six terms 

of (37):

0(wn~3), 0 (u3n~3), 0(un~3), 0 ( u n ~3), 0(n~3), 0(nT5).

Hence, after integration the whole set of remainder terms yields 

n~2(wio +  rriiUi +  m2t<2) +  0\rT3(v} +  w3)].

Combining this with the integral (36) of the main term, we find

(| d ]/4lT2) I f  e-^O+ka+lKl+ln^+ky+UM^ ^

_ ( | ^ | /27mAi)e-a/2nA)(bn“22~2bi2liiU2+t>22Ui2)

+  rT2(mo +  mini +  m2u2) +  0[n 3(ni +  m3)],

where m0, mi , m2 denote numbers independent of n, Ui and u2. In view 
of (34), we then have

PJ k , l )  = ( I d I /2TnAi)e“(1/2,,A)<!'“ ,'22“2f>12“1’,2'H,22“l2)
( 3 8 )  - 2 - 3  4+  n 2(m0 +  miUi +  m2u2) +  0[n 3(n* +  m3)].

This is the formula we wished to establish.
All that remains is for us to establish, in analogy with (28) of the pre

ceding section, a cruder estimate for Pn(b, I). This estimate will be com
pletely adequate for many cases. In analogy with §4 we replace the factor 
e ’<"><+,‘2s) jn (35) by its trigonometric expression. We do not however re-
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place cos (urf +  u2s) by 1 +  O(wV) as we did above. We simply use the 
fact that cos (ud +  u2s) is an even function of t and s whose absolute value 
does not exceed unity. The remainder of the derivation is so closely anal
ogous to the one-dimensional case that we need not repeat it here. We 
only cite the final result, which is

Pn(k, I) = ( | d |/27mAi)e“(1/2"A)(6,l’'22' 2(,,2"1“2+i'22“,ii)
( 3 9 )

+  0[n 2(1 +  w)].

In conclusion, we give the complete formulation of the two-dimensional 
limit theorem just proved.

T h e o r e m  2 . Let

P k i  =  P(£ =  flo +  ka +  Id, V  =  bo +  ky +  1 5 )

be the distribution of a non-degenerate integral-valued random vector (£, y) 
with the maximal lattice ao +  ka +  Id, feo +  ky +  IS, the mathematical ex
pectations ai , a2, the dispersions bn , b22, and the correlation coefficient 
M M 22)-*. Let (S„ , Tn) be the sum of n mutually independent random 
vectors each of which obeys the law pki and let

Pn(k, V) = P{Sn = nao ka +  Id, Tn = nbo -(- ky -f- 18).

I f  finite moments up to the fifth order inclusive exist for the law Ph , then as 
> oo the following relations hold uniformly in k and I:

Pn(k, l) = ( | d | /2Tm^)e~ai2nA)(b' 'Ui2~2bliULU2+b22Ul2)
( 3 9 )

and

( 3 8 )

+  0[n 2(1 +  w)],

Pn(k, I) = ( | d | /2 « A i)e '(I/!nA)(blI“,’-2‘I!*1"!+i!,“l!)

+  n~2(m0 +  niitii +  m2w2) +  0[n“3(ns +  w3)],

where d = a8 — dy ^  0, A = bnb22 — bi2 > 0, Ui = na0 +  ka +  Id — nai , 
m2 = nbo +  ky +  IS — na2, u = | Wi | +  | u2 |, and where m0, m i, m2 denote 
constants (independent of n, ui and u2).



Chapter I I

PRELIMINARY CONCEPTS OF QUANTUM 
MECHANICS

§1. Description of the state of a physical system in quantum mechanics

In classical mechanics the state of a system with s degrees of freedom is 
conveniently described by giving the values of all 2s “Hamiltonian vari
ables” : the “generalized coordinates” qi , q2, • • • , qs and the “generalized 
momenta” px, p2, • • ■ , ps . Thus, in classical mechanics the state of a 
system can be represented by a point in its “phase space”, which is a 
Euclidean space of 2s dimensions with rectangular coordinates qx , q2, • • • , 
q„ ,Pi , p2 , • ■ ■ , pa . It is well-known that such a representation of the state 
of a system is particularly convenient for the purposes of statistical me
chanics. Each physical quantity related to the system is a certain function 
F (qi, • • ■ , qs , Pi , • ■ ■ , ps) of its Hamiltonian variables with a definite 
value for each definite state of the system. In other words, such a quantity 
is a single-valued function defined on the whole phase space.

In quantum mechanics the problem of characterizing the state of a phys
ical system is solved in an entirely different way. The state of the system is 
described by giving a certain (in general, complex) function

U = U(qx , ■■■ , qs)

of the generalized coordinates of the system alone. (It is common practice 
to call such a function the “wave function” of the system.) A knowledge of 
the function U describing the state of the system does not in general make 
it possible to determine uniquely any of the Hamiltonian variables qi , 
• • • , qs , p i , • • • , ps . In the most favorable case, knowing the function U, 
we can determine the values of some of these variables, but all 2s variables 
can never be uniquely determined. The reason is that in quantum mechanics 
the quantities g,- and p t (for the same value of i) cannot both have definite 
values in any single state. Of course it follows that any physical quantity 
P(?i > • • - , q„ , Pi , • • • , ps) does not in general have a single definite value 
in the state described by the function U (or, as we say briefly, in the 
state U).

In quantum mechanics, prescribing the function U determines the dis
tribution laws of physical quantities, but not their values. Thus, knowing 
the function U, we can calculate the probability that any physical quantity 
21 have a value included in a given interval (a, b), i.e., the probability of the 
inequality a < 2f < b. Only in the exceptional case, when the distribution 
law found for the quantity 21 is such that 21 has only one possible value, 
can it be said that 21 has a definite value in the state U.

4 5
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In particular, if the system is in a state U, the probability that the values 
of gi , • • • , qs belong to a given region V of the configuration space (i.e., 
the Euclidean space of s dimensions with rectangular coordinates q i , • ■ ■ , 
qs) is given by

f v \ U \ 2dq x • • • dq3/  J  \ U \ 2dqi --- dq.,

where the integral in the denominator is taken over the whole configuration 
space. In the even more special case of a system consisting of an elementary 
particle with the simplest Hamiltonian variables x, y, z, px , py , pz , the 
probability that this particle belong to the region V of the ordinary three- 
dimensional space is expressed by

£  [ U(x, y, z) |2 d x d y d z j  J | U(x, y, z) |2dx dy dz

where the integral in the denominator is taken over the whole three-dimen
sional space.

Since the function U determines the distribution law of a physical 
quantity 21, it is clear that U also determines uniquely the mathematical 
expectation E21 of this quantity. In particular, if

21 = F(qx, • • • , q.) 

is any function of the generalized coordinates qi , • • • , q . , then

(1) ESI = J  F(qi , ■ ■ ■ , q.) | U \2 dqi ■ ■ ■ dq3 j  J  \ U |2 dqx ■ ■ • dqa,

where both integrals are taken over the whole configuration space.
All the formulas we have presented show that replacing the function U 

by a function \U , where X 5̂  0 is an arbitrary complex constant, does not 
produce any changes in the statistics of those physical quantities which 
depend only on the generalized coordinates q i , ••• ,?> (i.e., that do not 
depend on the generalized momenta pi , • • • , ps). We shall see later that 
this same rule also remains valid for physical quantities of any sort. Thus, 
we must regard the functions U and XC7 as describing the same state of the 
system, whatever may be the value of the complex constant X 0. Making 
use of this freedom in the choice of X, we can obviously describe any state 
of the system by a wave function U for which

J  \ U\ 2dqi--- dq, = 1.

We then refer to the function U as normalized. For normalized functions 
U all the formulas we have written are simplified, since their denominators
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become unity. If the function U describing a state of the system is a nor
malized function and X = e'* is an arbitrary complex constant with absolute 
value 1, then \U  is also normalized and describes the same state of the 
system.

It is obvious that the use of the function U to establish the statistics of 
physical quantities, in the way we have been describing, requires the con
vergence of all the integrals used in this process. In particular, | U |2 must 
be integrable over the whole configuration space (that is, U must be an 
element of a complex Hilbert space). If this requirement is satisfied by 
Ui and U i, then the integral

J  UiU* dqi ■ ■ ■ dqs

(where the star indicates complex conjugation) taken over the whole 
configuration space is absolutely convergent. We call this integral the 
scalar {inner) product of Ux and U2, and write it briefly as ( Hi, U2). In 
particular, it follows that

( H, U) = f  | U\ 2dqi---dq. .

Hence, if H is normalized,
(U, U) = 1.

Scalar products obviously have the following elementary properties:

1. (Hi +  U2, Us) = (Ux , Ut) + {U2, Ut),

(Ux, Ut +  Ut) = {Ux, Ut) +  {Ux , U3).
2. If X is an arbitrary complex number, then 

{\Ux,  Ut) = \ { Ux ,  Ut),
{Ux , \ U2) = \*{Ux, Ut).

3. {Ut ,Ux)  = ( Hi , Ut)*.
One of the most important principles of quantum mechanics is the so- 

called principle of superposition: If the functions Ux{qx, •••,  $„-) and 
U2{qx, ■ ■ ■ , 2s) describe possible states of the system, then the function 
U = XxUx +  X2H2 , where Xi , X2 are arbitrary complex constants and 
I Xi | +  | Xj | > 0, describes a possible state of the system. This principle is 
automatically extended to the case of any number of components. It can 
also be extended to infinite series: If the series

5Zt=i Xi- H,
converges in the mean to the function U [i.e., if ( U — S n , U — S„) —> 0
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as n —> oo, where S„ = X "̂=i X*C7*]> and if each of the functions Ut de
scribes a possible state of the system, then so does U. In all cases the only 
exception is that of a sum identically equal to zero: The function U = 0 
does not describe any state of the system; it cannot be normalized and all 
the formulas we have given above for probabilities and mathematical 
expectations become meaningless for U = 0.

A number of cases can be found in the history of statistical physics where 
an imprecisely defined concept of the probability of an event has led to 
confusion and to misunderstanding, and has thus hindered the development 
of science. In physics, as in all applied sciences, the probability of an event 
always means the relative frequency of its occurrence. The same event, 
however, can have very different probabilities under different conditions. 
Therefore, any assertion regarding probabilities has a precise meaning only 
when the conditions under which it applies are stated precisely.

In quantum mechanics, as we have already seen in part and shall see in 
considerably more detail below, the most important assertions are of the 
form: “If the system is in a state U and 31 is a quantity related to this 
system, then the probability that a < 21 < b is equal to the number p.” 
To avoid confusion and ambiguity it is therefore necessary to first explain 
the meaning of such an assertion with complete precision. Suppose we have 
a large number n of systems of the type considered. Let all these systems 
exist in the state U and suppose that on each of these systems we carry out 
a measurement of the quantity 21. We assume that when this is done the 
value of 21 lies between the numbers a and b for to systems, and that for the 
other n — to systems the value of 21 lies outside the interval (a, b). The 
meaning of our probabilistic assertion is that if n is a large number, the 
ratio m/n is close to p.

This statistical meaning holds in general for all the probabilistic asser
tions of quantum mechanics. A very important feature of such a statistical 
prediction is that its only underlying assumption is the requirement that 
each of the n systems should be in the state U at the moment of measure
ment. All other conditions (which in various cases can be of very different 
sorts) have no influence at all on the probability of the event a < 21 < b. 
It is thus completely immaterial whether or not all the n measurements are 
carried out at the same place and at the same time or whether they are 
carried out at places extremely remote from each other both spatially 
and temporally. It is also completely immaterial when and in what manner 
each of the given systems has been brought into the state U. In particular, 
we can carry out all n measurements on a single system. All that is neces
sary is that after one measurement has been carried out the system must 
again be brought into the state U before the following measurement is 
made.
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The fact that the statistical predictions of quantum mechanics are inde
pendent of all supplementary conditions is one of the most important gen
e r a l  principles of the theory and gives the predictions a real statistical 
meaning.

§2. Physical quantities and self-adjoint linear operators

In §1 we saw the manner in which quantum mechanics allows us to define, 
for each state U, the statistics of a quantity 21 which depends only on the 
generalized coordinates qi, ■ ■ • , qs of the system. But, in general, a physical 
quantity 21 depends on the whole set of Hamiltonian variables q i, ■ ■ ■ , qs , 
p i , ■ • • , ps , and we now have to formulate the rules which will permit us 
to define the statistics of such a quantity for any state U of the system. 
For this purpose we use the concept of a linear self-adjoint operator.

An operator a  is a rule which assigns to each element U of the complex 
Hilbert space a definite element dU  of the same space. (Sometimes a  is 
not defined for all U but only for a subset of the set of all states.) An 
operator a  is said to be linear if

a(\iC7i “b A2H2) — Aial/j -}- A2aC72

for arbitrary Iq , U2 and all complex constants Ai , A2. To each operator a  
there corresponds a definite complex adjoint operator a* defined by the 
condition

(a  I f ,  U2) = ( Hi , Q*Ui).

An operator a  is said to be self-adjoint (or Hermitean) if

(2) ( atA,  u 2) = (Ui ,  a u t)

for all Th , U2.
In quantum mechanics a linear self-adjoint operator a  is assigned to each 

physical quantity 21. The statistics of the quantity are established for each state 
U of the system by means of this operator. The manner in which this is done 
will be stated below. At present, we note to begin with that if the quantity 
21 is a function of just the generalized coordinates qi , • ■ • , qs , then the 
operator a  assigned to it is defined simply as multiplication by this func
tion: If

21 = F(qi , • • • , qs),

then

aU(qi. , • • • , qs) = F(q1 , • • ■ , q,)U{qx , • • • , ?„) .

The linearity of this operator is easily verified. Moreover, if the function F 
is real, then
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( a t / i , Ut) = /  {FU\)U* dqi ■■■ dq.

= /  Ui(FUt)* dqi • • • rig, = (£/i, aC/2).

This shows that a real physical quantity of the form 21 = F(qy, • • • , q.) 
always has a definite self-adjoint operator corresponding to it.

We now consider the general case of quantities of the form

21 = F(qy , ■■■ ,gs , Pi ,  , p s).

The way in which the self-adjoint operator corresponding to such a quantity 
is defined will not interest us in this book. Therefore, we shall give only a 
brief description of it. First, we consider the simplest case 2f = p* (1 < 
k < s) . We choose the operator

9h= — ih d/dqk

to correspond to the generalized momentum p*, i.e., we set

(9kU = — ih dU/dqk ,

where h is Planck’s constant divided by 2tt. This operator is clearly linear. 
To prove that it is self-adjoint we note that

((PkUi, U2) = ( —ih dUi/dqk , f/2)

= —iH J  (dUi/dqk)TJ* dqi • • • dqa.

But for fixed qy , • ■ • , qk̂ y , qk+y, ■ ■ ■ , qs ,

Ui(dU2*/dqk) dqk 

= — f  Ui(dU*/dqk) dqk
J — oo

if, as we assume, the functions Uy, f72 vanish for qk = — °° and qk = «>. 
Therefore,

(<PkUi, U2) = ih J  Ui(dU2*/dqk) dqi • • • dqs

= J  Ui( — ih dU2/dqk)* dqi ■■■ d.qs 

= ( Ui, (Pfc[/2) ,

as was to be proved. It is worthwhile pointing out that the self-adjoint

f  (d U i/d q tW  dqk = UiU*
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property of the operator (Pk depends in an essential way on the presence of 
the imaginary unit as a factor in the definition of this operator. The real 
operator % d/dqk does not have this property of being self-adjoint, as can 
readily be verified.

If the physical quantity 21 is an arbitrary function

3f = F(qi ,■■■ ,q*, pi ,  ,Ps)
of the Hamiltonian variables of the system, the idea naturally arises of 
defining the corresponding operator a  by means of the formula

a  F(Qi , , Q,, (Pi, , (Pe),

where Q*, (P* denote, respectively, the operators assigned to the quantities 
qk , pk (1 < k < s). This is indeed the path usually followed in quantum 
mechanics. This idea, which on the whole has been extremely fruitful, 
encounters a practical difficulty in regard to interpreting the operator

(3) F(Qi, • • • , Q„, (Pi, ■ ■ • , (Ps).

The solution to this problem is by no means obvious even in the very 
simple case of F a polynomial with constant coefficients. To form the poly
nomial (3) it is necessary to define the procedures for adding and multi
plying operators, i.e., it is necessary to formulate an algebra of operators. 
This algebra is constructed as follows: If a  and ffi are operators, and a, /} 
are real numbers, then the operator

e  = ad +  0ffi

is the operator defined by

QU = aQU +  p&U.

If d  and ffi are linear self-adjoint operators, G will be an operator of the 
same kind. We call the operator 6 defined by

QU =  a(ffiC7)

the product Ctffi of the operators a, ffi. Hence the result of applying a® is 
the same as the result of successive application to the same function of 
first ffi and then Ct. Multiplication of operators is in general not commuta
tive: a&U is not in general the same as ®af7. For example,

(PkQkU = —iUd{Uqk)/dqk =  — ih[U +  (qk dU/dqk)],

while

Q*(P*C/ =  qk{-i fi  dU/dqk) =  —ifiqk dU/dqk .

Due to the non-commutativity of multiplication for operators, the meaning
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of (3) is ambiguous, even in the case of a polynomial. This raises a diffi
culty in the choice of the operator corresponding to a given physical 
quantity. The product of two self-adjoint operators will be a self-adjoint 
operator only if the two factors commute with each other. We note also 
that since each operator obviously commutes with itself, a positive integral 
power of a self-adjoint operator is always a self-adjoint operator.

Thus we see that the problem of assigning an operator to a given physical 
quantity 31 cannot always be solved by simple general methods. In many 
cases a special physical consideration is required. But, for the purposes of 
this book such difficulties are of no importance. Essentially, the only im
portant fact for us is the possibility of assigning to each physical quantity 
a self-adjoint operator which will permit us to determine the statistics of 
the quantity in any state of the system in a unique and in principle very 
simple manner. We shall now consider the question of how these statistics 
are established once the operator for the given quantity is known.

When the physical quantity

21 = F(ffi , ■ • • , 9.)

depends only on the generalized coordinates qi , • • • , qs , its mathematical 
expectation ESI in the state U is given, as we know [§1, (1)], by

Ec/SI = J  F(qi, •■■,&) | U(qi , , qs) \ 2 dqi ■■■ dqs.

For simplicity, we have taken the function V to be normalized. Since the 
operator G, defined by

aU = F(q! , • • • , qs)U  

corresponds in this case to the quantity 31, we may write

Ec/SI = J  FUU* dqi ■■■ dqs

= J  (aU)U* dqi ■■■ dqs = (a u , U).

Extending this result, which we have established for quantities 31 of a 
very special type, to the general case yields one of the basic principles of 
quantum mechanics: I f  the linear self-adjoint operator (J corresponds to the 
physical quantity 31, then the mathematical expectation of 31 in the state U is 
equal to

(4) Er131 = (au,  U).
[The function U is supposed normalized. In the general case obviously 
Er/31 = (aU, U)/(U,  U).]
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This simple general rule contains the true meaning of the “assignment” 
to each physical quantity of a definite linear self-adjoint operator. We see 
that when we know the operator corresponding to a given quantity, we can 
actually determine by a single simple principle the mathematical expecta
tion of the quantity in any state U.

It might be thought that the result we have found determines only the 
mathematical expectation of the quantity 21, but does not determine its 
distribution law. This is actually true if we know only the operator cor
responding to 21. But in principle the method partly described above also 
makes it possible to determine the complete statistics of physical quantities 
related to the given system. Indeed, if we wish, for example, to find the 
probability of inequalities such as

o < 21 < b, 

where a, b are real numbers; and if

21 =  , • • • , q . , pi , ■ • • , ps),

then it is sufficient to consider another physical quantity 31 defined by

5g _ f l  if a < F < 6,
)0 in all other cases.

This quantity is obviously also a function of the variables q i , • • • , qs , 
P i , • ■ ■ , ps and therefore can be regarded as a physical quantity related to 
the given system. On the other hand, it is obvious that the probability of 
the inequality a < 21 < b, when the system is in the state U, is equal to

Pu(a < 21 < b) = Ei,33.

If the linear self-adjoint operator ® corresponds to the quantity 33, then 
we have by (4)

PP(a < 21 < b) = (®t/, U)

(where again for simplicity we suppose the function U to be normalized).
Thus if we know how to assign a self-adjoint operator to the quantity 21 

and also how to assign operators to each 33, then (4) makes it possible 
to find the complete distribution law of 21.

Furthermore, we note that because of the self-adjoint property of the 
operator a, we always have

(au,  U) = ( u , aU).

On the other hand, because of the general property of scalar products (§1, 
property 3),

( u,  a  17) = (au,  u y .
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Thus we always have

(Q.U, U) = (a u , U)*,

i.e., the mathematical expectation of a physical quantity is always real. 
This result shows clearly the meaning of the requirement that all operators 
which are assigned to physical quantities be self-adjoint. We shall find 
below even more decisive arguments to support this requirement.

§3. Possible values of physical quantities

Suppose that a physical quantity 21 has a linear self-adjoint operator a  
assigned to it. In the preceding section we saw how, knowing this operator 
Ct and the operators corresponding to various functions of the quantity 21, 
one can construct the distribution law of this quantity in any state U of 
the system. Sometimes this law can be such that the quantity 21 for the 
state U takes on only one possible value a (with probability 1). In that 
case we say that 21 has a definite value in the state U. Then

Et/2l = a.

We now consider the conditions under which this situation can occur. In 
order that a random variable have a unique possible value, it is necessary 
and sufficient that its dispersion be zero. The dispersion of the quantity 21 
in the state U is

Dt/2l = Ee( 21 -  a)2.

On the basis of the principles explained in the preceding section, we nat
urally conclude that the quantity (21 — a )2 has a (linear self-adjoint) 
operator (Ct — a )2 corresponding to it. Hence if the function U is nor
malized,

Dt'21 = ([ct -  afU,  U).

In virtue of the self-adjoint property of Ct — a this gives 

Dt/21 = ([Ct — a]U, [® — a] 17)

= f  ([a -  a]U)([a -  a\U)* dqi • • • dq.

= J I [a — a] 17 [2 dqi • • • dqs.

If Dt/21 = 0, then because of the non-negative character of the integrand, 
we must have
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identically in ql , • ■ • , qs . Consequently,

55

(5 )
[CL — a]U = 0, 

aU = a U

for arbitrary q i, ■ ■ • , q , . Accordingly, (5) is a necessary condition that 31 
have a definite value a in the state U. This is also a sufficient condition, as 
can be easily seen by carrying out all the calculations in the reverse order.

The relation (5) shows that the action of CL on U leads to the multiplica
tion of U by a real constant a. In the theory of operators, a function U (not 
identically zero) related to an operator ft by an equation of the form (5) 
is called an eigenfunction of the operator belonging to the eigenvalue a. The 
numbers which can occur as definite values of the quantity 31 are the eigen
values of the operator CL and the state in which the quantity 31 has a definite 
value a is described by one of the eigenfunctions U of the operator Ct belonging 
to the eigenvalue a.

If we consider (5) as an equation defining U, then in typical quantum- 
mechanical cases this will be a partial differential equation, since the 
operator ft is formed from the operators Qk , (Pk in about the same way as 
the quantity 31 is formed from the variables ■, pk (k = 1, • • •, s). The de
sired solutions U of this equation must be uniquely determined in the entire 
space of the variables qi , ■ • • , qs , and the integral

must exist when taken over the entire space. Moreover, these functions 
must satisfy certain other general requirements: They must be continuous 
and sometimes they must possess partial derivatives to some order. Despite 
the seeming broadness of these requirements, in general it turns out that 
solutions satisfying them do not exist for all values of the parameter a. 
Those values of a for which such solutions exist are eigenvalues of the 
operator ffi. The set of eigenvalues of ft is called the spectrum of a. The 
spectrum of an operator can be either discrete (i.e., consisting of single 
isolated numbers) or continuous (i.e., comprising a whole segment or even 
the whole continuum of real numbers). Cases of combined spectra are also 
possible, i.e., spectra which in some places are continuous and in other 
places discrete. For the purposes of this book, we need only consider the 
case in which the (discrete) spectrum of an operator consists of a sequence 
of numbers approaching infinity:

(6) «i < <*2 < • • • <£*„••• (lim„^„ aH = <x>).

Suppose that in a certain measurement of the quantity 31 we have ob-
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tained the value a. According to quantum mechanics, immediately after 
this measurement the system will be in a state such that the quantity 21 
has a as its definite value. Hence a second measurement of 21 on the same 
system, provided it follows immediately after the first, will necessarily 
have for its result the value a. Therefore, any number a which can ever 
appear as the result of a measurement of the quantity 21 (in any state what
ever) must also be (for some particular state) a definite value of this 
quantity and consequently must belong to the spectrum of the operator G. 
This spectrum accordingly contains all numbers which can occur as results 
of a measurement of 21 with the system in an arbitrary state. In the case 
of the discrete spectrum (6) which we are considering, the discreteness is 
nowhere specially postulated, but appears as a consequence of very general 
requirements imposed on the eigenfunctions. This is similar to the theory 
of an oscillating string in which the discreteness of the sequence of possible 
modes of vibration follows from the boundary conditions imposed. The 
determination of all possible values of a physical quantity by constructing 
the spectrum of its corresponding operator is commonly called the “quanti
zation” of this quantity.

We must now consider certain basic properties of the eigenfunctions of a 
linear self-adjoint operator G. We shall confine ourselves to the case in 
which the spectrum has the form (6) and shall first examine the set of eigen
functions belonging to a single eigenvalue ak . Because of the linear property 
of the operator G, if Uki and Uk2 are two different eigenfunctions belonging 
to the eigenvalue ak , then Ai Ihi +  X2 Ih? , where Ai and X2 are any complex 
numbers which are not both zero, will also be an eigenfunction belonging 
to the same eigenvalue ak . This means that the set of eigenfunctions that 
we are considering forms a linear manifold 2k . In the cases to be considered 
in this book, the manifold 8* always has a finite number of dimensions m. 
This means that the manifold 2k contains m linearly independent functions 
Uki , Uk2 , • • • , Ukm , but any m +  1 functions of this manifold are linearly 
dependent. Consequently, any function U of the manifold 2/; can be ex
pressed in a unique way in the form

U = A,I/*,-,

where the A,- are complex numbers. The functions Ukj (j = 1,2, • • • , m) 
form a linear basis of the manifold %k . This basis can be chosen in various 
ways. In particular, well-known processes of orthogonalization always make 
possible the construction of a basis consisting of mutually orthogonal 
functions Ukj [the functions f71 and t/2 are mutually orthogonal, if 
( ^  , U2) = 0],

The basis Ukj (j = 1, 2, • • • , m) is called normalized if (t/*y, Ukj) = ] 
(1 < j  < m), i.e., if all functions forming this basis are normalized.
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Let Vki , Vki , • • • , Vkm be any m eigenfunctions of the operator CL, 
belonging to the same eigenvalue ak of this operator as the functions Ukj . 
Then,

(7) vka = YJj=i\jUki (1 < g < m),
where the XBJ- are complex numbers. Hence, for 1 < g < m, 1 < h < m, 
we have

{Vkg , Vkk) = (Z " - l  \ j U kj , luUki)

= E l-1  E T - i ^ U U k j , Uki).
Since the basis Ukj is orthogonal and normalized,

( Ukj , Uki) &ji >

where
(j = i), 
U ^  i)-

Therefore, we find

(Vkg,vkh) = £ “-i E”- 1 = Z"-ixw-x**-•
In order that the functions , defined by the relations (7), be orthog

onal and normalized, it is necessary and sufficient that

E?=  i Xtf>X*j 1 (g = h),
0 (gf ^  X),

or, equivalently, that

(8) X0J'X,* = 5„/, (1 < g < m, 1 < h < m).

The matrix consisting of the complex numbers X„>, (1 < g < m, 1 < h < m) 
(and also the linear transformation (7) corresponding to this matrix), is 
called unitary, if the conditions (8) hold for it. Since the functions Vkg are 
orthogonal and normalized, they are also linearly independent and conse
quently form an orthogonal and normalized basis of the manifold 8*,. 
[Indeed, if, for example, we had

T f r l  —  O -lV k l  +  '  • - +  C tm V km  ,

where the a, are numbers, then we would find

(Vn , F ,0  = E T ^ a i i V k i ,  Vki) = 0,

which is impossible.] Thus, if the functions Ukj form an orthogonal normalized 
basis of the manifold 8* , then all other such bases Vk0 (1 < g < m) of this
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manifold are obtained by subjecting the system of functions Ukj (1 < j  < m) 
to all possible unitary transformations (7).

The number of dimensions m of the manifold 2k is a very important 
property of the eigenvalue ak and is called its multiplicity or degree of de
generacy. The eigenvalue ak is degenerate if m > 1 and non-degenerate if 
m = 1. From the physical point of view m gives the number of linearly 
independent states of the system in which the quantity 21 has the definite 
value ak .

Now let Ui and f/2 be two eigenfunctions of the operator a, belonging 
to different eigenvalues akl and ak2, so that

(9) GlUi = aklUi , ftf/2 = aklU2 .

In virtue of the self-adjoint property of the operator ft, we have

(aux, u2) = (17!, aU2).

Hence, by (9),

{aklU,, Ut) = (U^ a^ U, ) .

Since akj and aki are real, this last equation and property 2 (§1) of scalar 
products lead to

akl(Ul t U2) = aki(Ult  Us),

and the fact that akl 9̂  aki, to

(Ux , Ut) = 0.

This shows that two eigenfunctions of the operator ft, belonging to different 
eigenvalues, are always mutually orthogonal.

If we now choose for each eigenvalue ak of the operator ft some linear 
orthogonal basis, then the whole set of eigenfunctions of the operator ft so 
obtained obviously forms a (denumerably) infinite orthogonal system of 
elements U of a complex Hilbert space. In the simplest and most important 
cases, and in particular, for all cases with which we shall be concerned, this 
orthogonal system is complete (or closed). This means that every element U 
orthogonal to all elements of the system we have obtained must be iden
tically zero. The completeness of our system of eigenfunctions is very 
significant in physics. If we denote by Hi , U2, ■ • • , Un , • • • the elements 
of a complete orthogonal system, enumerated in arbitrary order, then any 
element U of the complex Hilbert space can be represented in the form of a 
series

E"-i
which converges to U “in the mean”. [This means that setting ckUk =
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sn , we have ( U — s„ , U — s„) —» 0 as n —> oo.] Here the c„ are complex 
constants. In virtue of the mutual orthogonality of the functions U„ we 
easily find

Cn = (U, Un)/(Un , Un).
If the functions Un are normalized, then

Cn = (17, Un),
and furthermore,

(U,U)  = E n - l Cn(Un,U) = TZ=lCn{U, U „)* = £"= 1  | Cn |2.

In particular, if the function U is also normalized, then

Z t i  | cn I2 = 1.

In the preceding section we saw that the ability to assign to each physical 
quantity a definite linear self-adjoint operator allows us in principle to 
determine the statistics (distribution law) of this quantity in any state U. 
We are now in a position to show concretely how this is done, at least for 
quantities with a discrete spectrum. Let the operator a, with the discrete 
spectrum (6), correspond to the quantity 21. Since the only possible values 
of 21 are the numbers ak , the statistics of 21 in any state U will be fully 
determined, if we can find the probability

P[/( 21 = a*)

for each ak . As in §2, we denote by 58 a quantity equal to 1 if 21 = ak , 
and equal to zero if 21 ^  a* (so that 58 is a function of 21). Let ® be the 
linear self-adjoint operator corresponding to the quantity 58. Then the 
probability that 21 = ak is the same as the probability that 58 = 1, and is 
obviously equal to the mathematical expectation of 58.

Thus, we have (assuming the function U to be normalized)

Pc(2l = ak) = ( a u ,  U).

Now let U i, U i, • ■ • , Un , • • • be the complete orthogonal system of 
normalized eigenfunctions of the operator a  and let

U = E --1  CnUn , Cn = (U, Un) (« > 1).
Then

( a u ,  U) = (E"=l CntaUn, Z "= l CnUn).
Each of the functions Un is an eigenfunction of the operator a, i.e., the 
quantity 21 has a definite value in each of the states U„ . From this it 
follows that the quantity 58, as a function of 21, must also have a definite
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value in each of the states U„ . This value is equal to 1 in those states for 
which 21 = ak , and is equal to zero in the other slates. Thus, each of the 
functions Un is an eigenfunction of the operator ®; the corresponding eigen
value of this operator is 1 if at/,, = akUn , and zero in all other cases. We 
can therefore write

($>U n =  f i n U n ,

where /3n = 1 if QUn = akUn and (3n = 0 otherwise. Therefore, we obtain

(®t/, U) = (£ n = l Cnl3nUn , £ " =lCnt/„).

By using the properties of scalar products, the orthogonality of the sys
tem of functions TJn , and the normalized character of these functions, we 
now easily find

Pt/( 21 = = (®C7, U) = £n= l fin  | Cn f

= Z m \cn \2 = £ w | ( U , u n) I2,

where £ m means that the summation is taken over all values n for which 
the eigenfunction U„ belongs to the eigenvalue ak . Applying the theorem 
on the composition of probabilities to this expression, we find

Pt,(a <21 < b )  = | c» |* = £ Ca,6) 1 ( U, Un) |2,

where the summation is taken over all eigenfunctions Un of the operator OL 
belonging to eigenvalues included between a and b. In this way we obtain a 
definite rule for finding the distribution law of the quantity 21 in the state 
U: Expand the function U in terms of the complete orthogonal system of 
normalized eigenfunctions Un of the operator a. The probability that 
a < 21 < b is the sum of the squares of the absolute values of the co
efficients of this expansion for all those functions Un that belong to eigen
values included between a and b.

We now apply the complete orthogonal and normalized system of eigen
functions of the operator ft to prove one more elementary proposition which 
we shall require later: I f  the operator a  has the spectrum (6), then the spectrum 
of the operator a 2 consists of the numbers

2 2 2 <*i i <*2 , • ■ • , ak, • ■ ■ ;
and the manifold of eigenfunctions of the operator a 2 belonging to the eigenvalue 
ak coincides with the manifold of eigenfunctions of the operator a  belonging 
to the eigenvalue ak .

Indeed, if U is an eigenfunction of the operator a  belonging to the eigen
value otk, then

a2u  = a(aU)  = a ( akU) = aka u  = <xk u,
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i.e., U is an eigenfunction of the operator a 2 belonging to the eigenvalue
2ak ■
Now suppose that, conversely, U is an eigenfunction of the operator a 2 

belonging to some eigenvalue fi of this operator.
We expand the function U in terms of the complete orthogonal system 

of eigenfunctions of the operator a  (which, as we have just ascertained, are 
at the same time eigenfunctions of the operator a 2) :

(10) U=T2=i CkUk ,

where

ck = ( U , U k) (k = 1,2, •••)■

Since U and Uk are eigenfunctions of the same operator a 2, ck ^  0 only for 
(} = ak . This shows that an eigenvalue /3 of the operator a 2 must necessarily 
coincide with one of the numbers ak , i.e., that the spectrum of the operator 
a 2 actually gives the set of numbers a*2. Now let fi = a /  and let Uki , 
Uk2 , • • • , Ukn be the eigenfunctions of the operator a  from the orthogonal 
system we have chosen, belonging to the eigenvalue ak . Then the only non
vanishing coefficients in (10) are those of the functions Uki (1 <  i < m). 
Hence,

u = D r-i ckiUki,
and consequently,

aU  = akU,

i.e., U is an eigenfunction of the operator a, and our proposition is proved.

§4. Evolution of the state of a system in time

In classical mechanics the state of a system is described by the values of 
all 2s Hamiltonian variables qi , ■ ■ • , qs , pi , • • • , ps . In order to know 
how this state changes with time, it is necessary to give all 2s of these 
variables as functions of time. The fact that the values of the Hamiltonian 
variables at any initial time <o uniquely determine their values at any other 
(preceding or following) time t is an expression of the principle of causality 
in classical mechanics.

In quantum mechanics the state of a system is described by a certain 
function U(qi , q* , • • • , qs) of the generalized coordinates. The change of 
the state with time will be known if the dependence of the function U on 
the time is given, i.e., if U is given as a function of the s +  1 variables 
<h, ■■ ■ ,q. ,  t:

U = U(q! , • • ■ , q, , t).
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In quantum mechanics an expression of the principle of causality is the 
requirement that the form of the function U at any initial time to uniquely 
determine its form at any other (preceding or following) time t. Since, in 
quantum mechanics, the function U determines the statistics (distribution 
law) of physical quantities and not their values, this requirement has the 
physical meaning that the statistics of physical quantities, at the initial 
time to, uniquely determine their statistics at any other time I.

In classical mechanics the law of motion (i.e., the expression of the Hamil
tonian variables as functions of time) is found by solving the “equations of 
motion”. In the case of Hamiltonian variables these equations assume the 
well-known “canonical” form, which is remarkably simple and symmetric. 
The fundamental role in these equations is played by the so-called Hamil
tonian function

H(qi Pi , ■■■ , p,).
When the forces acting on the system are independent of time, the expres
sion for the Hamiltonian function is the same as the expression for the total 
energy of the system

H = T + V,

where T is the kinetic energy, and V the potential energy of the system.
In quantum mechanics the Hamiltonian function is assigned a linear 

self-adjoint operator X, the operator of total energy, also called the Hamil
tonian. This operator is just as important for the determination of the 
evolution of the state of a system in time as the Hamiltonian function is in 
classical mechanics.

In the simplest cases the expression for the operator X can be chosen 
correctly by direct analogy with the expression for the Hamiltonian func
tion in classical mechanics. If our system is an elementary particle, then the 
simplest procedure is to choose as the Hamiltonian variables its three Car
tesian coordinates x, y, z and the corresponding components of momentum 
Pz , py , Pz ■ In this case the kinetic energy will be

T = {px + Py +  p/)/2m,

where m is the mass of the particle, and the potential energy V(x, y, z) 
will depend only on the coordinates of the particle. Hence the expression 
for the Hamiltonian function is

H = (1/2m){px + pv2 +  p^) +  V(x, y, 2).

To construct the operator X, we recall that the operators corresponding 
to the quantities px , py , pz are — ih d/dx, —ifi d/dy, — ih d/dz. According 
to the algebra of operators adopted in §2, the operators corresponding to
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the squares of these quantifies must be

- f i d 2/dx2, - f i  d2/dy2, - h 2d2/dz2.

Thus, the operator corresponding to the kinetic energy T will be

— {fi/2m) (d2/dx2 +  d2/dy2 +  d2/dz)  = — (h2/2m)V2,

where V2 = d2/dx2 +  d2/dy2 +  d2/dz is the so-called Laplacean operator. 
Since the operator corresponding to the potential energy V(x, y,z) is simply 
the operator 13 of multiplication by V(x, y, z), we naturally take as the 
Hamiltonian operator

(11) X = - ( f i / 2 m) V2 +  13.

The operator X is constructed just as simply in the somewhat more com
plicated case of a system consisting of several such structureless physical 
particles, if it is assumed that interaction forces between the particles are 
absent. In this case the total energy of the system is simply the sum of the 
total energies of the particles composing the system. We naturally assume 
that the Hamiltonian of this system is equal to the sum of the Hamiltonians 
of the particles composing the system where the latter are constructed ac
cording to equation (11).

Such an immediately obvious determination of the operator X is possible 
only in the simplest cases. Even if the system consists of a single structure
less particle, the procedure is this simple only when rectangular coordinates 
are chosen as the Hamiltonian variables. In other coordinate systems the 
kinetic energy is a quadratic form in the generalized momenta, in which 
the coefficients depend on the generalized coordinates. In this case the 
proper choice for the corresponding operator is not so obvious.

We now turn to a discussion of the laws of quantum mechanics which 
determine the change of state of a system with time. For brevity, we denote 
the function U(qi , • ■ • , q« , t), which describes the state of a system at 
time i, by U{q, t). If, as we require, the specification of the function U(q, to) 
uniquely determines the function U(q, t) for all t, then in particular the 
function dU/dt is uniquely determined at t = to ■ (We assume, of course, 
that this derivative exists.) Since to was chosen arbitrarily, we can therefore 
say that for any t some function dU/dt uniquely corresponds to each func
tion U. We have agreed to call such a correspondence an operator. Thus 
the function dU/dt is the result of the action of a certain operator on the 
function U. In general, this operator can be different for different times, so 
that it will be convenient to denote it by (tt . Hence,

(12) dU(q, t)/dt = ®tU(q, t).

We still have to determine the operator &t . By a heuristic method, which
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involves the analysis of a number of simple special examples and the gen
eralization of the results so obtained (and includes the application of a 
number of theoretical considerations), it has been found possible to estab
lish the universal form of this operator. It turns out that one must set

<2( = —iSC/ft,

where ft is Planck’s constant divided by 2ir and 3C is the Hamiltonian of the 
system. This rule is always valid. In particular, it remains true when vari
able forces act on the system, i.e., when the operator 3C depends on the 
time and is, in general, no longer the operator of total energy. However, in 
all that follows we shall suppose that the operator 3C is independent of the 
time, and, consequently, that it corresponds to the physical quantity which 
we call the total energy of the system. Equation (12) then takes the form

ift dU(q, t)/dt = 3Cf7(g, t),

or, more briefly,

(13) ift dU/dt = 5C.U.

This is the most important equation in quantum mechanics, and is 
analogous to the system of equations of motion of classical mechanics. It 
is commonly called the Schrodinger equation. It defines the function 
U(qi , ■ • • , g.,, t) as the solution of a certain partial differential equation. 
We shall see that this is always an equation of first order in t, but of the 
second order in the generalized coordinates gr , since the kinetic energy 
operator which forms part of the operator 3C contains the operators d2/dqk:.

As our first application of Schrodinger’s equation we prove an important 
auxiliary theorem which will be needed later. We call the quantity

(U, U) = f  | U\2dq, ••• dqs

the norm of the function U so that in particular, for normalized functions U, 
the norm is equal to unity. We now show that the norm of any solution to 
Schrodinger’s equation remains constant in time (i.e., the functional 
( U, U) is an integral of the Schrodinger equation). In particular, if the 
function U which describes the state of a system is normalized [(U, U) = 1] 
at U , then it will also be normalized at any other (preceding or following) 
time t.

To prove this, we start with equation (13), where U = U(qi , g2, • • ■ , 
q, , t).  Forming the complex conjugate quantities yields

(14) -iftdU */d t = (XU)*.
We multiply equations (13) and (14) by U* and U, respectively, and



65§5] STATIONARY STATES. CONSERVATION OF ENERGY

subtract, the second equation from the first. We find

ih[U*(dU/dt) +  U(dU*/dt)] = ifid | U\2/di = (SCU)U* -  U(SCU)*.

Integrating this equation over the entire configuration space, we obtain

m[d(U, U)/dt] = (3CU, U) -  ( U, 3CU).

The right side of this equation is equal to zero, because of the self-adjoint 
character of the operator SC. Therefore,

d(U, U)/dt =  0,

which was to be proved.

§5. Stationary states. The law of conservation of energy

In the cases of interest to us, the spectrum of the total energy operator SC 
of the system will always consist of a sequence of numbers of the form (6) 
of §3. Therefore, we can select a linear orthogonal basis

t-'i , L 2 , ■ • ■ , Un , • • •

of normalized eigenfunctions of the operator SC. Let the function Un belong 
to the eigenvalue En of the operator 3C, so that

(15) SCUn = E nUn (n = 1,2,

(In general, because of the possibility of degeneracy, the numbers E n may 
contain sets of successive numbers that are equal to each other.)

A solution U{q, t) of Schrodinger’s equation can then be expanded in 
terms of the functions Un . The coefficients of this expansion will, of course, 
vary with t, so that we can write

U(q,t) = T.n=ian(t)Un(q),
where an(l) are complex functions of t. Substituting this expression into 
Schrodinger’s equation (13) and assuming, as we have agreed, that the 
operator SC is independent of time, we find in virtue of equation (15)

ift {da„/dt)Un{q) = X"=i a„{t)SCUn(q) = Ena„{t)Un(q).
Because of the uniqueness of expansions in terms of the functions U„(q) 

we can equate the coefficients of Un(_q) on the left and right sides:

thdan/dt = Ena„(t) (n = 1,2, •■•)•

From this we readily find

an(t) = cne~'En‘lh.

Consequently
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(16) U(q,t) = £"=1  cHe-i*',,*Un(q),

where the c„ are complex constants. Since we have taken the functions 
Un(q) to be normalized, it follows that

Accordingly, if we wish the function U(q, t) to be normalized, we must 
have

Thus, the general normalized solution of Schrodinger’s equation can be 
represented in the form (16), where the complex constants c„ must satisfy 
(17) for the solution to be normalized. Conversely, if the cn are arbitrary 
complex numbers satisfying (17), then (16) gives us a normalized solution 
of Schrodinger’s equation.

In particular, the functions

are normalized solutions of Schrodinger’s equation. The states of the 
system described by these functions are commonly called stationary states. 
This name is justified by the fact that if the state of a system is described 
by a function of the form (18), then the states of this system at the times 
<i and <2 are described by functions that differ from each other only by a 
constant factor, and, therefore, the statistics of any physical quantity will 
be precisely the same at these two times. In other words, in a stationary 
state the statistics of physical quantities are independent of time. Since 
these statistics are all that we can obtain from a knowledge of the state 
of a system in quantum mechanics, we must conclude that when the evolu
tion of a system is described by a function of the form (18), the physical 
state of this system remains unchanged in the course of time.

Functions of the form (18) are eigenfunctions of the total energy op
erator 3C and, consequently, describe states of the system in which its total 
energy has a definite value. In this way we arrive at the important conclu
sion that, if the total energy of a system at a certain instant of time has a 
definite value (for example, if at that instant a measurement of the total 
energy has just been made), then the physical state of the system in its 
further evolution will remain unchanged. This conclusion is particularly 
interesting since there is no analogous result in classical mechanics. Indeed, 
in classical mechanics the total energy always has a definite value and does 
not change with time (if the external forces remain constant). The Hamil
tonian variables, however, which evolve according to the equations of 
motion, constantly change their values; and since the state of the system

(U, U) = £ ”=l| Cn

(17)

(18) (n = 1,2, •■•)



§5] STATIONARY STATES. CONSERVATION OF ENERGY 6 7

in classical mechanics is defined by a set of these values (or, equivalently, 
by a point in its phase space), this state is subject to continuous change. 
The various “ergodic” theorems or hypotheses even try to establish that 
this change has an extremely broad character, i.e., that the state of the 
system in the course of time comes arbitrarily close to any state consistent 
with the given value of the total energy. We now see that in quantum 
mechanics similar ergodic postulates or theorems are impossible, at least in 
states in which the total energy has a definite value. However, statistical 
thermodynamics is primarily concerned with just such states.

We must now determine the physical quantities in quantum mechanics 
which are integrals of the motion. In classical mechanics a function of the 
Hamiltonian variables whose value, in virtue of the equations of motion, 
remains constant in time is called an integral of the motion. In quantum 
mechanics Schrodinger’s equation serves as the equation of motion. The 
function U(q, t) determined by this equation does not permit us to find the 
values of physical quantities, but only their distribution laws (i.e., their 
statistics). Therefore, Schrodinger’s equation can have as a consequence 
the constancy in time of at most the distribution law of a physical quan
tity, but not of its value which in general is not determined. Hence in 
quantum mechanics we must call any physical quantity, whose distribution 
law is time independent, an integral of the motion.

The mathematical apparatus of quantum mechanics yields a characteri
zation for integrals of the motion which is remarkably simple. It is ex
pressed by the following proposition:

T h e o r e m . In order for a physical quantity 31 to be an integral of the motion, 
it is necessary and sufficient that the corresponding operator a  commute with 
the total energy operator 3C of the system, i.e., that &3C = 5Ca.

We prove only the sufficiency of this criterion, since we shall not require 
its necessity. For this purpose, we first prove the following very general 
auxiliary proposition:

L e m m a . Let a  and ® be two linear self-adjoint operators with discrete spectra, 
and let a® = ®a. Then there exists a complete orthogonal system of eigenfunc
tions of the operator a, such that all of the functions of this system are simul
taneously eigenfunctions of the operator ®.

Proof of the Lemma. We begin with an arbitrary complete orthogonal 
system of eigenfunctions of the operator a. Let a be any eigenvalue of the 
operator a  and let U be any eigenfunction of the operator belonging to this 
eigenvalue, so that

a  U = aU.
If a® = ®a, then

a  (&U = « ac / = (R(aU) = a ®I7,
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i.e., the function ffif/ is also an eigenfunction of the operator ft belonging to 
the same eigenvalue a.

Now suppose the eigenvalue a of the operator ft has multiplicity (degree 
of degeneracy) m, and let the eigenfunctions belonging to this eigenvalue 
in our chosen complete orthogonal system be Lq , f/2 , • • • , Um . We have 
just shown that the functions (&Uk (k = 1 , 2 ,  • • • , m) are also eigenfunc
tions of the operator ft belonging to the eigenvalue a. Consequently, wo 
must have

(19) <&Uk = E r - i  anUi (I: = 1 , 2 , ■■■ ,m),

where the a,-*- are complex numbers.
Now let

v = Er=i ckUk
be a linear combination of the functions Uk with arbitrary complex coeffi
cients Ck , so that V is also an eigenfunction of the operator ft belonging to 
the eigenvalue a. We shall try to choose these coefficients so that the func
tion V will also be an eigenfunction of the operator ffi. For this to be true, 
we must have

(20) ffi E?_ 1 ctUt = 0 E ? - 1 CkUk ,
where 0 is a complex number. But because of (19) and the linearity of the 
operator ffi,

«  Er=i cku k = Zr=, cffiLh = e t_ , Ct E r-i aiku f;
or, by changing the designations of the summation indices,

ffi E™-1 ckUk =  E>=i c< a kiUk =  ( E ;= i c,aj-,:)F'i- .

Therefore, (20) gives

E r - i  [E r-i ^aki -  pck]uk = o,

from which, by using the linear independence of the functions U i, • • • , U„,, 
we have

E ”=1 C /a i - i  -  0ck =  0 (/»: =  1, 2, ■ • ■ , m).

Writing as before,

we can rewrite the above system of equations in the form

E ?-i («*■•■ — 0 h i ) C i  = 0 (k = 1, 2, • • • , m ) .
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Accordingly, we obtain a system of homogeneous linear equations for 
the determination of the coefficients c,: . In order that this system have a 
non-trivial solution, it is necessary that its determinant be zero. This, ob
viously, gives an equation of degree m in the parameter ft Let ft , fti, • • • , 
f}m be the roots of this equation. To the root f t there then corresponds a 
system of coefficients cik {1 < i < m), for which

Vk =  E r-1  C,■*■[/,■ (k =  1,2,  • • • , m)

is an eigenfunction of the operator ®, belonging to the eigenvalue ft . (For 
the sake of simplicity we shall not consider the case in which the numbers 
ft are not all distinct. All of our conclusions remain valid in this case and 
merely require a little more discussion.) At the same time Vk is also an eigen
function of the operator CL, belonging to the eigenvalue a. The system of 
functions Vi , V%, • • • , Vm can be used to replace our originally chosen 
system Ui , Ut , ■•■ , Um as the linear basis of the manifold of eigenfunc
tions of the operator a, belonging to the eigenvalue a (the orthogonality 
of this basis follows from the fact that the Vk are eigenfunctions of the 
operator ®, belonging to different eigenvalues f t  of ®). After making such 
a replacement for all eigenvalues a of the operator a, we obtain, by means 
of the functions Vk , a complete orthogonal system of eigenfunctions of the 
operator a. This verifies the lemma stated above.

Proof of the Theorem. Now let , C/2, • • • be a complete orthogonal 
system of functions all of whose members are simultaneously eigenfunctions 
of the operators a  and 3C. (This system exists in virtue of the lemma 
proved above.) Expanding the solution U{q, t) of Schrodinger’s equation 
in terms of this orthogonal system of functions we obtain

U(q, t) = Y a =i ak(t)Uk(q),

where ak(t) are complex numbers which may depend on t. Since the Uk(q) 
are eigenfunctions of the operator a, the general result of §3 shows that 
the probability that the quantity 21 assume a particular one of its possible 
values is expressed uniquely by means of the quantities | ak{t) |2. On the 
other hand, the functions Uk(q) are also simultaneously eigenfunctions of 
the operator 3C, so that, as we saw at the beginning of the present section,

a,« ) = cke~iEkl' \

where the ck are complex constants.
From the above it follows that | ak(t) |2 = \ ck |2 and, consequently, that 

the numbers | ak(t) |2, and also the probabilities mentioned above, do not 
change with time. This obviously means that the quantity 21 is an integral 
of the motion, and the proof of the theorem is thus complete.

Since the operator 3C commutes with itself, it follows as a special result
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of the above theorem that for conservative systems (i.e., systems in which 
the total energy does not depend explicitly on the time) the Hamiltonian 
function H{qi , •••,<?«, P i , • • ■ , p,) is always an integral of the motion. 
Thus for a conservative system the distribution law of the total energy 
is time independent.

We must regard this result as the expression of the law of conservation of 
energy in quantum mechanics.



Chapter I I I

GENERAL PRINCIPLES OF QUANTUM STATISTICS

§1. Basic concepts of statistical methods in physics

In the following, we shall call physical theories phenomenological if they 
are developed independently of the atomistic model of the structure of 
matter. In phenomenological theories, the state of a system is specified by 
the values of a small number of variables which characterize that system. 
Thus, the state of a given mass of gas, not under the influence of any ex
ternal force field, is completely specified by the values of its volume and 
temperature, so that every other variable characterizing its state (e.g., the 
pressure of the gas) is a function of these two basic characteristics. From 
the point of view of a statistical theory, the state of a gas is not uniquely 
defined by giving its volume and temperature, because there are countless 
different combinations of positions and velocities of the particles of the gas 
consistent with given values of the volume and temperature. The state of 
a gas is uniquely defined in a classical statistical theory only when the po
sitions and velocities of all of its particles are given. Thus each distinct 
state in the sense of a phenomenological theory comprises a countless set 
of states which are distinct in the sense of a statistical theory. This fact 
should cause no essential difficulties if every physical quantity which is of 
interest in the phenomenological theory (and hence a function of the vol
ume and temperature of the gas) has, in the sense of the statistical theory, 
the same value in all those different states consistent with the given volume 
and temperature. However, this is not so; the statistically defined pressure 
of a gas, for example, can be very different for different combinations of 
positions and velocities of the particles of the gas, all of which are consistent 
with the given volume and temperature.

The situation is precisely the same in the general case. From the point 
of view of a phenomenological theory the state of a physical system is com
pletely described by the values of a small number of physical quantities 
2l(1), 31®, ■ • • , 3I(W. Every other quantity 33, which characterizes the 
state of the system, is a function of the quantities 31®, 31®, ■ • • , 3l(H. 
In a statistical theory, one usually has not one, but countless states of the 
system consistent with given values of the quantities 3l(1), 31®, • • • , 
3l(t). In these states, as a rule, the quantity 33 will assume different values. 
(In quantum physics, besides this problem there is another specific diffi
culty: In a statistically defined state, a given quantity does not, in general, 
have a definite value, but has only a certain probability distribution. We 
will not dwell on this difficulty at the moment.) Now, if the statistical
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theory is to provide a foundation for the phenomenological theory, then 
it must be capable of predicting the values which S3 can assume for fixed 
values of the quantities 2l(1), ?I(2), • • • , 2I(t) and of explaining why ex
periments (in agreement with the phenomenological theory) invariably give 
the same value for S3.

We shall examine this situation in a little more detail. If the values of the 
quantities 9I(1), 2f(2), • • ■ , are known, then from the point of view 
of the phenomenological theory the system is in a completely defined state 
U. (This state should not be confused with the quantum-mechanical state 
of a system for which the symbol U was also used.) From the point of view 
of the statistical theory, U represents not one state but a whole family of 
states Ui , U2, • • • . (This family, in general, has the power of the con
tinuum, so that it is impossible to enumerate its members. We avoid the 
general case here only for simplicity of writing; the loss of generality is of 
no importance to us at this point.) The quantity 58 which in a phenomen
ological theory has a completely defined value in the state U, takes on, 
in general, different values Bi in the different states Ui (i = 1,2, • • ■) • How 
can we reconcile these facts?

Suppose that we measure the quantity 58 many times in succession, in 
such a way that from the phenomenological point of view the system stays 
in state U. (It is immaterial whether we experiment on one system at dif
ferent times or on a whole set of identical systems at the same time.) From 
the statistical viewpoint, we shall be concerned in these experiments with 
different states , f72, • • • of the system, and so the results , B-<, 
will not all be the same. To the question “What is the value of the quantity 
58 in state U?” the statistical theory can only respond with an arithmetic 
average of the results obtained. If we make n measurements and if the sys
tem is found to be in state L\ exactly rq times, state U2 exactly n-> times, 
and so on, then we answer that in state U

58 = (n\B\ -f- 712B2 +  • • ■ )/n  = \iBi +  X2B2 +  • • • ,

where the X,’s are the relative frequencies of the states Ui in this set of ex
periments.

The numbers Bx, B2, • • • are, of course, given by the theory. But the 
numbers X,: — the relative frequencies of the different states Ui which are 
members of the family U — cannot be determined by any theory. They de
pend on the conditions of the experiment and change completely from one 
set of experiments to another.

This state of affairs can be described further in the following way: From 
the point of view of the statistical theory, U is a family of states U, , with 
corresponding values B, of the quantity 58. Hence, we can merely say that 
58 has a certain mean value
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<33> = (X, > 0, E ,  X, = 1)

in the state U. The choice of the statistical “weights” X; amounts to the 
choice of a -principle of averaging. In general, it is clear that different meth
ods of averaging will lead to different mean values of 33. In order for the 
value of 33 predicted by the theory to agree with the arithmetic average 
of the results of a given set of experiments, the statistical weight X,: should 
agree with the relative number (“quota” ) of those experiments in which 
the system is found in state U,- (and hence for which 33 has the value £,).

From what has been said, it is clear that this situation is really difficult. 
On the one hand, the phenomenological theory definitely ascribes to the 
quantity 33 a unique value in state U (i.e., in all the states {/,), which this 
quantity must therefore assume in each experiment. On the other hand, 
the statistical theory asserts that in different experiments the quantity 33 
will assume different values, and, as an analog to the phenomenological 
value of 33, it can at best offer a mean value < 93> of the possible results 
Bi of the measurements.

The situation is actually worse than this. It turns out that for the calcu
lation of this mean value <93 > , the statistical theory cannot even offer 
a definite method of averaging (set of statistical weights X,), since from its 
point of view the method of averaging must depend on the conditions of 
experimentation and can change from one set of experiments to another.

There is only one way to reconcile these contradictions which threaten 
the scientific theory: to suppose that the quantity 93 assumes identical (or 
almost identical) values in all (or almost all) of the states 17, which appear 
as members of the family U. Actually, if almost all of the numbers B; are 
very near to one another, then one can expect, for any experimental condi
tions, that almost all of the results obtained will be nearly the same. Under 
these conditions, the mean value <93> will be independent, within very 
broad limits, of the principle of averaging we select ; thus, it can be a suita
ble analog to the value given by the phenomenological theory to the quan
tity 33 in the state U.

In constructing a statistical theory we follow just this path, as no other 
is possible. First of all, we construct a method which yields a strictly de
termined procedure for finding the mean value <93> of the quantity 93 
for given values of 2l(1), 2Im, ■ • • , 2Im. (These 2I(,)’s usually include the 
energy of the system and the so-called “external parameters”. Among the 
latter the most important is the volume occupied by the system.) Then 
we must demonstrate the suitability of this mean value <33>. The demon
stration consists in showing that in the overwhelming majority of states 
consistent with given values of the quantities 3l(1), 9I<2', • • • , ?I(A°, the quan
tity 93 assumes values very near to <93>. After this is done, all difficulties 
disappear. The mean value <93> is also that value which 93 must assume,
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according to the phenomenological theory, whenever the quantities ?[ln, 
?l(2), • • • , ?1<A) take on this fixed set of values. The statistical theory thus 
predicts that in an overwhelming majority of experiments the quantity 
33 will have a value near <33>.

However, this solution of the problem, apparently so simple, calls for a 
great many reservations. First, it is necessary to keep in mind that in all 
the foregoing the quantity 33 cannot be any quantity which takes on a 
definite value in each state vdiich the statistical theory assigns to the sys
tem. Thus, for example, if S3 is the velocity of a definite particle belonging 
to the system, then none of what was said above is applicable. Although 
this quantity also has a definite mean value <33>, one cannot argue for 
the suitability of this average, because this would mean that for all, or 
almost all, measurements, the velocity of the chosen particle would main
tain an approximately constant value. But in regard to such quantities as 
the velocity of a discrete particle, everything described above is entirely 
inapplicable, because, from the point of view of the phenomenological (not 
statistical) theory, the very concept of a particle does not exist. It is im
mediately clear that every quantity 33, which can be defined in terms of 
the phenomenological theory must, in the light of the statistical theory, 
depend symmetrically on the states of all (identical) particles comprising 
the system. Thus, it makes sense to question the suitability of the mean 
value only for such quantities, and for them the question receives a favora
ble answer (at least in the most important and most frequently met cases).

I t is also necessary to bear in mind that the method which is selected in 
the statistical theory for the construction of mean values of physical quan
tities is a very natural one, but is nevertheless largely arbitrary. Of course, 
the fact that the mean values obtained by this method are found, post 
factum, to be suitable, can be used to justify the principle of averaging. 
(Because of this suitability, clearly, any other method of averaging must 
lead, as a rule, to the same mean value.) However, this question requires 
more careful study. When we state that the value of 33 is near <33> 
in almost all states of the system, we nevertheless suppose (as we are forced 
to suppose by considering the known facts) that 33 differs substantially 
from <33> in a certain small exceptional set of states. What does the word 
“small” mean here? How do we estimate the size of this set?

As wre saw above, in choosing a principle of averaging we assign “wreights” 
Xi to the states Ui which are members of the family U. A set of such states 
is acknowledged to be “small” if the sum of the weights of all states be
longing to this set is small. Thus, one can say that every principle of averag
ing ascribes a definite weight to any set of states U i. Therefore, w'hen we 
said above that 33 <33> ( ~  means “approximately equal to” ) in al
most all states Ui , the precise meaning of this statement was the following:
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© fa <33> for all states 17,, with the exception of a certain set M  of very 
small weight. Let us now consider some new method of averaging in which 
all sets of states receive new weights. If the exceptional set M, whose weight 
for the old mode of averaging was small, receives a very small weight for 
the new mode as well, then, as before, the states for which 33 ~  <33> re
ceive overwhelming weight, and the mean value given by the new method 
will not be essentially different from <33>.

Thus, from the suitability of the mean value <33>, found from one 
method of averaging, we can infer that any new method will give approxi
mately the same mean value, if sets of states whose weights were small in the 
old method of averaging do not receive large weights in the new method. If this 
is not the case, the new method can lead to a mean value significantly dif
ferent from the old. If this situation is idealized mathematically, we can 
say that the choice of a principle of averaging is equivalent to the establish
ment of a measure in the “space” of states f7, ; and that, as the condition 
for the practical equivalence of the mean values of a quantity for two dif
ferent principles of averaging, we can take the mutual absolute continuity 
of the two corresponding measures. (A set of measure zero with respect to 
the first measure must have measure zero with respect to the second meas
ure as well.)

In quantum statistics there is a case, very instructive and having re
markable consequences, in which a new principle of averaging replaced an 
old one because of certain fundamental considerations. The new principle 
led to a measure which was not absolutely continuous with respect to the 
previous one. The new mean values actually proved to be substantially 
different from the old ones and in many cases gave considerably better 
agreement with experiment. This situation occurred in the transition from 
the usual statistical concepts to the so-called “new statistics” — symmetric 
and antisymmetric. In the next section we shall have occasion to consider 
this example in complete detail.

Finally, to follow our plan in the domain of quantum physics, it is very 
important for us to consider the following circumstance: Even for the most 
accurately defined states of the system, we do not as a rule know the exact 
values of physical quantities but only their distribution laws (and, in par
ticular, their mathematical expectations). This circumstance, as we shall 
see, does not prevent our establishing the suitability of mean values for 
the more important of these quantities, but merely complicates the neces
sary calculations.

§2. Microcanonical averages
Following the program we have planned, we shall now establish the 

principle of averaging which will be used throughout the book.
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We shall deal only with those states in which the total energy E of our 
system is precisely fixed (“stationary” states). As we see from Chapter II, 
the set of such states is described in quantum physics by the set 9D?E of 
eigenfunctions of the energy operator 3C of the system, corresponding to 
the eigenvalue E  of this operator. Let Ui , C/2, • • • , Um be a complete 
orthonormal system of functions of this family. Then any normalized func
tion U of this family can be represented (in a unique manner) in the form

( 1) U = ' £ j U a t Vk,
where a\ , a2, • ■ • , am are complex numbers satisfying the relation

(2) Z r = i | a , r  = i ;
and, conversely, every function of the form (1), where the numbers ak are 
subject to condition (2), is one of the (normalized) eigenfunctions of the 
operator JC, corresponding to the eigenvalue E of this operator. In this way, 
the family of stationary states of the system having a total energy E  is 
placed in one-to-one correspondence with the complex m-dimensional sphere 
(2). To establish a measure in this space, we can therefore choose any 
measure on the sphere (2). The most natural choice, of course, is the fol
lowing: We assume that

ak = rke Vi (rk > 0, n  = 1, 0 < <pk < 2ir, 1 <  k < m),

and denote by S the real sphere
E m 2 ,*=i n  = 1 .

Then, in the space of the moduli rk , we establish the natural Euclidean 
metric of the real sphere S, and we assume that the phases <pk are uniformly 
distributed on the interval (0, 2ir), independent of one another and of the 
moduli. Thus, the volume element of the complex sphere (2) for this meas
ure has the form

dS dipt ■ • ■ dtpm ,

where dS is the “surface element” of the real sphere 5. In other words, if 
M is any measurable set of points on the complex sphere (2), and if 
^ (a i , • ■ ■ , am) is the characteristic function of the set M  [i.e., T(a:i, • • • , am) 
is equal to 1 or 0, depending upon whether or not the point (« i, • • • , am) 
belongs to the set M], then the measure of the set M  is proportional to the 
integral

/* / *2 ir  /»2ir

I dS I I ' K a i , a >, • • • , am) dipi dipt ■ • ■ dipm .
■'ll Jo

We normalize the measure established in this manner, so that the meas-
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ure of the entire complex sphere (2) (and, hence, also the measure of every 
family of stationary states which we consider) is unity. [If is easily seen 
that the normalizing factor is (2jr)~”lS~1, where 2 = 2izim/T{\m)  is the 
Euclidean “area” of the sphere <S.] Normalization is necessary in order that 
we may consider the measure of a set as its statistical weight in further 
averages.

Now le t/( U) be a quantity which assumes a definite value in each of the 
stationary states U of our family. We can consider

f (U)  = f(otiUi +  ••• -{-amUm)

as a function of the variables ax, a2, • • • , am . According to the measure 
we have adopted, the mean value <f(U)>  of the quantity / ( U) is given 
by the integral

p />2t n2v / m \
< f ( U ) > = d S  ■■■ f [ E  n e ^ u A d w  ■■■d<Pm,

■>s • '0  Jo V = 1  /

which can, of course, be written more briefly in the form

</ (£ / )>  = dS*,

where S* is the complex sphere (2), and dS* is the “surface” element of 
this sphere. (dS* = ndS d<px • ■ • dtp™ , where is the aforementioned nor
malizing factor.) In the following, we shall call a quantity of the form/( U) 
a phase function of our system, and the mean value < /( U) >  which we have 
defined, will be called its microcanonical average. We have established in 
this way a particular uniform principle for the construction of mean values 
of phase functions — the principle of “microcanonical” averaging.

We know, however, that the physical quantities which characterize the 
state of a system in quantum physics, in general, are not phase functions. 
Such a quantity 21 can assume different values in a given state U, and from 
quantum theory we can obtain the distribution law of these values. As we 
know from Chapter II, to the quantity 21 there corresponds a certain (lin
ear self-adjoint) operator a  which acts on the function U. The mathemati
cal expectation EcrSl of 21 in the state U is equal to the scalar product 
(Gt/, U). This rule, if we apply it to all quantities 21 and all states U, gives 
us, as we saw in Chapter II, the distribution law of any physical quantity 
as well as its mathematical expectation.

Therefore, in general, we cannot consider the physical quantity 21 to be a 
phase function, and hence cannot speak of microcanonical averages of such 
quantities. But the mathematical expectation (GtU, U) of 21 in the state U 
is always a phase function, so that we can speak of the microcanonical
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average <(&U, U)> of this mathematical expectation:

<( au ,  U)> = < Ec/2t>  = f ( aU, U)dS* .

From now on we shall call this microcanonical average of the mathemati
cal expectation of the quantity 21 the microcanonical average of the quantity 
21 itself. (Such an extension of the concept of microcanonical averaging can 
hardly lead to an inconsistency, because, in the case of quantities which do 
not have a uniquely defined value in every state, the concept of microcanon
ical averaging has not been defined.) In this manner we obtain

where a  is the operator corresponding to 21. One can say that this relation 
defines the microcanonical average for phase functions whose values are 
not ordinary numbers but random variables.

The construction of the mathematical expectation of a random variable 
always consists of a certain averaging process. Therefore, in quantum sta
tistics we shall at every step have to consider two averaging processes which 
are generally unrelated: the formation of the mathematical expectation of a 
random variable and the microcanonical average. It is extremely important 
never to confuse these two processes. In the sequel, the pair of angular 
brackets < > will always denote a microcanonical average. The term 
“mean value” will also always denote a microcanonical average and must 
not be confused with the mathematical expectation of a random variable. 
Wherever necessary, we shall denote the mathematical expectation of 21 
in the state XJ, by the symbol Eu2l.

Now we reduce expression (3) for the microcanonical average of 21 to a 
form which is considerably more convenient for our later purposes. Since

Whence, by the known properties of the scalar product (see II, §1)

(3) <2l> = <Et,21> = ( aU,U)dS* ,

U = Z r - i  ak Uk , 

then by the linearity of the operator a,

(&U, U) = ( Z r - ,  akQUk , T ,?-i *iUi).

( a U, U) = w ( a t f * , Ui).
Therefore, (3) gives

For k 9̂  I,
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[  «*<*,* dS* = v(2Tr)m~2 [ n n  dS r  F  d*>* d*, = 0;Js* Js J o Jo

and for k = I,

f  |aA-|2dS* = (1 /m ) [  = (1/m) f  dS* = l /m;Jg* Js• [4=1 J Js•

since, according to our normalization, the measure of the complex sphere »S* 
is unity. Thus, we obtain

(4) < 2I>  = (l/m )£T -i(a£7t , Uk).

This means that the microcanonical average of any physical quantity is 
simply equal to the arithmetic average of the mathematical expectations of 
this quantity over all the states of some orthonormal system. Thus, micro- 
canonical averaging is equivalent to averaging over an orthonormal basis 
in which identical weights are ascribed to each term.

We have based our expression for the microcanonical average on a definite 
linear orthonormal basis U i , I/2, • • ■ , Um of the manifold 50Je . It is ob
vious, however, that to be a meaningful expression, it must be independent 
of the chosen basis. We now demonstrate this independence. (As a matter 
of fact, this independence follows from the invariance, with respect to the 
choice of orthonormal basis, of the measure introduced on p. 76.) If 
V i , F2, • • • , Vm is another linear basis of the manifold 9)1 b , then (II, §3)

Vk = Z i ^ k U i  (1 < k < m),

where the numbers A* constitute a unitary matrix, and the summation 
here and in the following extends from 1 to m. Thus,

( a n ,  v k) = H i h k U j )

^  'jj.-i , £ / y )  j

and hence,

E *  ( a n , v„) = E>„- ( E * \ iXik)(aUi , Uj).

But, by the unitary property of the matrix X<*, we have

E *  An-Art = 8ij (1 < i, j  < m).
Thus,

E*-(ftv t , i t )  = E . . , M « r . , u s) = E.- ( a u , , u t).

This equality shows that (4) is independent of the chosen basis.
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§3. C om plete, sym m etric and antisym m etric statistics

The principle of microcanonical averaging, which we defined in §2, is 
obviously based on the idea of equal participation in the formation of mean 
values of all the eigenfunctions of the operator X  corresponding to a given 
eigenvalue E. This was also the main idea in classical statistical mechanics. 
There too the microcanonical average was extended in a uniform manner 
over all points of phase space belonging to a given “surface of constant 
energy”. In classical mechanics this idea w'as based on the assumption that 
the equations of motion had no other single-valued integrals besides the 
energy integral (see Introduction, §2). Thus, if there exists an integral 1 
of the equations of motion independent of the energy integral, and if in a 
given system I  = C, then only a subset of the set of points constituting the 
“energy surface” can actually represent states of the system. This subset 
constitutes a manifold of a smaller number of dimensions and is charac
terized by the energy of the system and the equation I  = C. In this case 
the averaging in which all points of the “energy surface” share equally, will, 
as a rule, lead to incorrect results because in this averaging states which are 
inaccessible to the system would play an overwhelming role. Moreover, 
the fact that the methods of classical statistical mechanics, where applicable 
(i.e., where the transition to quantum physics is not required) always lead 
to results which agree well whh experiment, doubtless shows that in these 
problems such “inhibiting” integrals are actually absent.

In quantum physics a similar question arises. If we choose a method of 
averaging in which all stationary states of the system, corresponding to the 
same value of its energy, receive an equal weight, then w7e must assume that 
nothing prevents our system from actually finding itself in any of these 
states, i.e., that all of these states are accessible to the system.

Howrever, for the most important and frequently encountered systems of 
quantum physics, this assumption is incorrect. Such systems, as a ride, 
cannot attain all the states which are described by the eigenfunctions U of 
the operator 3C, corresponding to its eigenvalue E. Only a very insignificant 
fraction of these states can be attained. A valid averaging method for such 
a system must therefore be significantly different from the microcanonical 
one, as w7e have defined it above. In a great many physically important 
cases this new averaging method leads to results which are substantially 
different from the microcanonical averages. We must now7 consider in detail 
how this comes about.

Let our system consist of n identical and completely indistinguishable 
particles. We denote by (q.; , p,-) the set of all Hamiltonian variables of the 
zth particle. The Hamiltonian function of the system, due to the indis- 
tinguishability of the particles, must be a symmetric function of the vari
ables (<71 , pi), (g2, P2), ■ ■ • , {qn , p„). (We also allow7 the possibility of in-
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teraction between the particles, and even allow the Hamiltonian function to 
depend explicitly on the time.) Clearly, the operator 3C of the system will 
exhibit the same symmetry with regard to any pair of particles. Let the 
function

U =  U(qi , q 2 , ■ ■ ■ , q„ , /)

satisfy the Schrodinger equation

(5) ihdU/dt  =  X.U.

We show that in this case the function

ty =  U(q2 , qt , • • • , qn , t),

obtained from the function JJ by the permutation of the first two particles, 
is also a solution of equation (5).

We denote by (P the operator which transforms any function

/ ( f ? l  ) ? 2  j  ' j  ) 0

into f(q-2 , q i, • • • , qn , t) (the permutation operator of the first two parti
cles), and we analyze in more detail the meaning of the postulated sym
metry of the operator 3C. To this end, we shall have to define the meaning 
of the permutation of the first two particles in some operator CL Let this 
permutation transform ffi into an operator a. (We cannot denote this new 
operator by CPCt, as would seem natural, because this symbol has another 
meaning for us.) Suppose now that we wish to permute the first two parti
cles in the expression a  U. It is natural to think that for this purpose we 
must permute them both in the operator a  (the result will be a ) and in 
the function U (the result will be (?U). Therefore

m U  = GL(PU.

Setting (PU = V, whence U = <PF, we find

a v  = cpa(py;

or, in terms of operators alone,

a  = (PatP.

This gives us a natural definition of the operator a. The symmetry of the 
operator a  is expressed by the requirement a  = a, or

whence
cpacp = a,

<p(pa<p = a<p = (Pa,
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i.e., a symmetric operator must commute with the operator cP of the permu
tation of two particles (and hence also with the operator of a permutation 
of the particles among themselves).

In particular, the symmetry of the operator X  implies

(PX =  X(P,

i.e., the operators (P and X  commute with one another. Thus, from (5) it 
follows that

i fidC/dt  =  (P ( ihdU/dt)  =  (P 3C.U = 3C(?U = 5CU,

which proves our assertion.
Therefore, the function U = (PU will be a solution of the Schrodinger 

equation, and so also will the function

'Pt = 'Piqi, ■ ■ • , qn , t) = U — tJ.

Let us suppose now, that at t = 0 the function U is symmetric with re
spect to qi and q2 , i.e., that

U(qi , ?2 , • • • , qn , 0) = U(q2, ? i , • • • , qn , 0)
identically in the g i, q2, ■ • • , q„ . In other words, we have i/'o = 0 identi
cally in the 9i , q%, ■ • • , qn • It follows that the norm of the function \p0 
is also zero. Since, for functions satisfying the Schrodinger equation, the 
norm cannot vary with time (see II, §4), the function ipt has a vanishing 
norm for all t, from which it follows that \pt = 0 for all t, , q2, • • • , q„ . 
This means that

U{qi,qt , • • • , qn , t )  = U(q2, qi , • • • , qn , t)

for all values of these same variables.
Thus, every function which satisfies the Schrodinger equation and is 

symmetric with respect to a certain pair of particles at a certain (arbitrary) 
value of t, preserves this symmetry for all other (preceding or following) 
values of t. If, therefore, the state of a system at t = 0 is described by an 
eigenfunction which is symmetric with respect to a pair of particles, then 
no state which lacks this symmetry is accessible to the system, either in the 
past or in the future.

From the above it follows that if an eigenfunction

U = U(q1, g2, • ■ • , q„ , t)
describing a state of the system, is symmetric with respect to any pair of par
ticles at t = 0 (i.e., if it is a symmetric function of the variables q\ ,q2, ■ ■ ■ , 
9„), then it preserves this property at all other (preceding or following) 
times. For such a system only those states are accessible which are described
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by eigenfunctions symmetric with respect to all the variables q{. Obviously, 
jf the mean values of physical quantities are to have real meaning for sys
tems of this kind, the averaging must be carried out only over symmetric 
eigenfunctions, because all other eigenfunctions describe states which are 
fundamentally inaccessible to the system. Therefore, taking these other 
functions into account in the formation of mean values could lead to results 
which are incompatible with physical reality.

As we know, the eigenfunctions corresponding to a given eigenvalue E 
of the operator 3C generate a linear manifold 3JlE , whose dimension we shall 
denote by m. The symmetric functions that belong to the manifold 
also generate a certain linear manifold , whose dimension s is, in general, 
less than m. If we know that our system can be found only in states which 
are described by symmetric eigenfunctions, then for such a system, ob
viously, the averaging must extend over the manifold , and not over 
the manifold 3JIe . In all other respects, the considerations which led us to 
the choice of a natural principle of averaging over the manifold 951B re
main valid in the new case. We choose an orthonormal linear basis S i , 
&, ■■■,  S. of the manifold ©E and, in analogy with formula (4) of §2, 
we define the microcanonical average of the quantity 21 by means of the 
relation

(6) < 21> = ( l / s ) D- i ( a< S * , &) ,
where ft is the operator assigned to 21.

If all of the possible stationary states of a system are described by sym
metric eigenfunctions, then we shall say that this system is subject to sym
metric statistics. For such a system, the microcanonical averages of all physi
cal quantities must be computed from (6). Along with systems of this kind, 
we shall also consider systems whose statistics bear an antisymmetric 
character. A function

U =  XJ{qi, q t , ■ • • , g„)

is called antisymmetric with respect to the variables qi and q2 if

(PU =  U(q2 =  —U

identically, i.e., if interchanging the variables qi and q2 causes only a change 
in the sign of the function. If q, is understood to be the set of generalized 
coordinates which describe the position of the fth particle, then it is easy 
to see that antisymmetry with respect to a given pair of particles is, like 
symmetry, invariant with respect to the Schrodinger equation. From this 
it follows that if the state of a system is described at any time t by an eigen
function antisymmetric with respect to any pair of particles, then the same 
description will obtain at all preceding and following times. For such a
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system only states described by antisymmetric eigenfunctions are acces
sible. In complete analogy with the above, we must conclude that for sys
tems of this type antisymmetric statistics hold: All averages must be carried 
out over the linear manifold Sl£ of antisymmetric eigenfunctions (compris
ing, like ©e , only a part of the manifold ®2e).

All of the above still does not answer the question of whether we must 
consider the statistics, to which the system is subject, as a special property 
of the component particles or as a mere accident for the chosen system. For 
example, let the system obey symmetric statistics. Then will every other 
system, composed of particles of the same nature, under any conditions 
necessarily obey symmetric statistics, too?

Both experiments and many theoretical considerations, which we cannot 
discuss here, tell us that this is precisely the case. The kind of statistics 
obeyed by a certain system does not depend on the conditions in which it is 
found, nor on any random effects, but is entirely determined by the nature 
of the particles which constitute the system. The elementary material par
ticles (electrons, protons, neutrons) always obey antisymmetric statistics. 
Photons, on the other hand, are always governed by symmetric statistics. 
The type of statistics obeyed by material particles of a more complex struc
ture is determined by the number of elementary particles which comprise a 
single particle of the complex type. The statistics will be symmetric or anti
symmetric depending on the evenness or oddness of this number. Finally, 
both experimental and theoretical considerations lead us to say that for 
systems which are composed of free “non-localized” particles (i.e., those 
not bound to a definite place) no other type of statistics, besides symmetric 
and antisymmetric, is encountered. If, on the contrary, the particles are 
localized in space, then they lose their indistinguishability. (The location 
of two particles at different places makes them distinct and enables us to 
distinguish between them.) In this case even the statistics which we origi
nally defined can be valid, i.e., those in which averages are extended over 
the entire manifold 9Te . We shall therefore call them complete statistics.

Thus, in quantum statistical physics we must invariably consider three 
distinct statistical schemes — complete, symmetric and antisymmetric. For 
each case we must select the scheme which is characteristic of the type of 
particle being studied. However, the general development of the theory for 
all three schemes is carried out along parallel lines.

We ascribe to each physical system, which is composed of particles of a 
single type, an “index of symmetry” a. This index a equals 0, 1, or —1, de
pending on whether the particles of the system are subject to complete, 
symmetric or antisymmetric .statistics, respectively. Because the type of 
statistics, as we know, remains constant in time, we can consider a to be a 
peculiar “integral” of the Schrodinger equation. Just, as in classical me-
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chanics each new single-valued integral of the equations of motion reduces 
the manifold over which averages must be extended, so here too the presence 
of the “integral” a compels us (if u ^  0) to substitute for the manifold 

the reduced manifold S B or ?IE for the purpose of averaging.

§4. Construction of the fundam ental linear basis

Suppose we have a system, composed of N  identical particles of arbitrary 
structure, occupying a finite volume F. Let

(7) u2(x),  ■■■ , un(x), ■ ■ ■

be a complete orthonormal system (linear basis) of eigenfunctions of the 
energy operator of an individual particle; where, for brevity, we denote by x 
the set of coordinates which define the position of the particle. We number 
them so that the eigenvalues (energy levels) will form a non-decreasing 
sequence: If the eigenfunction uT(x) corresponds to the eigenvalue er , then

In the sequence e \ , cz, • • • , er , ■ • ■ each energy level is repeated a number 
of times equal 1o its multiplicity (degree of degeneracy), i.e., a number of 
times equal to the number of functions in the sequence (7) which corre
spond to this level.

Now we consider the function

(8) U = uri(qi)Ur2(fji) ••• UrN(qN),

where q, denotes the set of coordinates of the position of the fth particle, 
and r i , r2, • • • , rN are arbitrary integers. Hence, U is a function of the 
positional coordinates of all N  of the particles which compose the system 
(or, equivalently, of the positional coordinates of the system itself).

T h e o r e m  1. The function U, defined by ( 8 ) ,  is an eigenfunction of the 
energy operator JC of the system, corresponding to the eigenvalue

of this operator.
Proof. Denoting by 5C, the energy operator of the ith particle, wc have

Cl < £2 < • • • < er <  • • • .

(9) E  — f ri +  t:r,  +  £rN

and lienee

tier/ = XnU 3Cill.

Bnl, since the operator .1C, operates only on the function uTi(qi)

K. U = ur,(qf) ••• nri_l (q;-1)[K.iul.i(qi)]Uri+l(q;+i) ■■■ urN(qN);
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and since «,,(</,) is an eigenfunction of the operator 1C,-, belonging to the 
eigenvalue f ,, , we have

lienee,

.TC ,"a,,-(<7,) = fr;«r((3;).

K.U  -

and

XU  = Ef=i 3Cif7 = (Z ?=  i cr,.)C/ = £C/,

q.e.d.
If the energy level E of the system is assigned beforehand, then any 

choice of integers n  (i = 1, 2, • • •, N), which satisfy relation (9), gives 
us an eigenfunction U of the operator 3C, corresponding to this level.

Theorem 2. The set of all functions of the form (8), obtained for all values 
of the integers i\ , r2, •••,»>, which satisfy relation (9), is a linear orthonor
mal basis of the manifold W e of eigenfunctions of the energy operator .1C of 
the given system, corresponding to its eigenvalue E.

Proof. We show first that the set of all functions of the form (8), ob
tained for all possible values of the integers n , r2, • ■ ■, rN , satisfying re
lation (9) or not, represents a complete orthonormal system of functions. 
The orthogonality and normality of this system follow in an obvious way 
from the corresponding properties of system (7), and the proof requires 
showing only the completeness of the system (8). This proof is most easily 
carried out with the help of induction on the number of particles N. As a 
matter of fact, for IV = 1, the completeness of system (8) coincides with 
the assumed completeness of system (7). Therefore, take N  > 1, and let 
our assertion be true for systems composed of N  — 1 particles, l.et

<p(<h , Q i ,  ■ • - , <?at)

be orthogonal to all functions of the form (8), so that for any values of 
the integers n , r2, ■ ■ ■, rx ,

I  = f  <P*(<h, ■ • • , qir)un (qi) ' •' Ur!/(q.\) drp • • ■ dqx = 0.

Setting

j i) • ■ • urx_l(qX- 1) dqi ■ ■ ■ rlqx-1

we have

— 1\>r\ r,V- ,(<?*) ’
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1 I • • • rj\r_i (?Jv) Ury(<7jv) dq̂ f 0.J—aa

Because this equality holds for any rN , by the completeness of system (7)

l/'ri"-rjr_1(?Ar) =  0
for any n  , r2, • • •, rjv-i. By (10) this gives for any rt , r2, • • •, ?>_i and 
any fixed qN ,

J  <p*(qi , • • • , gAr)wri(gi) • • • dgi ■ • ■ dqN-1 = 0.

It follows by mathematical induction that

v(Qi, ■■■,$*) = 0
for any qy , and identically in the qi, • ■ •, qw-i . In other words, this equa
tion is satisfied identically in all N  variables, which proves our assertion.

It is now easy to show that functions of the form (8), in which the num
bers Ti, • • •, rN are related by (9), constitute a linear basis of the mani
fold 211b ■ In fact, let V = V{qi, ■■■, qN) be any eigenfunction of the 
operator 3C, corresponding to the eigenvalue E. By the established com
pleteness of the system of functions of the form (8) we can write

V = a U i ,
where the summation extends over the whole set of functions of the form
(8). Use of the general rule for determining Fourier coefficients (II, §3) 
gives

u  = (V , Ui) (i = 1, 2, • ■

The function Ui, like V, is by Theorem 1, an eigenfunction of the opera
tor 3C. If the eigenvalue e Ti  +  eTl +  ■ • • +  cTN , corresponding to U , , 
is not equal to E, i.e., if it does not satisfy (9), then V and Ui belong to 
different eigenvalues of this operator and are thus mutually orthogonal 
(II, §3), so that Ci = 0. Hence, the function V is represented as a linear 
combination of functions of the form (8), in which the numbers r, are re
lated by (9). This is precisely what we were required to show.

Therefore, the set of functions of the form (8), for which eri +  eri +
‘ +  fry = E, is a linear orthonormal basis of the manifold 2J?e • We shall
henceforth always call these functions the fundamental eigenfunctions, and 
the states described by them the fundamental states of the system. The set 
of fundamental states of a system is uniquely defined by the choice of the 
original orthogonal set (7) and by the assignment of the number of par
ticles N  and the energy E  of the system. In particular, if the structure of
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the constituent particles is known, then the number m of fundamental 
states of the system is a function of N  and E, which we shall denote by 
0(iV, E ). We call it the structure function of the system. This function, as 
we shall see, plays a leading role in our theory. Denoting the fundamental 
eigenfunctions corresponding to the energy level E  by U i , U2, • • •, Um , 
we have for any physical quantity SI in the case of complete statistics,

<S1> = [G(JV, E)]-1 S w  (OtUk, u k).

(This follows from §2.)
We shall presently prove that the above linear basis, composed of fun

damental eigenfunctions, is especially convenient for the subsequent de
velopment of the theory. However, we return now to the consideration of 
symmetric statistics.

In the expression (8) for a fundamental function U the indices of the 
variables q i , q2, • • •, qN comprise the sequence of integers from 1 to N. 
We generate an arbitrary permutation (P among them, i.e., we transform 
the function U to the function

(PU = Ur1(<li1)ur2(qi2) ••• urif(qiK),

where i i , i2, • • •, iN are the numbers of the sequence 1, 2, • • ■ , N, in an 
order defined by the permutation (?. The number of possible permutations 
is obviously equal to N l  We now define S  such that

s  = S(qi ,q2, ■ • Sat) = &U,

where the summation extends over all permutations of the sequence 1, 2, 
• • •, N  that give different functions (?U. It is obvious that S is a symmetric 
function of the variables qx , q2, • ■ •, qN and at the same time an eigen
function of the operator 3C corresponding to the eigenvalue E.

This construction, which we have just carried out for one fundamental 
function U, can be carried out for each of the fundamental functions of 
our fundamental linear basis. From each construction we obtain a certain 
symmetric function S. Clearly, some of these functions can be identical. 
We denote by St , S2, • • •, Ss the set of distinct eigenfunctions obtained 
in this way, and by <S>E the set of all symmetric functions of the manifold 
StUir, i.e., all symmetric eigenfunctions of the operator 3C corresponding 
to the eigenvalue E.

T h e o r e m  3 . The functions S i , S2, • • ■, Ss constitute an orthogonal linear 
basis of the manifold ©k .

Proof. 1. Suppose m ^  n, and

Sm = y '.j ' tPTJm ,(S)
Then

Sn = Z(p' V'Un ■
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(Sm , Sn) = E (p )(p' (<Pl/m , <P'Un),
where the summation extends over all pairs (?, (?' corresponding to permu
tations of the sequence 1,2, ■ ■ ■, N  which occur in (S ). If any of the scalar 
products (<PUm , (P'Un) are different from zero, then we must have (?Um = 
(P'Un , because <?Um and <P'Un are fundamental functions, i.e., members 
of the orthogonal system of functions (8). From (PUm = (P'Un it follows 
that

Um = <P X<P'Un = QUn ,
where Q = (P-1^  is a permutation of the sequence 1, 2, • • •, N. Thus, the 
function Um is obtained from a certain permutation Q on the function Un . 
This leads to the contradiction Sm = Sn , from which it follows that 
(Sm , Sn) = 0 for m ^  n, i.e., the functions S i , S2, • • •, Ss are pairwise 
orthogonal.

2. Let S  be any function of the manifold @js (and hence also a function 
of the manifold 951b). By Theorem 2,

( id  s  = Er~i ykuk,
where the yt are complex numbers, and the Ut comprise the fundamental 
linear basis of the manifold W e . Let some pair of functions Uk and Ui be 
related by IT) = <PUk , where <9 is a permutation of the sequence 1, 2, • • •, 
N. Then

yi = (S, U() = (S, <PUk).

By the symmetry of the function S, we must have <?S  = S, and hence

yi = ((PS, (PUk).

If one represents scalar products in the form of integrals, then ((PS, (PUk) 
obviously differs from (S, Ut) only in the notation of variables in the in
tegral, so that

yi = (S , Uk) = yk ■

Thus, in the sum (11), all functions Ut of the form (PUk have the same 
coefficient, namely yk . The sum of the corresponding group of terms on 
the right side of (11) is therefore

yk (PUk — ykS, ,

where Sj is one of the functions S i , Sa, • • •, Ss . Since the right side of 
(11) is composed entirely of such groups,
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where the X, are complex numbers. Hence, the functions S3 constitute a 
linear basis of the manifold . This proves Theorem 3.

When the particles of a system obey symmetric statistics we shall call 
the functions S2 , <S2, • • •, Se (after normalization through multiplication 
by the appropriate normalizing factor) the fundamental eigenfunctions, 
and the states described by them the fundamental states of the system 
for the given energy level E. The number s of these fundamental states 
we shall denote, as before, by Q(iV, E) and call it the structure function 
of the system. The microcanonical average of a physical quantity 21, when 
the averaging is carried out only over the symmetric (normalized) eigen
functions, is expressed by the formula

< 2l>  = M N , E ) r l B -1 (as,-, 5,0.

We now turn to the case of antisymmetric statistics. For every function 
U of the form (8) we form the function

A = A{qx , q2, ■ ■ -, q„) = ±

where the summation extends over all permutations of the sequence 1, 2, 
• • •, N, and the sign +  or — is used depending on the evenness or oddness 
of the permutation (P. It is easy to see that the function A can be rewritten 
in the form of a determinant

uTl(qi) uTl(q2) uri(qif)

(12) A =
Ur2(qi) uT2(q2) Ur2(qu)

uTjf (q i) uTtr(qf) uTN{qn)
However, we shall hardly ever need this expression. We carry out the con
struction indicated above for each of the functions U of the form (8) and 
denote (after normalization) by A i , A 2, • • •, A a the set of (antisymmetric) 
functions obtained in this way. The members of this set differ from one 
another and do not vanish. Let 2U be the manifold of all antisymmetric 
functions of the manifold $ lE ■ Then the following theorem is valid.

Theorem 4. The functions A i , A2, • • •, A a constitute an orthogonal linear 
basis of the manifold 21 e .

It is not necessary to prove this theorem because the proof is analogous 
to that of Theorem 3. When the system consists of particles that obey 
antisymmetric statistics, we shall call the (normalized) functions A i , A t , 
■ • •, A a the fundamental eigenfunctions, and the states described by them 
the fundamental states of the system for the given energy level E. The 
number o of these fundamental states we again denote by 0 (N, E) and call 
it the structure function of the system. For the microcanonical average of
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a quantity 21 in this case, we average over only the antisymmetric eigen
functions. Hence,

<2I> = [n(N,E)\-1 Z U  (G-Aj, A,).
The fundamental states of a system which are described by the anti

symmetric eigenfunctions A }-, possess one extremely important character
istic : If the system is in such a state, then the states of any two of its par
ticles must differ from one another. In fact, if in the eigenfunction of such 
a state two of the indices r, are equal, then the determinant (12) will have 
two identical rows, and will therefore vanish. Thus,

A(qi , q2 , ■ ■ ■, qN) = 0.

This type of function cannot be normalized and does not describe any real 
state of the system. The above rule is usually called the Pauli principle.

In the case of complete statistics, if the system is in a fundamental state, 
then the state of each of the particles composing the system is known. 
[The state of the fth particle is determined by the index r, in the expres
sion (8) for the fundamental state U.] In the case of symmetric or anti
symmetric statistics such a statement would not be meaningful. For ex
ample, let

s =  £<p <?u

be one of the fundamental symmetric eigenfunctions. In the different states 
<?U of the state S, the first particle, for instance, is described by the dif
ferent functions uTj(qi), so that in the state S the first particle is not in 
any definite state. In the case of symmetric or antisymmetric statistics 
the only sensible question is how many particles are to be found in some 
particular state if we know the state of the overall system. We discuss 
this question in detail in the following section.

§5. Occupation numbers. Basic expressions of the structure functions

Suppose we are given a stationary state U of a system which obeys one 
of the three statistics. U, as usual, is an eigenfunction of the energy opera
tor 3C, corresponding to a definite eigenvalue (energy level) E  of this oper
ator. We can ask how many particles will be found in a state which is de
scribed by an eigenfunction ur(x) (corresponding to the energy level cT of 
a particle). The number aT = aT(U) of such particles is, generally, a phys
ical quantity whose value is not uniquely determined by the state U. The 
only characteristic determined by the state U is the distribution law of 
the number aT and, in particular, its mathematical expectation EvaT ■ But 
in every fundamental state of the system the value of the number ar is uniquely 
determined. So, if we are concerned with complete statistics, then each of
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the fundamental eigenfunctions, according to formula (8) of §4, has the 
form

(8) U = uri(qi)uri(q2) urri(qK).
This shows directly which of its possible states each particle occupies. The 
number aT of particles in the state u,(x) is simply the number of indices 
Ti which equal r in expression (8). Clearly, this number has a definite value 
for each fundamental state. We are easily led to the same result in the 
case of the other two statistics. In these latter cases the fundamental func
tions are linear combinations of functions of the form (8), where in all the 
terms the number of indices r , , equal to any given number, is the same, 
and hence, the number aT is uniquely determined.

If the state U is not fundamental, then it can be represented in the form

U = E i i  «iUi,
where the on are complex numbers. (For the purposes of normalization 
we shall suppose that | a i |2 +  | a2|2 +  • • • +  akf  = 1.) The C/< are the 
fundamental states and among them there will be fundamental states with 
different values of the number ar , so that it is impossible to speak of any 
definite value of this number in the state U. One can only assert that if 
ar<!) is the value of the number ar in the fundamental state [/;, then ^  i I aj\2 
is the probability that aT will equal ar(t) in the state U, where the summa
tion extends over all j  for which ar0) = ar(,). Thus, in particular,

[7 _   I |2 (i)T&r — ^^i=l I I ^t

(We do not prove this statement as it will not be of further interest to us.)
In statistical physics the numbers aT (r = 1, 2, •■•)> which repre

sent the numbers of particles in the states described by eigenfunctions 
ur(x) (r = 1, 2, •••), are usually called “occupation numbers”. It is 
obvious that if a system is composed of N  particles and has an energy E, 
then, independently of the kind of statistics obeyed by the system, we must 
have

(.K ) E ? -i ^  = N, ar£r = E.
The occupation numbers play a very important part in any description 

of statistical physics. The fact that for fundamental states these numbers 
take on uniquely determined values, makes the systems of fundamental 
eigenfunctions especially convenient linear bases of the manifolds over 
which averages must extend. (The particular manifold used, of course, 
depends on the type of statistics obeyed by the system.)

We have seen that in each of the three statistics, a definite set of occu
pation numbers a i , ch , ■ • •, ar , • • •, which satisfy relation (K), corre-
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sponds to each fundamental state of the system. Now we pose the converse 
problem: Suppose we are given a set of non-negative integers a, (r = 1, 2, 

satisfying relation (K ) ; then do fundamental states of the system 
exist which have the numbers ar for occupation numbers, and, if so, how 
many of these fundamental states are there?

This problem, which is very important for the development of the sta
tistical theory, is solved in different ways for the three statistical schemes.

1. Complete Statistics. Let ax , a2, ■ ■ ■, ar , • • • be non-negative integers, 
related by (K ). In order that a fundamental state (8) have the numbers 
Or for its occupation numbers, it is necessary and sufficient that the func
tion uT{x) occur a total of aT times among the functions which are the fac
tors of U. Since 2Z”=i a? = A, it is obviously always possible to realize 
this requirement. The number of ways in which this can be accomplished 
is equal to the number of permutations of the set of N  elements composed 
of subsets of Oi, a2, ■ ■ • identical elements, i.e., it is equal to

Ar!/ai!a2! ■ • • ar!.

Thus, in the case of complete statistics, to each solution (in terms of non
negative integers aT) of the system of equations (K ), there correspond

N \/  IL°=i ar\
fundamental states having the numbers ar for their occupation numbers.

2. Symmetric Statistics. In the expression

<S =  S ( p

of the fundamental states for the case of symmetric statistics the terms 
of the right side differ from one another only by the order of the indices 
4  in the product

(13) Ur^qijur.iqi,) ■■■

The indices r, are the same in all the terms, and hence the occupation num
bers are also the same for all the terms. Clearly the converse also holds: 
All products of the form (13), which have a definite set of occupation 
numbers, can differ from one another only in the order of the indices 4  , 
and are obtained from one another by the corresponding permutation of 
these indices. This means that all such products constitute a single sym
metric fundamental function S, which is thus uniquely determined by the 
given set of occupation numbers: In the case of symmetric statistics to each 
solution (in terms of non-negative integers ar) of the system of equations 
(K ), there corresponds one fundamental state, having the numbers ar for 
its occupation numbers.

3. Antisymmetric Statistics. In this case for the fundamental functions,
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we have the expression

A = ±  <P£7,

where the +  sign is to be used for even, and the — sign for odd permuta
tions (P. Here too, the terms of the right side comprise the whole set of 
functions of the form (13) which have the same set of occupation numbers. 
Hence each solution of the system (K ) cannot correspond to more than 
one antisymmetric state. However, we do not get a normalizable eigen
function A for every set of occupation numbers — in some cases it turns 
out to vanish identically. Consider an arbitrary set of occupation numbers 
ar (r = 1,2, • • •). If each aT is either 0 or 1, then in the product (13) all 
of the indices rk are different, and so two such products, obtained from one 
another by some permutation of the indices ik , cannot be the same. Thus 
in the sum ±  (?U, it is impossible for identical terms to enter, and A 
will be a normalizable eigenfunction. If, among the numbers aT, there should 
be one greater than unity, then among the indices rk in the product (13) 
some will be equal. Because the order of enumeration is immaterial, let 
us suppose that it = r2. Then the product (13) actually coincides with 
the product

(?i2)Rr2(5n) ■*' uTJf(qiN),
which is obtained from it by permutation of the indices h and f2. Because 
each of these two products is obtained from the other by a simple trans
position, they will have opposite signs in the sum which constitutes A , and 
will cancel one another. Since such a cancelling partner can be found for 
every member of this sum, A = 0.

Thus, in the case of antisymmetric statistics, to each solution (in terms of 
non-negative integers aT) of the system of equations (K), there corresponds: 
1) one fundamental state, having the numbers aT for its occupation numbers, 
if  all a, < 1, or 2) wo such states if there is an ar > 1. I t will be convenient 
for us to have an expression for the number of fundamental states corre
sponding to a given set of occupation numbers which will apply to all three 
statistical schemes. For this purpose we put, for n = 1,2, • • •,

for complete statistics, 
for symmetric or antisymmetric statistics;

for complete statistics, 
for symmetric statistics,

for antisymmetric statistics.

Then, the number of fundamental states corresponding to a given set

C{n) =

and

7 (n) = <

l/n l
1
1 (w < 
0 (w >
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of numbers ar > 0, satisfying the system of equations (K ), is

C W lI- iT C a r) ,

for any of the three statistics. We obtain from this, for the total number 
of fundamental states of the system corresponding to a given energy level 
E, the expression

(14) il(N, E) = C(N) £ (*) n r= i 7(0,),

where the summation on the right side extends over all systems of integers 
a i , a2, • • •, ar , • • • (ar >  0), satisfying equation (K).

As we have already remarked, the structure function fl(iV, E) plays a 
very important part in our subsequent development. Hence we shall have 
to study it with considerable care. Formula (14), which relates the func
tion Q(N, E ) to the solutions of the system of equations (K ), will serve 
as a starting point for our investigation.

For any statistics the occupation numbers aT are uniquely determined 
for each fundamental state and can be considered as functions of this state. 
Hence, for any energy level E they have definite (microcanonical) mean 
values < a ,> . We shall see further on that these mean values of the occu
pation numbers are of fundamental importance for all the computational 
formulas of statistical physics. The determination of their asymptotic 
expressions therefore constitutes one of the basic mathematical problems 
of the theory and the following two chapters will be devoted mainly to this 
problem. However, we pause here to discuss certain general considerations 
which, to a large extent, clarify the importance of the numbers <aT> 
in the asymptotic computations of statistical physics.

A large fraction of the most important physical quantities 21, which 
characterize the state of a system composed of N  identical particles, have 
a certain special form: Such a quantity 21 is a sum of N  quantities 2h , 2(2, 
• • -, 2ljv , each of which depends (in the very same way) only on the state 
of the particle with the corresponding number. Therefore, in the simplest 
case, when the state of the system is described by the function

U = uri(qi)uT2(qi) ■■■ UrN(q*),

the quantity 2U depends only on the number n  , i.e., on the index of the 
eigenfunction urt(qk) which describes the state of the fcth particle. To the 
decomposition

« = 21, +  % + • ■ ■ +  SU
of the quantity 21 there corresponds, of course, the decomposition 

(J = Qi +  ®2 +  • • • +  Aw 
of the corresponding operator. In this latter decomposition the operator
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Ctfc (k = 1, 2, ■ • •, N) acts only on the eigenfunction of the kih particle, 
so that

akU = Ur M i)  ••• u^-M i- i)  [(ZkUrk (qk)]Urk+M w )  ••• uTN{qN).
Quantities 21 of the above type will be called sum functions. We now 

consider how to construct the mean values of these sum functions.
If, as we have assumed, the dependence of the quantity 2I* on the state 

of the fcth particle is the same for all k, then, in particular, the mathematical 
expectation of the quantity 21* in some state uT{qk) of the fcth particle does 
not depend on k, but only on r. We denote this mathematical expectation 
by Ar . Thus the set of numbers Xr depends only on the structure of the 
particles and on the choice of the elementary quantity 2I* . These numbers 
are not related to the system and retain their meaning and their values 
even when we consider an individual particle instead of a system.

Now let our system be in a fundamental state U with occupation num
bers cti, a<i, • • •, aT, • • ■. Then, first of all,

(15) Ed-21 = Et,2l*.

It is obvious that Eu2h, = Xr , if the kih particle is in the state ur(qk). 
Therefore, in the sum (15) the term Ar appears as many times as there are 
particles in state ur(qk), i.e., ar times. Whence,

Eu2f = 7 ^ ,  ar\ r ,

and consequently,

(16) <2l> = <Er/2l> = E " -l <Ur>Ar .

This simple relation shows that a knowledge of the mean values of the 
occupation numbers allows us to write down immediately the mean value 
of any sum function 21. (It is necessary to recall that the numbers Xr do 
not depend on the state of the system and they can be calculated once and 
for all for particles of a given structure and for a given choice of the quan
tity 2U .) This use of the occupation numbers is the chief reason that the 
first problem considered in every statistical theory is that of finding con
venient asymptotic expressions for their mean values.

§6. On the suitability of microcanonical averages

In §1 we spoke in some detail about the fact that physical quantities, 
which characterize the state of a system from the phenomenological point 
of view, must, in the statistical theory, depend symmetrically on all of the 
particles composing the system. The mean value of such a quantity, to 
really exist, i.e., to really have a physical meaning in a given experiment, 
must have a value close to that one of the values given by the statistical 
theory which is appropriate for the particular experiment. We pointed out
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in detail in §1 that for this purpose the mean values given by our theory 
must be suitable-, that is, in the overwhelming majority of those states over 
which averages are extended a quantity must assume values extremely 
close to its mean value.

For a given total energy E, we have defined the mean value of the quan
tity 21 by

(17) <2l> = <E„2l> = [0 ( N ^ W 1 E r - iE c A

where m = 0(AT, E) is the number of fundamental states Uk of the system 
for the energy level E, and where the summation extends over all such 
states. The system, of course, can obey any of the three types of statistics 
we have considered.

The simplest and most important type of quantity 21 which depends 
symmetrically on all the particles composing the system is obviously the 
sum function considered at the end of the preceding section. This function 
is a sum of N  quantities, each depending on the state of a single particle 
and all having the same functional dependence. In the present section we 
shall always write

21 = Z U  2U
for such a sum function. Because the dependence of the quantity 2l< on the 
state of the ith particle is the same for all i, the mean value <2h> = a 
does not depend on i. Obviously we have

< 2l>  = Na,

so that, as long as a ^  0, we can always think of < 21 > as a large number 
(of the order of N). We can therefore think of the value of the quantity 
21 as near < 21 > , if
(18) | 21 -  Na  | <  tN,

where e is a small positive number; because if (18) holds, the relative error 
in the equation 21 ~  <21 > is smaller than | t/a  |.

We recall that if the given system is in a fundamental state, we cannot 
say whether inequality (18) is satisfied or not, because in general the quan
tity 21 is not uniquely determined in the state U. If the system is in state 
U, all that is determined is the probability

Pn{ | 21 -  Na  | <  tN}
that inequality (18) is satisfied.

Now let Mi denote the measure (in accordance with the definition of 
measure given in §2) of the set of all eigenfunctions U of the manifold 

for which
Pt,{ | 21 -  Na  | < <Wj < 1 - 6 ;
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or, equivalently,
(19) P u\ | 21 -  N a  | >  eJV} >  8,

where 8 is any (small) positive number. Then assuming U = X a-i , 
we have

f  P*{|a -  N a \  >  e N \  d S *  >  SMs,
Js*

where S* is the complex sphere (2) of §2. Hence,

M s <  ( 1 / 8 )  f  Pc{|21 -  N a  | >  t N )  d S * .
Js*

But, by the Chebyshev inequality,
P u { \ n -  N a \ >  e N } <  Erf (21 -  a N ) 2} / e 2N 2]

whence,

Mi < (1 / 8 t 2N 2) f  Et;{(21 -  aiV)2} d S *
(20) J s '

= < ( «  -  a N ) 2> / 8 ( 2N 2.

Mi denotes the measure of the set of those stationary states U of the mani
fold 90?£ for which inequality (19) holds. For all other states we can expect, 
with a probability exceeding 1 — 5, that inequality (18) will hold, i.e., 
that the approximate equality 21 fa <$l>  will hold. Thus, if M s becomes 
small for small e and 8, then in a large majority of the states V we can 
expect, with overwhelming probability, that the quantity 21 has a value 
near <2l> . This is just what we call the suitability of the mean value 
<21>. As inequality (20) shows, this suitability will be guaranteed if, 
for small e and 8, the quantity

<(2l — a N ) 2> / 8 e 2N 2

remains sufficiently small.
For brevity we denote the mean value <(2I — a N ) 2>  by .0(21) and 

call it the microcanonical dispersion of the quantity 21. In the above cal
culation we have nowhere assumed that 21 was a sum function. Now we 
determine the special form of the microcanonical dispersion which is ap
propriate for sum functions. Obviously, we have

D(2I) = < ( 21 -  a N ) 2>

(21) = <2I2>  -  a N 2
= < ( £ ? - !  2li)2>  -  a N 2.

But for any state U of the system

(22) Ec/(2[2) = 2Xi Eu(2I,-2) + 2lX=i Eu(2Ii2I;).
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Let the fundamental state Uk correspond to the set of occupation numbers 
Or(Uk) = aT (r = 1, 2, ■ ■ ■). Then in the state Uk the system contains 
i ar(ar — 1) pairs of particles with both members in the state ur(x) (r = 
1, 2, • ■ •) and, for r 9̂  s, a^as pairs of particles with one member in the 
state uT(x) and the other in the state us(x).

Now let Xr and /ir denote, respectively, the mathematical expectations 
of the quantities SI,- and Si/, when the fth particle is in the state uT(x) 
(r = 1, 2, • • •). These quantities do not depend on i and are determined 
by the structure of the particles and the choice of the quantities 31,. For
mula (22) gives

Et/*(3l2) = y/^-i arUr +  \aT(aT — 1 ) \ /  +  2 ^ ”s=i orasXrXs,
T  < 8

where it is understood that ar = aT(Uk), as = as{Uk). For the microcanon- 
ical average of the quantity we therefore find, by (17),

<Sl2>  = (1 /m) E r_ i Et7t3l2

= X X i  < a r > n r +  < a ? > \ t -  < a r>Xr2

 ̂  ̂ + 2  y .  ”p=i < aras>XrX,
r <8

= y/T-l (jUr — Xr2) < a r >  +  y .T - l XrXs <O rO ,>  .

(In all of the above we assume, of course, that all the series obtained are 
absolutely convergent; for this, it suffices to assume that the numbers 
| Xr| and nr do not increase too rapidly with increasing r.) Since, on the 
other hand, by formula (16) of §5,

<2l>  = Na  = X X i Xr< ar> ,

we have that

N2a = X X  y ? - !  XrXs <aT> < a, > ; 

and formulas (23) and (21) give

D(Sl) = Z r - i  (Mr -  X /)< ar>

+  y  *=1 y  "-1 xrxs[<urUs>
(24)

< ar> < as>]

This is the desired expression for the microcanonical dispersion of sum 
functions. To estimate the quantity D(31), we must know the mean values 
< ar>  of the occupation numbers and the mean values < aras >  of their 
pairwise products. We have seen that the suitability of the mean value 
<Sl> is guaranteed if the quantity

D(SI)/5e2fV2
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is sufficiently small. This requires that D(W)/N2 be negligibly small for 
small e and S. In Chapters IV and V we shall see that in actual physical 
cases, for N  —»• » , the quantity Z)( 21) is infinitely large of order N. From 
this it follows that Z)(21)/1V2 is of order l /N ,  i.e., that it actually becomes 
negligibly small.

We shall discuss in somewhat more detail the manner in which the suit
ability of mean values is connected with their experimental verification. 
Assume that the total energy of the system is E, but that no other infor
mation regarding its state is known. We then make a measurement of the 
quantity 21 and want to know the probability

that the value obtained for this quantity will lie between (a — t)N  and 
(a +  e)N. However, our question is meaningless when phrased in this 
manner, because the theory gives the probability distribution of the quan
tity 21 only if the state U, in which the system is found, is known. We know 
only its energy level E, which can correspond to an infinite set of different 
states U, and we have no way of knowing in which of these the system 
will be found. In order that our problem have a definite meaning, we must 
know the relative frequency with which the various states U of the mani
fold 2ke will occur, under the established conditions of the experiment,
i.e., we must know the probability law of the states JJ, appropriate to the 
manner of experimentation. We suppose, for simplicity, that this law has 
a definite probability density p(U). I t is immediately clear that this prob
ability density p( U) may depend in an essential manner on the conditions 
of the experiment: for example, upon whether we measure the quantity 
21 a large number of times in one system with a definite interval of time 
between measurements, or in a large number of systems simultaneously. 
(The time interval in the former case must be sufficiently great so that 
the result of any measurement will not be influenced by the preceding one.) 
However, if the function p( U) is known, then by the formula for total 
probability,

(25) P{| 21 -  aN | >  eN\ = p(U)Pv{\21 -  aN ] > eN\ da,

where dw is the volume element of the manifold W e for the measure we 
defined on this manifold in §2. Let M& denote, as before, the measure of 
the set of those states U for which

Then, assuming that the function p( U) is bounded on 2kc , and denoting 
by R its upper bound, we conclude from (25) that

P{ I 21 -  aN  I < eN]

Pv = P^{ I 21 -  oW | > *N} > 5.
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P{| 21 — aN I >  eN} = / p(U )P vdu+  p(U)Pvdu
■<Pt/>s

< 5 f p(U) do) -|- R f do) = 8 4- RMg ;
^Pc;>s

whence, by (20),

(26) P [ \ % -  a N \ >  tN) < 8  + RD (K)/8eN 2.
If, as is the case in the great majority of physical problems, the quantity

D (K )/N 2

approaches zero as N  —> <», then for sufficiently small 5 and «, and suffi
ciently large N, the right side of (26) becomes arbitrarily small. This means 
that for a sufficiently large number of particles, the approximate equality 
21 Na will agree with experiment with a relative error less than \ t/a \ with 
a probability arbitrarily close to unity.

This conclusion, which gives a very satisfactory answer to the question 
of the real significance of our averages, is possible only if the probability 
distribution of the stationary states U has a bounded density p{U). (In 
other respects this probability law can be arbitrary, and this constitutes 
the chief value of the results obtained.) By complicating the calculation 
somewhat, it could be shown that we arrive at the same result under the 
broader hypothesis that this law is absolutely continuous with respect to 
the measure introduced on the manifold W e . However, if the probability 
law is not absolutely continuous with respect to this measure, then all of 
our calculations lose their basis, and the averages obtained by our method 
can lead to results which diverge sharply from experiment. We investigated 
a striking example of such a situation in §3 in considering the transition 
from complete statistics to symmetric (or antisymmetric) statistics. In 
general, the manifold of symmetric functions of the manifold has 
measure zero in the measure assigned by us (like a linear manifold of a 
smaller number of dimensions). Thus, if we consider a system obeying 
symmetric statistics, then the only states U which are really possible are 
those belonging to , and hence

[ p(U) do) = 1.

This shows that the law p( U) is not absolutely continuous with respect to 
our original measure; and, to make our conclusions agree with experiment, 
we had to replace the first method of averaging by a new one. This con
stituted the transition from complete statistics to symmetric (or anti
symmetric) statistics.



Chapter IV

FOUNDATIONS OF THE STATISTICS OF PHOTONS

§1. D istinctive characteristics of the statistics of photons

In this chapter we shall study systems composed of photons (light 
quanta). Such systems possess certain distinctive properties which make 
them fundamentally different from systems composed of material par
ticles. Even though all the methods we develop here are also applicable to 
systems of other types, the statistics of photons differ appreciably from 
the statistics of material particles and demand a separate study. We begin 
with the statistics of photons because they are considerably simpler than 
the statistics of material particles. Hence, the fundamental ideas of our 
method will not be burdened with too heavy a formal apparatus, and will 
emerge more clearly and be more easily understood. Then, after firmly 
grasping these ideas in a relatively simple mathematical context, the reader 
will be able to follow them without difficulty in the more complicated and 
formal relationships of the problems of the statistics of material particles.

The basic characteristic which distinguishes and simplifies the statistics 
of photons compared to the statistics of material particles is the fact that 
the number N  of photons, comprising a system with a fixed total energy 
E, is not fixed, but changes from state to state. Thus, the set of all possible 
states of a system, for a given total energy E, is described by a set of eigen
functions (belonging to the eigenvalue E), not of just one operator 3C, but 
of the energy operators of all possible systems, composed of any number of 
photons.

On the other hand, photons always obey symmetric statistics. Therefore, 
if £ i, £2 , ■ ■ ■ , £r, ■ ■ ■ is the sequence of possible photon energy levels for 
a given set of conditions (as usual, 0 < fi < £2 < • • • <  tT < ■ • • , and 
each level is repeated a number of times equal to its multiplicity), then 
the number 0 (N, E) of linearly independent (symmetric) eigenfunctions 
of the operator 3C, for a given level E and a given number of photons N, 
is equal to (III, §5) the number of solutions in terms of integral ar > 0 
of the system of equations

(1) ar = N, ^ - i a TeT = E.

If we construct a linear basis of 0(iV, E) eigenfunctions for every N  and 
then combine all these bases together, we get a system of

Q(E) = E)
(symmetric) eigenfunctions (of different operators), belonging to the same

102



§2] OCCUPATION NUM BERS AND T H EIR  MEAN" VALUES 103

eigenvalue E. Each of these functions describes a possible state of our sys
tem when the system has a total energy E. Conversely, every such state 
is described by a linear combination of these functions. It is obvious that, 
the number ft(E) is simply equal to the number of solutions of the equa
tion

X X i «rfr = E
with integral ar > 0, since the first of equations (1) does not apply when 
N  is arbitrary. In analogy with III, §4, we shall call 12(E) the structure 
function of our system of photons.

When the number N  of particles is fixed, we saw (III, §2) that the micro- 
canonical average of a phase function/( U) would be the arithmetic average 
of its values for the S2(jV, E) functions of our linear basis. In other words, 
we agreed to use these £l(N, E) functions with equal weights for averaging.

Now since the number N  of photons has no fixed value, we naturally 
take as a basis for averaging, the system of 12(E) functions just constructed. 
For the microcanonical average of a phase function f (U)  (for a given 
value E) we shall take the arithmetic average of its values for these 0(E) 
functions. This principle of averaging is, of course, a new and arbitrary 
agreement: Functions which pertain to different N  (and so depend on a 
different number of variables) were never equal to one another in statistical 
weight; now we ascribe the same weight to all of them, independent of the 
value of N. In §6 we shall strive to justify this new and arbitrary assump
tion by showing that for the cases of interest in statistical physics the re
sults obtained by our method of averaging are independent of this method. 
Hence any other principle of averaging (within broad limits) would lead 
us to the same conclusions.

§2. O ccupation num bers and their m ean values

As we saw in III, §4, the symmetric eigenfunctions which constitute our 
linear basis can be chosen from the set of so-called ' ‘fundamental” func
tions of the system. In a state of the system described by such a function, 
the number ar of particles in a state with energy level cr is fully determined. 
In other words, in each of the 12(E) fundamental states comprising our 
chosen basis we have a completely determined set of ‘‘occupation numbers” 
ar (r = 1,2, • • •) which are, of course, always subject to the requirement 
that

(2) E *-i arer = E.

The microcanonical averages of the occupation numbers ar are therefore 
given by the formula

(3) « i r> = \a (E )r1'E„aT(V )1
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where the summation extends over all the fundamental functions U of our 
basis, and ar( U) denotes the quantity ar in the state described by the func
tion U.

A basic problem in the statistical thermodynamics of any system is to 
determine the distribution of the energy of the sjestem among its compo
nent particles. In our theory we take the microcanonical average <a, > 
as the mean number of particles in an energy level eT. Therefore, the esti
mation of these quantities <ar> is a primary problem. Moreover, as we 
saw in III, §5, knowing the quantities < a r> allows us to write down imme
diately the microcanonical average of any sum function. It is chiefly by- 
means of these sum functions that the state of a system is characterized 
in statistical physics. Further, as we saw in III, §6, to determine the suita
bility of the microcanonical averages (i.e., to justify the method of micro- 
canonical averaging) in the case of sum functions it is also necessary In 
know the quantities <aras> (r, s = 1, 2, • • •), which represent the micro- 
canonical averages of the products of pairs of occupation numbers. There
fore, any mathematical apparatus which is employed in statistical physics 
must provide convenient analytical expressions for the quantities <ar> 
and <ara,>. This statement pertains equally to particles of any type and 
to any of the three basic statistical schemes. In the following sections we 
shall look at the simplest example of photons to see how these expressions 
can be obtained.

Our first step will be to determine an elementary expression for the 
numbers <aT> and < aTas> in terms of the structure function 0(F), which 
is the number of solutions of equation (2) with integral ar > 0. For this 
purpose we note first of all that formula (3) can obviously be rewritten in 
the form

(4) <flr> = [0(F)] l h’Al- ,

where A* denotes the number of those fundamental states (i.e., fundamen
tal functions of our basis) in which aT = k (k = 1,2, ■ • ■). Now we denote 
by M* (A- = 1,2, • • •) the number of those fundamental states in which 
ar > k, so that

A* = Mt -  M*+1 ( f c = l ,  2, ■■■!.

M*. is obviously equal to the number of those solutions of equation (2) in 
which {ir > />■; or, equivalently, to the number of solutions in terms of 
integral br > 0 of the equation

bjfj +  • • • +  br- if ,- i  +  (k +  b,)£r +  l>r+l<v+i +  • • • =  F ;

E?-1 biFi = E -  kfr ■

or
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This means that M* = Q(E — keT) (k = 1, 2, • ■ •)> and hence that

A* = Q(E -  k£r) -  Q[E -  (k +  l)eT] (Jfc = 1, 2, • • •).
Therefore, formula (4) gives

<ar> = [a(E)]-1'Z?=ik{n(E -  ksT) -  Q[E -  (k +  l)c r]}.

By an elementary transformation due to Abel, we then find that

( 5 )  <ar> =  -  keT)/Q(E).

This simple formula will be the starting point of our further calculations.
We turn now to the derivation of an analogous expression for <ara3>. 

We suppose first that r ^  s. Let Ah denote the number of solutions of 
equation (2) in which ar = k, as = I. Then, obviously,

(6) <aTas> = [0(B)] 1 yit=i yif-i klAki.

On the other hand, if we denote by Mh the number of solutions of (2) in 
which ar > k, as > I, then, as is easily verified,

( 7 )  Ajtz =  M h  — M*+i,z — Mt,z+i +  M t+ i .z + i .

Further, in analogy with our previous calculation, we note that Mh can 
be represented as the number of solutions in terms of integral >  0 of 
the equation

5i£i +  ^£2 +  • • • +  (k +  br)£r +  • • • +  (I +  bs)£s +  • • • = E\

or

i — 1 bi£i — E k£r l£3 •

Hence,

Mh = U(E — k£ T — Ie,).

Therefore, formulas (6) and (7) give

<aras> = [0(F)]-1 E f - i  M W E  ~  k£r -  h.)

— Q[E — (k + I) £t — I e s] — 0[F — k£r — (i +  l)c (] 

+  Q[E — (k +  l)c r — (I +  l)r»]|; 

and, after twice applying the Abel transformation, we find 

(8) <aras> = -  k£r -  lc.)/Q(E).

Finally, in the case r = s, the same argument applies in finding the re
quired expression for the quantity <ar~>■ Retaining the former notation, 
we have
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< a 2 >  =  M E ) ] ~ 1 ' E Z ~ i k 2A k =  [ a ( E ) r l J 2 k = i k 2 ( M k -  M*+1)

= [ O ^ r E S - i  (2k -  1)M*,
where the last expression is obtained from the penultimate one by the 
Abel transformation. Since we found that Mi = £l(E — kcT) (k = 1,2, • • •), 
we obtain

(9) < a 2> = £ ? - i  (2k -  1 )Q(E -  kcT)/a(E).

This completes the first stage of our investigation. Formulas (5), (8) 
and (9) give us expressions for the numbers <aT>, <aras> (r ^  s) and 
<ar2> in terms of the structure function ft and these in turn reduce our 
problem to that of determining a convenient analytic expression for the 
structure function.

§3. Reduction to a problem of the theory of probability

The second step in our present investigation will be to reduce the problem 
of finding an asymptotic expression for the structure function ft of our 
system, to a comparatively simple problem of the theory of probability. 
This step has great methodological significance because it establishes a 
bridge between the basic problems of statistical mechanics and the limit 
problems of the theory of probability. This bridge enables us to use the 
well-developed analytical methods of the modern theory of probability to 
solve problems in statistical physics.

However, before making this reduction, we must study in some detail 
the sequence

(10) Pi, f2, • • • , £r, ■ ■ •
of possible energy levels of each of our photons. [In the sequence (10) each 
level is repeated a number of times equal to its multiplicity (degree of 
degeneracy).] First let our “photon gas” be enclosed in a vessel of unit 
volume. According to quantum physics, on the average, the number gk of 
possible photon energy levels contained between k and k +  1 approaches 
infinity as k —> «>. (We shall find the law which determines this increase 
in §5 of the present chapter.) In §2 of the Introduction, we agreed to 
approximate all the er by integers. Therefore, we suppose that the integer 
k occurs gk times in the sequence (10). This is the situation when the vol
ume occupied by our system is unity. If this volume equals V (we always 
consider V to be a large integer), then, under very general conditions con
cerning the shape of the vessel, it can be shown from quantum physics that 
for sufficiently large k the number of possible energy levels in any (not too 
small) interval including k  is increased by a factor V .  We can assume this 
to be true for all k (small and large) without appreciably affecting the
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results iii most physical problems. Therefore, we suppose that every integer 
k is repeated Vgk times in the sequence (10). In particular, this means that 
the sequence (10) and the structure function fi(A') depend strongly on 
the volume V occupied by our system. However, we must note that the 
asymptotic formulas which we shall derive in the following sections, are 
based on the assumption that E and V become infinitely large while main
taining some constant ratio (constant energy density E/V ).  Practically, 
this means that for the unit of energy we take approximately the average 
energy of an individual photon, so that E becomes a very large quantity 
(of the order of the average number of photons). For the volume we choose 
a unit so small that, on the average, there will be only a small number of 
photons per unit volume. The number V will then also be of the order of 
the average number of photons.

Finally, we make the following remark which will prove important later: 
Suppose we have any function f (x)  for which the series

( 1 1 )  / ( C r )

converges absolutely. Then from the preceding discussion it follows that

(12) E ; i / ( l ) =
Since the sum on the right side of this equation is independent of V, every 
quantity of the form (11) in our asymptotic formulas must be thought of as 
infinitely large, proportional to V.

Now we proceed to establish a probabilistic expression for the structure 
function 0. Let /3 be a positive number, for the moment completely ar
bitrary. We consider random variables whose possible values are non-nega
tive integral multiples of some fixed integer k, i.e., the numbers

0, k, 2k, ■ ■ ■ , nk,

Let the probability that the random variable assume the value nk be

e" '"7 £ » -o  e~m  = (1 -  e~m)e ^ nk (n = 0, 1, • • ■).

We denote this distribution by pk(x) and consider the sum of an infinite 
series of mutually independent random variables, of which gk variables are 
distributed according to pk{x) (k = 1, 2, • • •)• We shall show that this 
series converges with probability 1. For a variable distributed according 
to pk(x), the probability that it is different from zero is e Therefore, 
the probability that at least one of the gk terms of our series, which are 
distributed according to pk(x), is different from zero does not exceed gke~̂ k. 
But the numbers gk for most problems in quantum physics are such that 
the series

S =o -|S ki-i Qke
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converges for all /3 > 0. Thus, with a probability as near as ive please to 
unity, ive can expect that all the terms of our series, beginning with the 
vzth, will vanish if the number n is sufficiently large. But a series containing 
only a finite number of non-zero terms is trivially convergent. It therefore 
follows that the probability of convergence of our series is arbitrarily close 
to unity and hence equals 1, q.e.d.

The sum of our series is therefore a random variable whose distribution 
we denote by P{x). Let S v stand for the sum of V mutually independent 
random variables

S k =  x , ,

each of which has the distribution P(x). We seek the distribution of the 
quantity S v , i.e., the probability

P (S , = q)

that 5 r is equal to a given non-negative integer q.
The quantity S v is the sum of V mutually independent random variables 

X i , each of which, being distributed according to P(x), can in turn be 
considered as the sum of an infinite series of mutually independent random 
variables, among which there are gk variables distributed according to 
Pk(x). Thus we can consider the quantity S r to be the sum of an infinite 
series of mutually independent random variables, among which there are 
Vgk variables distributed according to Pk(x). We shall denote these quan
tities by Xu (1 < I < Vgk), so that

sY = TX-i ElSxki,
where the xki obey the distribution pk{x), and all the Xki are mutually inde
pendent. Hence, in order that S v = q, it is necessary that

(13) Z*"=1 Y J - U k i= q .

Since the random variable xki obeys the distribution pk{x), it can assume 
only values of the form knki , where nki > 0 is an integer. Therefore, for 
the realization of equation (13), the probability of which we require, the 
system of values knki assumed by the variables xki must be such that

(.K ) ET-i Ei-{fen*i = q.
Because of the mutual independence of the variables xki the probability 
of their assuming the set of values Xki = knki (k = 1, 2, • • ■ ; I = 1, 2, 
• • ■ , Vgk) is

I I "= 1  I I K  P(XH = knkl) = IL * u I ir"  (1 -  e-?k)e-?knkl
= 11?=! {(1 -  
= (II?-i (1 -  e~0k) Vsk\e~fsz,
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where Z = E^=i knki . The probability of relation (13) is equal to
a sum of probabilities of the form just written down, extended over all 
sets of values of the variables xki satisfying condition (K).  This sum can 
be written as

E m  [ f f iu  (1 -  = [IL-1 (1 -  1.
The first factor

IL“-i (1 -
is a completely determined function of the parameters /3 and V. Putting

IL“=i (1 -  e Y ~ Sk = HP),
we have

IL-i(l - e~Bk) V°k = {H(3)}~V.

The last factor 1 is the number of solutions of equation (K)  with
integral nki > 0. It is easy to see that equation (K)  differs only in notation 
from the equation

(14) H"=i areT = q.

In fact, the number of levels et equal to k  in equation (14) is Vgk , and the 
coefficients ar of these levels can be denoted instead by nki (1 < I < Vgk). 
This then transforms equation (14) into equation (K ). Thus,

Z)(*> 1 = 0(3),
and we find

P(Sy = q ) =  ( 4 ( 0 ) r V f,ii(?) ,

whence

(15) 0(g) = {<K/3)}Y9P (S f = q).

This is the desired expression for the structure function. (It shows, in 
particular, that the possible values of the quantity S v are the possible 
energy levels of the system. This could easily be seen directly from the 
definition of Sr .) We see that 12(g) is very simply expressed in terms of the 
distribution P (S K = g). Since we defined the random variable S v as the 
sum of a very large number V of identically distributed and mutually in
dependent random variables, we can use the highly developed analytical 
apparatus of the theory of probability to calculate approximately the proba
bility P ($ r = g). Our problem is not complicated by the presence in for
mula (15) of the factor ^ (d ) ) ' (which is independent of g), because 
formulas (5), (8) and (9) of the preceding section contain only ratios of
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structure functions of different arguments; hence this factor will cancel 
completely.

We note, finally, that the parameter <3 in formula (15) can have any 
positive value. We shall choose its value to give the asymptotic formulas 
the simplest possible form.

§4. Application of a limit theorem of the theory of probability

We now proceed to the third and final step in our study — the applica
tion of the local limit theorem of the theory of probability proved in I, §4.

I t is first necessary to choose the value of the parameter /3. To this end 
we prove the following auxiliary proposition:

L e m m a . For any positive number C, the equation

d In 4>(d)/d|3 +  (7 = 0

has a unique positive root.
Let us consider the function

4>c(/S) =  ecfy(l3).

It is obvious that $(P) and 4>c(d) approach infinity as /3 —> 0. On the other 
hand, since 4>(/3) is always greater than unity,

4>c(d) >  ecfi

and 4>c(d) also approaches infinity as d —> 00 • Thus, the function 4>c(d) and 
the function In 4>c(d) approach infinity both for d —> 0 and for d —>> oo. 
However,

In 4>c(d) = C/3 +  ln$(d),

and hence,

d2ln 4>c(/3)/d|32 = d2ln 4>(d)/d/32 = X X i (1 — ê ) 2 > °-
Therefore, the function ln $ c(d) is convex on the entire half-line (0, +  oo). 
Combining these properties, we see that

d In 4>c(d)/dd = C +  d In <f>(/3)/e?d

vanishes at precisely one point of the half-line. This proves the lemma.
Let our “photon gas” have energy E  and volume V. Then we set /3 equal 

to the root (which exists and is unique by our lemma) of the equation

(16) rfln4>(d)/dd +  E /V  = 0.

Since our asymptotic formulas, as already noted, will be derived under the 
assumption that E and V are increasing without bound, but, with the ratio 
E /V  remaining constant, we can consider /3 to be constant in these formu
las.
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The quantity <SV , for whose distribution we seek an asymptotic expres
sion, is the sum of V mutually independent random variables

Xi (1 <  i < V),
each of which is distributed according to P(x). This distribution (which, 
by the way, is independent of E and V) is the distribution of the sum

where the variables Xki are distributed according to pk(x). The mathe
matical expectation and the dispersion of the variable xki are, respectively, 
(as is easily verified)

akl = ke~fik/(1 -  e-fik)
and

bkl = JfcV*7(l -  e“^ ) 2.

It follows from a very elementary computation that the mathematical ex
pectation and the dispersion of each of the variables X,- are, respectively,

a = o4:i = T .U  kgke~m! ( l  -  e~*k)

= — d In $(/3)/df}

and

b = Z i- ib k ,  = 2 £ i f c W 7 ( l  -  e“^ ) 2
= d2ln<t>(/3)M?2.

For the mathematical expectation A and the dispersion B of the variable 
S v , we therefore find the expressions

A = Va = — V d In $/d/3, B = Vb = V d2 In $/d/32-

From relation (16) (i.e., from our choice for the value of the parameter 
/8) we have, obviously, A = E. Therefore, the application of the one-di
mensional local limit theorem in its simplified form [I, §4, (28)] gives

(17) P(Sk = E +  u) = d(2wBrie-u2l2B +  0[V~*(1 +  |u |) ] ,

where d denotes the spacing (in the sense defined in I, §2) of the sequence 
of energy levels of the system, and u is any integer such that E +  u is 
one of the levels.

Since
- u ^ B = j +  0 (u2/V ),

it follows that

P(Sy = E  +  u) = d(2T B rh +  0 [7"!i(l +  u)].
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Putting q = E -+- u in formula (15) we lind

Q(E + u) = {$(/3)l V (E+,,)[(i ( 2 ^ ) - ! +  0[F~’(1 +  w2)]};

and, in particular, for u = 0,

a(E) = {4>(d)l Y '{d(2xB r* +  0(P-^)}.

Hence,

n(E + u)/Q(E) = /"{I +  0[F-*(1 +  w2)]}{1 +  O (V F ))-1
(18)

= e^{l +  0 [F -!(1 +  «*)]}.

Now we easily obtain a simple asymptotic expression for the mean values 
of the occupation numbers ar . Using (18) and formula (5) of §2, we find

<aT> = +  0[V ~ \l  +  m V)])

(19) = £ “= +  0 (F -1) = (eStr -  l ) - 1 +  0 (F -1).

Since the number 1c is repeated F ĵt times among the levels er , the mean 
number of photons with energy k is

(20) [Vgk/(eK -  1)] +  0(1).

Let SI be a sum function:

SI = Z i  SI.,

where the quantity 31; depends only on the coordinates of the ith photon. 
The microcanonical average of the mathematical expectation of 31 is, by
HI, §5, (16),

<SI> = Z"=i <aT> X ,
where \ T is the mathematical expectation of SI,- (which wras assumed to be 
the same for all i) in the photon state characterized by the energy level 
er . (We recall that the quantity Xr depends only on the form of the func
tion SI,- and is determined independently of any statistical considerations.) 
The first of equations (19) gives us

<SI> = Z ;L 1Xr£ ; W ' V l  +  0[V~\1 +  mV)]}

= I X iM e * ' -  I)"1 +  0{ F -1[X X i I X, I (c ~  l ) ”1
+  m V i ) .

If we suppose (as it actually happens in the great majority of real physi
cal problems) that Xr is a single-valued function of eT (i.e., that the quan
tity Slj has the same mathematical expectation for all photon states which 
correspond to the same energy level), then all the series on the right side
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of the above equation have the form (11) (§3), and therefore by formula 
(12) are quantities proportional to V. (It is, of course, assumed that these 
series converge.) Hence we find

< a >  = E r - iM e * ' -  i ) -1 +  o ( i)
( 21)

= -  i r l +  o (i) ,
where Ak = Ar for cT = k. Thus, for a sum function the microcanonical 
average is always asymptotically proportional to V. This is, of course, im
mediately obvious. The asymptotic formula (21) defines the proportionality 
factor and shows that the relative error in the estimate obtained is ex
tremely small.

In the case of photons, one of the most important sum functions is the 
number of photons N. For given E  and V, this number can assume different 
values, depending on the state of the system (see §1). In other words, in a 
definite state of the system, the number N  does not, in general, have a fixed 
value. Only its distribution is defined, so that it is only meaningful to 
speak of the microcanonical average <N> of the mathematical expectation 
of the number N.

If 31 = N, then obviously 21, = 1, and hence \ T = 1 (r = 1, 2, • • •)• 
Therefore, we find

<N> = <ar> = (e0£' -  I)"1 +  0(1)

= g ^ k -  I ) ”1 +  0(1).

The mean number of photons per unit volume is thus

<n > / v  = E w  g ^ k -  i ) " 1 +  0 (F "1).

§5. The Planck formula

To give a concrete meaning to the formulas derived in the preceding sec
tion, we must determine the numbers gk and find the physical meaning of 
the parameter 0. We shall consider the second problem in detail later, since 
extensive material, which we have not yet developed, is required to justify 
the universal value given to /3. However, anticipating the result of a more 
detailed discussion, we simply say that in all cases we prescribe for the 
parameter /3 the value 1/kT, where T is the absolute temperature of the 
system and k is a universal constant (the so-called Boltzmann constant). 
Thus, for any arbitrarily complicated system, composed of particles of any 
type, the parameter 13 always characterizes the temperature.

The determination of the numbers gk , to which we now turn, can be ac
complished in several physically different ways. One can start either from 
the wave theory of light, or partly from the wave theory and partly from
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the corpuscular theory, or, finally, from the purely corpuscular theory. 
Naturally, we choose the last way, since it is the only one which corresponds 
completely to the whole spirit of the theory we have developed. It must bo 
pointed out, however, that the problem of the determination of the num
bers gk is in no way connected with statistical considerations. We solve 
this problem merely to present applications of our statistical conclusions 
which can be compared directly with experiment.

By definition, Vgk denotes the number of linearly independent states of 
a photon in which its energy lies between k and fc +  1. We must therefore 
write down the so-called “time-independent Schrodinger equation”

OCt/ = EU,

where 3C is the photon energy operator and E is a constant, and we must 
find the number of its linearly independent solutions for values of E be
tween k and fc +  1. However, the usual expression for the energy operator 
of a particle not under the influence of an external field,

3C = — (fc2/87r2m2){d2 /  dx2 +  d2/dy2 + d2/dz2),

cannot be employed in the case of photons, since m = 0 for a photon, and 
the connection between the energy and the momentum p is not given by 
the equation

£ = p2/2m,

as it is for a (non-relativistic) material particle. [To put these results in 
their usual form, we use Planck’s constant h directly, instead of fi (Planck’s 
constant divided by 2w). Both systems of notation are used in physics.] 
In order to determine the operator 3C correctly, we must start from the 
general relation between the energy and momentum of a particle, as given 
by the theory of relativity

/ 2 2 I 2\i£ = c(m c +  p ) ,

where c denotes the velocity of light in vacuo. This relation is valid for
particles of any type. In the case of photons, m = 0 and

/ 2 . 2 | 2\£€ = Cp =c(px +  Py + Pz) .

(In the case of material particles if p «  me, then e me +  p2/2m.)
Thus, for photons p is not proportional to e, but to f2, and the operator 

of the quantity cp  , having the form
(22) -  (c2h2/ ^ 2)(d2/dx2 +  d2/d ,f  +  d2/dz2),

does not correspond to the energy, but to its square. We know (II, §3) 
that it follows from this that the eigenvalues of operator (22) are the squares
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of the eigenvalues of the operator 3C, and the eigenfunctions of these two 
operators are the same. Hence, if we write the equation

- ( c 2h2/ iT ) ( d 2U/dx2 +  d-U/dif +  arU/dz) = E~ u, 

or, equivalently,

(23) d2U/dx~ +  d'U/dy2 +  d2U/dz2 = — 4ir2E2U/h2c2,

then its solutions will be the eigenfunctions of the photon energy operator, 
corresponding to the energy eigenvalue E. The potential energy of a photon, 
assuming that no external forces act on the system, is due only to the po
tential of the walls of the container which encloses our photon gas. Inside 
the container this potential is a constant which we may assume to be zero. 
It is well-known that a linear basis of the solutions of equation (23) can be 
obtained from expressions of the form

(24) U = C sin (ax + y) sin (by +  f) sin (cz +  |) ,

where a, b, c, y, f, £, and C are constants, the first three of which are re
lated by the equation

(25) a2 +  b2 +  c2 = ir 'E f/hV.

Now, since the probability of finding a photon in the neighborhood of the 
point (x, y, z) is proportional to | U(x, y, z) |2 and must vanish outside the 
container (and hence, by continuity, also at the walls), we obtain well- 
defined boundary conditions, whose explicit formulation requires some as
sumption about the shape of the container. We assume that this container 
is the parallelopiped Q < x < l \ , 0 < y < l i , Q < z < U ,  with volume 
kkl3 = V. Then if any of the six conditions x = 0, y = 0, z = 0, x = k , 
y = k , z = h is satisfied, we must have U = 0. The first three conditions 
obviously require that y = f = £ = 0 in expression (24), so that we ob
tain

U = C sin ax sin by sin cz, a2 +  b2 +  c = 4ir2£l2//i2c2.

The requirement U = 0 for x = h , (independently of y and z) necessi
tates setting a = niir/k , where rq is an integer; the other two requirements 
lead to analogous relations, so that we must have

a = riiir/li, b - n^ir/l^, c = nzir/lz,

where ?q , n2 and n3 are integers which, by (25), satisfy the relation

n 2/ I 2 +  n 2/ I 2 +  n 2/ I 2 = 4 E2/h2c2.

Thus, the possible values of the energy of the stationary states (i.e., the 
energy levels of a photon) are the numbers E, whose squares have the form
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\h2c2(rn2/ l 2 +  n?/ti  +  n 2/ i f ) ,

where ni , and n3 are integers. Each triad of integers m , n 2, n 3 gives us 
one of the linearly independent eigenfunctions. More precisely, we must 
fix the signs of the numbers nx , n2 and n3, since, for example, changing 
rii into —Tii changes U into — U and does not lead to an eigenfunction 
distinct from the preceding ones. For definiteness, therefore, we consider 
only the values n\ > 0, n2 > 0, n3 > 0.

The number of linearly independent eigenfunctions corresponding to 
values of the energy E  < k, where k is a given integer, is equal to the num
ber of solutions with integral rii > 0, n2 > 0, n3 > 0 of the inequality

\tic2{m2/li2 +  ti2 j1 2 +  n i / l i )  < k2-,

or, equivalently, to the number of points in the first octant, having integral 
coordinates and lying inside or on the boundary of the ellipsoid

(26) \h2c2(x2/h2 +  y2/h 2 +  z2/h 2) = k2.

This number is asymptotically (for large lc) equal to one eighth of the vol
ume of the ellipsoid (26), i.e., it is equal to

R(k) = i - n i t f / f i c W t  = (4irF/3/iV)fc3.

Hence, the number of linearly independent eigenfunctions belonging to 
energy levels between k and k +  dk is approximately

R'(k) dk = (4irV/h3c3)k2 dk,

where the interval dk must be sufficiently large so that the approximate 
formula has meaning, and at the same time small compared to k. However, 
in our previous notation this number is

V Z ^ g T ,
so that

Qr = (4TT/hV)k2d.k,

Thus, for k < r < k +  dk, the value of the number g, is, “on the average”,

(4tt/h3c )k2.

For the majority of calculations one can, without serious distortion of the 
results, assume directly that

(27) gk = (A-k/Ji c )k2,

at least for large values of k. However, one must recall that this is only an 
approximate calculation and that actually the number gk depends on the 
arithmetic value of the number A; in a more complicated way. In particular,
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there can be arbitrarily large numbers k which are not encountered among 
the energy levels of a photon, and for which therefore gk = 0.

The number (27) is doubled by physicists because of quantum mechani
cal considerations which, from the point of view of the wave theory, corre
spond to the possibility of different polarizations of light. The fact is that 
the functions U, besides depending on their “classical” arguments x, y, z 
also depend on a peculiar quantum variable (“the spin” ), which can as
sume only two values. Each of the eigenfunctions which we have defined 
up to now, therefore, describes not one but two different photon states, cor
responding to the two values of the spin variable. Thus, finally, we obtain 
the approximate expression

gk = (8ir/h3c3)k2,

which holds “on the average”.
Substituting this expression in formula (20) of the preceding section, we 

find, for the average number of photons with energies between k and k +  1,

(28) SitVk2/tic {eek -  1).

The energy e of a photon is related to the frequency v of the correspond
ing light wave by the universal equation c = hv, where h is Planck’s con
stant. The number of photons with frequencies between v and v +  dv is 
therefore the number of photons with energies between hv and hv +  h dv, 
which, by formula (28) is, on the average,

[8irV{hv)2/h3c3( e ^  -  1 )\hdv =  St V v dv/c3(ehvlkT -  1)

(since 0 = 1/kT) . Since the energy of every such photon is hv, the aver
age energy assumed by the whole set of photons with frequencies lying be
tween v and v +  dv is

(8 thV/c3)[v dv/{ev,kT -  1)],

and per unit volume

(29) (8wh/c)[v3 dv/(eh’lkT -  I)}.

This is the famous Planck formula, which has played an important role 
in the history of quantum physics. It gives the spectral distribution of 
energy of the so-called “black-body radiation”. Fifty years ago, after many 
failures of the old classical theory, which constantly gave distributions for 
this spectrum in disagreement with experimental facts, Planck, as a result 
of hypotheses which were bold and risky for those times, arrived at his 
formula (29). I t was found to be in excellent agreement with experiment. 
Planck’s derivation of this formula, of course, has nothing in common 
with the one presented here, because Planck based his work on the tenets
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of the wave theory of light. (He could not have done otherwise in those 
times.) Planck could hardly have surmised that his bold idea would prove 
to be the “first swallow” of that tempestuous spring which in this half- 
century has radically changed the physics of elementary particles and has 
led mankind to great technical conquests, down to the realization of the 
ancient dream of mastering atomic energy.

§6. On the suitability of microcanonical averages

According to the general principles of statistical physics, the microca
nonical averages of physical quantities are the values predicted by the 
statistical theory. It is these values which we compare with experimental 
data in order to check the theory. Experiment confirms the theory if the 
experimental value of a quantity is near its microcanonical average. How
ever, if the possible values of the quantity are widely scattered, i.e., if in 
the majority of cases the values are markedly different from one another 
(and thus also markedly different from the microcanonical average), then 
we certainly cannot expect that a single experiment will give us a result 
which is near the calculated average. Further, situations are possible in 
which the experimental value will surely differ strongly from the average 
value (e.g., a game in which the player has probability \  of either winning 
or losing a large sum). In such cases, the average value (regardless of the 
method of averaging) can tell us nothing concerning the result of an ex
periment. We cannot even count on the average value of the results of a 
long series of experiments being near our microcanonical average: For this 
it would be necessary that the frequencies, with which the different pos
sible states of the system occur in our series of experiments, conform to the 
weights given them in the microcanonical average. We have no reason to 
expect this. In the first place, we chose the microcanonical method of aver
aging for a number of theoretical reasons, and we did not take into account 
experimental conditions; but, it is obvious that the actual frequencies 
under discussion will always be different under different conditions of 
experimentation. Hence, no method of averaging can exist which would 
correspond in all cases to the actual experimental conditions.

The situation is entirely different if the quantity being studied is weakly 
dispersed, i.e., if the great majority of its possible values are not very dif
ferent from one another. In this case, obviously, for any method of averag
ing (within broad limits) we shall find, for the average value, approximately 
the same number. This number will be close to the great majority of pos
sible values of the quantity being studied. Hence, it will be close to the 
great majority of the results of our series of experiments. In this case we 
have every right to expect that a single experiment will give us a result 
near the computed average.
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All these considerations were given, in substance, in Chapter III. We 
feel, however, that it is necessary to draw' the attention of the reader to 
them repeatedly, because it is just these considerations which describe the 
connection between the physical ivorld and the theory we have developed.

We saw in III, §6 that the “microcanonical dispersion”

D(U) = < E[(2I -  a)2]>

of a physical quantity 21, with microcanonical average a, plays an important 
part in determining the suitability of this average. If, as the number of 
particles N  approaches infinity (and the energy E of the system increases 
proportionately), the quantity D(2l) becomes infinitely small compared 
to N2 (or, equivalently, to E2), then we can be sure that | 21 — a | will 
be as small as we like compared to | a | with a probability arbitrarily close 
to unity for any distribution (wdthin wide limits) of frequencies of occur
rence of the possible states of the system. This is precisely what we call the 
“suitability” of the microcanonical average a. This suitability will com
pletely justify our arbitrarily chosen method of averaging and will permit 
us to expect close agreement between microcanonical averages and experi
mental facts. It will be guaranteed whenever we are able to prove the rela
tion

15(21) = o(E2).

We saw in the same section (III, §6) that if 21 is a sum function, then 
Z)( 21), in any of the three basic statistical schemes, is given by the expres
sion

■D(2I) = X X i (Mr -  \  2)<aT>
(3°)

^ >r=1 ^ ;s=1 ArXjJ ̂  dfCln ̂  ^  flr ̂  0$ ̂  ]•

Here it is assumed that

21 = ,

where the quantity 21; depends only on the state of the fth particle. If the 
ith particle is in a stationary state with energy i r , then Xr and iir denote 
the mathematical expectations of the quantities 21; and 2l 2, respectively. 
(These expectations are assumed to be the same for all i.) To estimate the 
microcanonical dispersion 0(2f), we must find asymptotic expressions for 
the microcanonical averages < aT> and <aTas> of the occupation num
bers and their pairwise products. We can foresee that we must obtain these 
asymptotic expressions rather accurately, since it is natural to expect that 
in the differences <araa> — <ar> <as> a series of important terms will 
cancel one another. In fact, the accuracy to which we determined the num-
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bers <ar> in §4, while fully satisfactory there, is quite insufficient for our 
present purpose. Therefore, the asymptotic calculation of these numbers 
must be carried out anew, on a more accurate basis. For this we need only 
a well-known form of the local limit theorem. The simplified formula (28) 
of I, §4 is no longer sufficient, and we must make use of the more accurate 
formula (27) of the same section. Instead of formula (17) of §4 we now ob
tain the more accurate formula

P(Sr = E + u) = d(27rB)”ie“u2/2fl +  (U + hu)B~§

+  0[V-Kvh +  | u |3)],

where d and u have the same values as before, and la and k do not depend 
on either E or u. Using the fact that

= 1 -  \u B ~ l +  0(uB~2),

we find

P(Sv = E + u) = d(2wB)-i
(31)

+  (la +  ku +  hu2)B ^  +  +  «4)],

where l2 = — ̂ d(2iryK With q = E  +  u, formula (15) of §3 therefore 
gives an expression for the structure function which is more accurate than 
the one we had in §4:

Q(E +  u) = {$(0)}V (E+U) {d(21r B y i + (l„ +  llU +  l2u)B~*

+  0 [ f - ^ 5 +  «4)]);

and, in particular, for u = 0,

0 (E) = (S>(/3)} V £{d(2^B)-i +  Z0B“? +  0 (U -2)}.

By an elementary calculation we obtain

(32) (E +  u)/Q(E) = e*{l +  (hu -  fw2) ^ 1 +  0[V-2{Vh +  w4)]},

where ki is a constant (independent of both E and u). This more accurate 
formula is used to replace formula (18) of §4. Now, proceeding to the deriva
tion of the asymptotic formulas for <ar> and <aras> , we introduce the 
following convenient notation: We put

Tr = Trip) = (e -  I y 1 = E™=i(T̂ Cr.
Then, clearly,

= ( - l ) k dkTr/dpk = (-1 )kTr{k).
In view of equation (32), formula (5) of §2 now gives us [in analogy with 
(19) of §4]
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<ar> = X V i ~  m£r)/Sl(E)

= E»=i e~0mCr{l -  (kim,Er +  £

(33) +  0 [ V ~ \ V * +  m V )]  1

= r ,  +  (*i77 -  +  0 [ y 2(Try 5 +  t tw )\.

This is a more accurate formula than equation (19) of §4. In our new nota
tion the latter would have the simple form.

<ar> = Tt +  0{V~l).

Further, by using (32), for r ^  s, formula (8) of §2 gives

<arda> = X V  ~  ker — lea)/Q(E)

= Z r . i  E r-xe“ff<“ r+"*){ i -  B- 'M ker  + i£s)

+  i (k£ T +  i£Sy ] +  o[y-*(y*  +  (her +  V 4)]}

= TrTs +  BT'MT'T . '  + TsT/ )  -  %(TrTs" +  2Tr'T /

+  T.TS)]  +  0[V~\V hTrTa +  TrT,(4) +  T.T™)].

At the same time formula (33) yields

<aT> <aa> = TtT, +  B ^ M T r T /  + T.T/)  -  h{TrTs" +  TaT/)]

+ o[v ^ ( v *t tt . +  7 v r‘4) +  t j V ) ] .

From the last two formulas we find

<aras> -  <ar> <as> = - T / T / V
(34)

+  0[V~\VhTTT3 +  TrT1̂  + T J ^ ) ] .

Thus, the coefficient of microcanonical correlation of the numbers aT 
and Oj (r ^  s), as was to be expected, is always negative and infinitely 
small in absolute magnitude, of order V~l. This latter fact follows from equa
tions (34) and (35) (see below).

Formula (34) provides the information necessary to estimate the micro- 
canonical dispersion Z)(9l). For this purpose we must first notice that in 
view of (33), the quantities <aT> are asymptotically equal to the quan
tities Tt , which are functions of et . Because of this, the first term on the 
right side of equation (30) is, by the general formula (12) of §3, asymp
totically proportional to V. In the second (double) sum, we must dis
tinguish between the terms where r ^  s and those where r = s. In the 
terms of the first type, by (34), the numbers <aTas> — <aT> <aB> are 
asymptotically equal to — Tr'TaB~l. Hence, the double sum of these terms, 
on the basis of the same formula (12) of §3, gives a quantity which is
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asymptotically proportional to V:B i.e., again proportional to V’. Finally, 
the terms of the second type have the form Xr:[< ar2> — (< a r> ) 2] and 
the sum over r extends from one to infinity. With the help of formulas (9) 
and (32), we can find the asymptotic expression for < a 2> — ( <ar> )2:

(35) < a r2> -  « a r» 2 ats Tr(Tr +  1).

Therefore, the sum of terms of the second type is asymptotically equal to

Z?=lXr 2Tt(Tt + 1 ) ,

and hence, by formula (12) of §3, it is asymptotically proportional to T'- 
(In all these estimates, of course, it is assumed that | \ r \ and nT do not in' 
crease too rapidly with increasing r, so that all the series obtained are air 
solutely convergent.)

Formula (30) thus proves that Z)(2I) is asymptotically proportional to 
V. But, as we saw above, in order to establish the suitability of the mean 
value <2l> , it is sufficient to have

D( 21) = o(E2);

or, equivalently,

D(2l) = o(V2).

Hence, the estimates we have obtained easily prove the suitability of the 
microcanonical averages of sum functions. As was noted above, this justi
fies, on the theoretical side, the arbitrary choice of the microcanonical 
method of averaging, and, on the practical side, explains the great value of 
the microcanonical averages for making comparisons with experimental 
results.



Chapter V

FOUNDATIONS OF THE STATISTICS 
OF MATERIAL PARTICLES

§1. Review of fundamental concepts

We shall now see that the methods developed in the preceding chapter 
can also be used to construct a statistical theory for a system of material 
particles. The basic new fact which must be considered in this transition is 
that the number N  of particles composing the system is now rigidly fixed 
(just as the total energy E of the system). Hence, the possible states of a 
system, with a given total energy E  and composed of N  particles of a par
ticular type, are now described by the eigenfunctions of the operator 3C 
which correspond to the eigenvalue E. In the case of complete statistics, 
all such eigenfunctions are “admissible” ; but in the case of symmetric (or 
antisymmetric) statistics only symmetric (or antisymmetric) eigenfunctions 
are admissible. In all cases, we select a (finite) linear basis of mutually or
thogonal and normalized functions from the family of all admissible eigen
functions. The number of functions in this basis depends on N  and E. We 
denote this number by Q(N, E) and call it the structure function of the sys
tem. The fact that the structure function 0(.V, E) depends on two argu
ments is the reason that the statistics of material particles is more compli
cated in formal respects than the statistics of photons.

We saw in III, §4 that, in any of the three basic statistical schemes, the 
functions composing the above mentioned linear basis can be chosen from 
among the so-called “fundamental” eigenfunctions of the system. In a state 
described by such a function, the number ar of particles in a state with en
ergy level et has a definite value. Hence, a uniquely defined set of “occupa
tion numbers” aT( r =  1,2, • • •) corresponds to each “fundamental” eigen
function which is a member of our basis. The numbers aT must satisfy the 
relations

(K ) ar = N, X X l arEr = E.
Conversely, a specific number of terms of the linear basis corresponds to 

each definite set of occupation numbers satisfying the equations (K ). This 
number is different for the different statistical schemes. We saw (III, §5) 
that it can be represented as

(1) C (A )II?=i7(af),
where C(N) = N\  in the case of complete statistics, C(N) = 1 in the case 
of the other two statistics, and

123



124 STATISTICS OF MATERIAL PARTICLES [CH. V

y(a) = 1/a! (complete statistics),

y(a) = 1 (symmetric statistics),

(l (a < 1)

lo (a > 1)

From the above we can obtain expressions for the structure function 
fi(JV, E) for all three cases. We find in the case of complete statistics

(2) Q(N,E) = Z w N l ( U 7 =lar\ r \

y(a) = (antisymmetric statistics).

in the case of symmetric statistics

(3) Q(N, E) = Em 1,
and in the case of antisymmetric statistics

(4) Q(N, E) = Z m  1,

where in the first two cases the summation extends over all sets of integers 
aT > 0 satisfying the conditions (K). The asterisk (*) in the third case 
indicates that the summation extends only over those solutions of the equa
tions (K) for which ar < 1 (r = 1, 2, • • •). These three equations can, of 
course, be combined into the single equation

Q(N,E) = C(W)£mIIr=i7K),
where the summation extends over all sets of integers ar > 0 (r = 1,2, •••) 
satisfying the relations (K ).

As stated in III, §2, we take for the microcanonical average of any phase 
function (i.e., any quantity which assumes a definite value in each of the 
basic states of the system) the arithmetic mean of the values which it as
sumes in those Q(N, E) states which are described by the eigenfunctions 
of the linear basis we selected. The justification for this choice of method 
of averaging can only be given later when the question of the suitability of 
microcanonical averages is considered.

The above statements constitute the starting points for the following in
vestigations.

§2. Mean values of the occupation numbers

We have already had many opportunities to note that an important prob
lem of a statistical theory is the determination of the mean values of the 
occupation numbers ar as well as those of their pairwise products aras . In 
the photon case discussed in §2 of the preceding chapter, we expressed the 
mean values of the numbers ar and aTas in terms of the structure function 
of the system. We must now take this first step for the case of material 
particles and, in addition, for all three basic statistical schemes.
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Again, let ar( U) be the value of the number ar in the state of the system 
described by the fundamental eigenfunction U. In the sequel we denote 
l/0(Ar, E) by Then

(5) <aT> = IT1 ar{U),

where the summation extends over all the fundamental functions of the 
linear basis.

1. Complete Statistics
In the case of complete statistics, to each set of occupation numbers 

a r (r =  1, 2, •••)  satisfying the conditions (K ) of §1 there correspond 
N ! ( I I - i ^ O '1 different functions of the linear basis and, hence, this 
same number of terms is present in the sum on the right side of formula (5). 
Therefore, in the case of complete statistics

<aT> = Q T ^ w N l  (n?-iO.-!)-1Or,
where the summation extends over all sets of occupation numbers which 
satisfy the conditions (K ).

Since in the sum on the right side of this formula all the terms for which 
Or = 0 vanish, the conditions (K ) which have the form

a,- > 0  (i = 1, 2, • • •), £ "= i o-i = N, 2Z?-i a.-Ei = E,

can, without altering the result, be replaced by the conditions

(L) a T >  0, o, >  0 ( i ^ r ) ,  22"=i a; =  A, ca£i  =  E .

Hence,

<aT> = Nl  or(Ur=i a,-!)-1,

where the summation extends over all systems of numbers a, satisfying the 
conditions (L). Now, if we put bT = aT — 1, 6, = a,- (i 7̂  r), then the con
ditions (L) are equivalent to the conditions

bi > 0 (i = 1, 2, •••),
(Z/)

X “-i b i  = N — 1, b i £ i  = E — £r,
and we obtain

<m > = n i  a r ^ t L ' )  (II?-i W )"1-
In view of equation (2),

Z(L-) (N -  1)! (H7=i bi iy1 = Q(N - 1 , E  -  Er), 
and it then follows that

(6) <or>  = Nnr'QiN -  1 , E  -  £r).
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(M)

The mean values of the products a,as are found analogously. For r ^  s 
we have

<ara.,> = AM arO»(II?=i a.-O^-

The only terms of the sum different from zero are those in which
ar > 0, as > 0. Therefore,

Nl ff ^ Ajfl .a, s  O.n . S [) drdr ( i | ,=1 U,‘! )

Putting bT = dr — 1, bs = as — 1 ,bi = a,: (i ^  r, i ^  s), we obtain 

<dTds> = ( J I ”=i W )~\

where (M) denotes the set of conditions

h >  0 ( t = l , 2 ,  ■•■), T,?-*bi = N -  2,

YLt= 1 M i = E — Er — f s . 

Again, in view of equation (2),

£ („ )  (N — 2)! (ix r .1 bi'.y1 = Q(N -  2, E -  er -  et),

and, therefore, we find

(7) <dTds> = N (N  — l)0 -Ifl(Ar — 2, E — eT — £e).

Finally, we find

<dT{dr -  1)> = N \ ST1̂ * )  Or(ar -  1)(ITr=i ar!)^1

= Nl 0 dT(dr — l)(X It= laiO '•
Setting br = dT — 2, 6; = a, (i ^  r) in the last expression it follows that

<dr(dr ~  1)>  = N IQ - 'Z *  (If tU  W ) '1
= N (N  -  1 )Q~1Q(N -  2, E -  2er),

where denotes summation over all b{ such that b,_ > 0, ^7=i b, = 
N  — 2, and M> = E — 2cr . Therefore, in virtue of equation (0)

<dr>  = <dT{dT — 1)> +  <flr>

= fT'jACW -  l)Q(N -  2,E  -  2er) +  NV(N -  1 ,E  -  cr)|.

2. Symmetric Stdlistics
In the case of symmetric statistics formula (3) of §1 shows that Q(N, E) 

is the number of solutions of the system of equations

X X i di = N, 2Zr=i d,ei = E 
with integral a, > 0. We denote by I \  (k = 1,2, • • •) the number of solu-

( 8 )

(9)
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tions of the same system which satisfy the subsidiary condition ar > k. 
Then, evidently, I’*- — I \+i will be the number of solutions of the system 
of equations

aT = k, di > 0 (i =  1, 2, • • •),

E?-i a* = N, Eti ffliC,- = E,
whence

< a r>  =  Q~1' Z ^ i k ( T k -  r*+1).

Using the Abel transformation, we easily obtain from this the result

< a r>  =  i r 'Z L i  T t .

But, on the other hand, putting br = aT — k, bi = a, (« ^  r), we find that 
is the number of solutions, with integral bi > 0, of the system

EJLi bi = N  -  If, Z t i  bi£l = E -  ker ,

i.e.,

r* = n(jv -  k , E  -  ker),

and, therefore,

(10) <ar> = ST'Ya - i SKN -  k , E  -  keT).
Furthermore, for r ^  s, we denote by r*( (fc = 1, 2, • • ■ ; I = 1, 2, • • •) 

the number of solutions of the system

X)”=i ai = N, X)u=i ai£i — E (oj > 0, ar > k, a, > I).
Then, as is easily calculated, the number of solutions of the system

a i = A’i X X i a*£i = E  { d i  >  0, ar =  fc, d s = Z)

is equal to

U - i  —  T a+ i j  —  T a- . a+ i  +  I Y h . j+ i  .

Hence,

< aras> = 0 1 i=i kl[ Ta'A — r*+i,j — Taj+i +  rA-+i,;+i}, 

and, by using the Abel transformation twice,

< drds> = Q Tai .

Putting

bi = a, (i r, i ^  s), 

we easily find as before that

hr = a, — k, hs = ds — I,
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Tki = Q(iV — k — I, E — ker — les).

Consequently,

(11) <aras> = fl(AT — k — I, E — ker — les).

Finally, a completely analogous computation yields

<ar2> = or1Y,?= ik\rk -  r H1) = ^ 'E r =1 (2 * -  i)r* ,
from which it follows that

(12) <a?> = {2k -  l)0 ( tf  -  k , E  -  kcr).

3. Antisymmetric Statistics
In this case, the numbers a, can assume only the values 0 and 1. If we 

denote by Qr{N, E)  the number of those solutions of the system

( N)  X X i o-i = N,  E ?= i = E,  0 <  a, <  1,

in which ar = 1, then obviously

<aT> = QT'UriN, E) .

Denoting by Qr' (N,  E) ,  the number of those solutions of the systen (A7) 
in which ar = 0, we have on the one hand that

Qr(N,  E)  +  M-W, E)  = Q(N, E) .

But, on the other hand, putting = a; (i ^  r), bT = aT — 1, we see that 
ilr(N,  E)  equals the number of those solutions of the system

bi = N -  1, Z"Li bi£i = E -  £r , 0 <  6, < 1,

in which bT = 0, i.e., Slr(N, E) equals Qr-(N — 1, E — er). Consequently’

Qr(N, E)  = Q(N — 1, E  — £r) — ilr(N — 1, E  — £r).

Successive application of this recurrence formula yields
Q, {N, E)  = Er=x ( - 1 ) WQ( N  — k, E  — k£r),

and, therefore,
(13) <ar> = fl-’ZZU ( - l ) * -10(iV -  k , E  -  k£r).
Now, suppose r 9̂  s and let 1) firs{N,  E) ,  2) Ors<(Ar, E) ,  3) Qr’S(N,  E)  and 
4) QT'Si{N, E)  denote, respectively, the numbers of those solutions of the 
system (N ) in which 1) ar = as = 1, 2) ar = 1, os = 0, 3) ar = 0, as = 1, 
and 4) aT = as = 0. Then, first of all

Q(N,  E)  = Slrs(N,  E)  +  0„ .(N , E)  +  Ur.s{N,  E)  +  fW (N , E) ,

and
<aras> = 0~!n„(lV, E).



§2] MEAN VALUES OF T H E  OCCUPATION NUM BERS 129

On the other hand, our customary method of transforming from the 
numbers a; to the numbers b, easily yields

Qra(N, E) = 0r.s(N -  1, E -  cr) = nrs,(N — 1, E  — e.)

= fir's' (N — 2, E — £r — £s)

= fi(iV — 2, E — er — £s) — firs(W — 2, E — £r — £s)

— fir's(iV — 2, E — Er — £s) — firs' (N — 2, E ~ £r — £,). 

By repeated use of this formula, we find
SUN,  E) = ( - l ) * +!0 (N — k — I, E — k£T — Ies),

and, therefore (for r ^  s),
(14) <Oras> =  fi-1E ”i=i ( - l ) * +10(iV - k - l , E - k £ r -  Ies).

Finally, in the case of antisymmetric statistics it is always true that 
Or2 = aT, so that in virtue of (13)
(15) <a?> = <ar> = fi-1E “=i ( - 1  )k~lSl{N -  k, E -  k£r).

By looking at the set of formulas (6) -  (15) and recalling the definition 
of fi"1, we see now that in all three statistical schemes the mean values 
<or> , <aras> (r s) and <ar2> are expressed very simply by ratios 
of the form
(16) fi(Af -  u , E  -  v)/Q(N, E),
where u and v are positive numbers. Consequently, if we find sufficiently 
simple and accurate estimates of (16), then we shall be able to obtain the 
required asymptotic estimates for the mean values of the occupation num
bers, their squares and their pairwise products. We shall find such estimates 
in the next section.

However, we shall first derive one more simple formula which will be 
needed later. We know that in the sequence of energy levels e t (of the indi
vidual particles comprising the system) the same number can occur more 
than once, i.e., it is possible that et = £„ for r ^  s. In this case, for brevity, 
let us put <aras> = t t . We obtain an expression for the quantity r r for 
our three basic statistical schemes by putting es = £r in formulas (7), (11) 
and (14).

In the case of complete statistics formulas (7) and (8) easily yield
(17) < a 2> — < ar> = <aT (aT — 1)> = tt .
In the case of symmetric statistics we find, in virtue of (10), (12) and (11), 

<a?> — <aT> = 2fi-1 (to — l)fi(N  — to, E — m.£r)
= 2iT, X £,=ifi(jV — k — I, E — keT — l£r)
= 2rr .

( 18)
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Finally, in the case of antisymmetric statistics a,2 = a , , and consequently,

(19)  <a/> — <aT> = 0.

By using the “index of symmetry” <j of a system, introduced in III, §3, 
formulas (17), (18) and (19) can be combined into the one formula

(20) <a*> -  <ar> = (a- +  l ) r r ,

which, therefore, holds for all three fundamental statistical schemes.

§3. R eduction to a problem  of the theory of probability

Now we must consider the reduction of the problem of finding an asymp
totic estimate for the function H(iV, £ )  to a certain limit problem of the 
theory of probability. We indicated the general method by which this can 
be done in §3 of the previous chapter. However, we must take into account 
two essential facts which differentiate our new problem from the one we 
solved in IY, §3:1) We dealt only with symmetric statistics in the photon 
case, whereas now we must include all three schemes; 2) The structure func
tion Q(E) in the photon case depended only on the single variable E\ non 
0 (N, E)  depends on the variables N  and E in each of the three funda
mental schemes. This last fact implies that the solution of our new problem 
will require use of the two-dimensional limit theorems of the theory of 
probability.

As in the previous chapter, let us denote by gk the number of energy levels 
of an individual particle included between k and k +  1, when the system 
occupies unit volume. Following the same reasoning used in IV, §3, we 
again conclude that the number gk becomes Vgk when the system occupies 
the volume V. Hence, the structure function U(N, E) depends strongly on 
V. In deriving our asymptotic formulas, we will assume that the numbers 
N, E and V approach infinity but remain in constant ratios. Hence, equa
tion (12) of §3 of the preceding chapter remains valid so that here also the 
sum of each absolutely convergent series of the form

Z t i  / (* )
is a quantity proportional to V (and to each of the numbers N, E).

Let us now introduce the two-dimensional distribution pk(x, y). This 
distribution is defined for each integer k as follows:

1) The random variable £ can assume only non-negative integral values;
2) If x = n (n = 0, 1, ■ • •), then y = nk;
3) The probability that x = n, y = nk, is

— (a+Pk)i i — l(21)
P(x = n, y = nk)

= y(n)e-'°+mn['ET=oy(i)e (n = 0, 1, •■•)
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where a and /3 are parameters, whose values we shall choose below, and 
y(n) is a function of the integral, non-negative variable n. We introduced 
y(n) in Chapter III and defined it for the various kinds of statistics 
as follows:

( I )

1) for complete statistics, y(n) = 1 /ft!,

2) for symmetric statistics, y(n) = 1,

<3) for antisymmetric statistics

( 1 for n = 0 and n = 1, 
y{n) = |

0 for n > 1.

I t is understood that the values of the parameters a and /3 must be chosen 
so that the series in brackets on the right side of (21) converges for all 
k > 1.

The distribution p jx ,  y) just defined is evidently degenerate: All pairs 
of possible values of (x , y) obeying this law are located on one half of the 
line y = kx. However, this fact will not be important in our development.

Now let us consider the infinite sequence (xt ,y i ) (i = 1,2, • • ■) of pairs 
of random variables among which there are

gri pairs subject to the law Pi(x, y), 

g% pairs subject to the law pi{x, y)

and, in general,

gk pairs subject to the law pk(x, y) (k = 1, 2, • • •).

We assume that the pairs with different subscripts are mutually inde
pendent.

The probability that the pair of random variables (x , y ), distributed ac
cording to the law pk(x, y), have a value different from zero can be found 
from equation (21). This probability is

z ^ i 7 ( n ) e- (“+w'i[ Z ”=c7(f)e“t“+wr i

=  e- (“+^ )E ^ o 7 ( n + l ) e “ (“+W" [ Z " = o 7 ( f ) e ' ("+W,] “1 <

since y(n  +  1) < y(n) (n = 0, 1, 2, • • ■) for all three kinds of statistics. 
Consequently, the probability that at least one of the gk pairs of our se
quence, distributed according to the law Pk( x ,  y ) ,  have a value different from 
zero is less than

—  a — f i k
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In the case of material particles, as we shall see below, the quantum 
theory gives different values for the numbers gk from those found in the 
case of photons. However, here too the series

E « „ -fik
k =  1

always converges for all 0 > 0. As in the photon case, we therefore easily 
conclude that the series

Z t i  = X, Z t i  Vi = Y

both converge with probability 1. The distribution of the pair of random 
variables (X , F) is clearly not degenerate. It will be denoted by P(X,  F). 
Evidently the form of this law depends only on the parameters a and 0 and 
on the nature of the particles composing the system. The law P(X, Y ) plays 
a fundamental role in the remainder of this chapter.

As in the photon case, we consider the volume V occupied by our system 
to be an integer. Let us consider V mutually independent pairs of random 
variables (X*, F t) (i = 1, 2, • • • , V) distributed according to the same 
law P(X,  F). Let us put

E i-1  Xi  = Sv , Z L i  Y i =  T v ,
C(p) = pi for complete statistics,

C(p) = 1 for the other two statistics.

Let us also assume that the series

E"=o e““pHJ90(p, q)/C(p) = <t>(a, 0)

converges for the values of the parameters a and 0 which will be chosen 
below. Then we obtain the following theorem:

T h e o r e m . For any pair of non-negative integers p, q,

(22) Q(p, q) = C(p)*(«, 0)eâ qP(Sy = p , T v = q),

where the last factor on the right side denotes the probability of the simultaneous 
fulfillment of the equalities S v = p, T r = ?•

Proof. For brevity, let us put

(E -o T (n )e ^ } -1 = r(z).

Then pk(x, y) can be written more briefly as

P(x = n, y = nk) = r(«  +  0k)y(n)e~n(a+m (n = 0, 1, • • •)•

We defined the pair of random variables (Sv , Tv) as the sum of V mu
tually independent pairs (A',- , F f) (i = 1,2, • • • , F) each of which is dis
tributed according to the law P(X,  F). This law P(X,  F) is, in turn, the
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distribution of the sum of an infinite series of mutually independent random 
pairs among which there are gk pairs distributed according to the law 
pk(x, y ) (k = 1,2, • • ■ This shows that the pair ( S v , TV) can be con
sidered as the sum of an infinite series of mutually independent pairs among 
which there are Vgk pairs distributed according to the law

Pk(x, y) (k = 1, 2, • • •)■

We will denote these latter random pairs by (xkl , yki) (I = 1,2, • • • , Vgk), 
so that

Sr  = 22̂ =1 xki i T v = Y J 3  yki ■

The pair (xki , yki) is, of course, distributed according to the law pk(x, y).
For the variables S v , T v to have the values p, q, respectively, it is neces

sary that the values xkt = nki , yki = knkt, assumed by the random vari
ables Xki, yki , should satisfy the relations

(p ) Zz. 1 Zi-i nti = P, Et-I nkl = q.
Let nki (1 < k <  °°, 1 < Z < Vgk) be a definite set of non-negative inte

gers satisfying the equations (P ). Then, because of the mutual independ
ence of the pairs (xkt, ykt), the probability that xki = Ra-i , yu — knki 
(1 < 1c < °°, 1 <  Z <  Vgk) will be

I K .  n r s  POai =  nkl , yH = knkl)

= IK  n s  r(« + I3kh(nkl)e-”klia+m

(23) = {nr=! [r(a + m ] rsk\e~aZ~PZ' IK  n s  y ( n kl)

= e-“̂ ?{nr=i[r(Q + ^)]F“inLins7(»H),
where Z = Z "=i 22 Ti* nkl, Z' = Zt=i  & 22 off nH .

This is the probability that the random variables xk; , yki , respectively, 
will assume definite values nki , knki which satisfy the equations (P). Be
cause of the above, the probability that S v =  p, T v = q\s  the sum of prob
abilities of the type (23) extended over the whole system of non-negative 
integers nki which satisfy equations (P), i.e.,

(24) P(<SIk = P>T v = «)
= e - ^ i K  [r(« +  m Vgh\ Sip) n*“u  Wii\y( .nkl).

Now, if we recall that in the sequence of energy levels

£i , f2 , ■ ■ • , Ct ,
of a particle the integer k appears Vgk times, then we note that the sum

22(f) IK  \ m  y ( n ki)
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on the right side of (24) differs only in notation from the sum

Xl*=i 7(®r),
which is used (see III, §5) to define 12(p, q), if the conditions (K ) have the 
form

(K) XXi Ur = p, ar£r = q.
[In the case of complete statistics, the sum T'. ( m must be multiplied by p [ 
in order to obtain fl(p, q).} Therefore, we obtain

C(p)H>,p) II"=i Iir"7(nu) = Q(p, q),

where C(p) = p! for complete statistics and C(p) = 1 for the other two 
statistics. Hence equation (24) yields

(25) P(*SV = p, T v = q) = e- “̂ 9(IL“U [ r (a +  0k)]v«)fl(p, q)/C{p). 

Summing this relation over p and q from 0 to oo, we find
1 = in?-*  [r(a +  m V°h} Z ; . 9=o [e- “p- ^ ( p ,  q)/C{p)\

= { II"= i[r(a  +  ^ )]^ } $ (a ,/3 ) .

Hence,
(2 6 ) I I "= 1  [r(a +  m Vgk = {*(«, /3)r‘,
and therefore (25) yields

P(Sy = p, Ty = q) = e~ap-0qQ(p, 3)/$(«, j3)C(p),

which is equivalent to (22). Thus, our theorem is proved.
Formula (22) reduces the study of the properties of the function fi(p, q) 

to the investigation of the distribution of the pair of random variables 
(Sy,  Ty). This pair represents the sum of an infinitely large number T 
of mutually independent random pairs which are identically distributed. 
Hence, we are led to one of the most thoroughly discussed limit problems 
of the theory of probability for which a very accurate solution is known. 
Let us note that the presence of the factor 4>(a, /3) on the right side of (22) 
cannot cause any difficulty because the expressions for the mean values 
of the various phase functions always contain only ratios of structure func
tions 0 . Consequently, this factor always cancels in such expressions.

Let us make another remark of subsequent interest. In addition to de
pending on the parameters a and /3, the function $(a, 3) depends on the 
form of the function 12(p, q) which in turn depends on the volume V oc
cupied by the system. Hence, the function <f>(a, 3) also depends on V. The 
form of this dependence is very simple as equation (26) shows: Denoting
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by 4>i(a, 0) the expression for the function 4>(a, 0) when V = 1, we find

(27) $(a, 0) = {<4i(a, p) \v, In *(«, 0) = F  In *!(«, 0).

Thus, the function In 4>(a, 0) is directly proportional to the volume V oc
cupied by the system. It is easy to see that the dependence of the structure 
function fi(p, q) on the volume has a considerably more complex character.

§4. Choice of values for the parameters a  and 0

The values of the parameters a and 0 were until now restricted only by 
the general requirement that the series of interest to us converge. Otherwise, 
these values remained arbitrary. Now, before proceeding to the application 
of the limit theorem of the theory of probability, it will be expedient for us 
to select these values so that subsequent computations will be as simple as 
possible. The present section is devoted to this selection.

In §3, we defined the function

H *,P)  = e~ap̂ qa(p, q)/C(p)

for all three statistical schemes. Further, we showed [formula (26)] that

*(«, 0) = H ”= 1 [r(a  +  r n Y rn \
or, equivalently, that

(28) *(«, 0) = n - i [ r ( a  +  0 £ ,) r  = II"=1(Z :=0 7(n)e-"(“+̂ )},

where the function y(n)  for each of the three statistical schemes is defined 
according to rule (I) of §3.

Let us denote by E 0 the smallest possible value of the energy of a system 
composed of N  particles of a given type. It is obvious that in the case of 
complete or symmetric statistics Ea = N  Ei. However, in the case of anti
symmetric statistics, where not more than one particle can be found in 
the state characterized by the level eT, we will have E0 = X^=i £r •

Now let us prove the following general proposition:
T h e o r e m : Let a system composed, of N  particles have energy E  >  E0. 

Then the set of equations

(29) 5 In $ / da  = - N ,  d in  4>/d0 = - £

has a unique solution (a, 0) for 0 > 0.
Proof. We consider the function

F(a, 0) = eaN+?%(a, 0)

= eaN+?EU ?=l ( E ^ 0  7(n)e-"<“+'i£r,),

and we study its behavior in the half-plane 0 > 0. First, we establish suc
cessively that
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1°. F(a, (3) —> cc uniformly with respect to a ( — «> < « <  co) as ,3 —> 0. 
2°. F(a, 0) —> =o uniformly with respect to a ( — oo < a <  oo) as (3 —> oo. 
3°. F(a, 0) —> uniformly with respect to 0 (0 < 0 < 0O) as | a | —> oc.

(/3o is any positive number.)
In order to prove 1°, we note that y(0) = y(1) = 1 for all statistics 

and, therefore,

F(a,0)  > eaN+PE Jlr=i{ 1 +  e~a~0Cr\ .

Let A be an arbitrarily large integer and let 0 be small enough so that 
e~0Cr > \  (r <  A).  Then

In F(a, 0 ) > a N  + Z t i  In {1 +  e"""*'} > aN + A In {1 +  |e " “) = /(a).

An elementary computation easily shows that the function /(a )  has its 
smallest value for a = In [(A — N)/2N]  =  a0. Consequently,

In F(a, 0) > f(a)  > f (a0) > Na0 = N  In [(A -  N)/2N].

Since A can be as large as desired for small enough 0, statement 1° is proved.
Let us turn to the proof of 2° and 3°. First let us assume that we are con

cerned only with complete or symmetric statistics, so that E0 = N ei , and 
y(n) > 0 for any 7i > 0. Since y(0) = 1,

>  1, r >  1,
and in virtue of (28),

H a ,0 )  > Z L o T (k)e~Ha+0eO.

Similarly for any m > 0

*(«, 0) > 7

whence

(30) F(a, 0) > ■y(rn)ea(”- m)+0(E- mCl).

Putting m = N, we find

F(a, 0) > t (N)e0lE~E,,\

Since E > E0 by hypothesis, 2° is proved. Further, putting m = N  +  1 
and m = N  — 1 in (30), we find

F(a,0)  > y(N  +

and

F(a, 0) > y(N -  l )en+0r'.

The first of these inequalities shows that F(a, 0) oo uniformly as
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a —* — °°, (0 < j8 < do). The second shows that F(a, /3) —> oo uni
formly as a —» <», (|8 > 0). Hence, statement 3° is also proved.

Now, let us turn to the case of antisymmetric statistics. Here E0 = 
23r=i £r and

F(a, P) = e"w+̂ X I”=i (1 +  c 'M ")

(31) =  e“̂ E! l I - i  ( e a+ftr +  (1 +  e~ a~ 'Crl

Therefore,

F(a, p) > e°»+?E 5n^= i( i +  e"4* ')  = (1 +  ea+̂ ) .

Because E > E0, this inequality proves 2°. But here we evidently also 
obtain 3° for the case a —> °°. In order to prove 3° for the case a —> — » , 
it is sufficient to note that, just as before, it follows from (31) that

F(a,p)  > e«w , ) (l +  e“ "“^ +1).

From this we find that F(a, /3) —> 00 uniformly as a —» — co in any inter
val 0<  p < do. Hence, statements 1°, 2° and 3° are proved for all three 
kinds of statistics.

It evidently follows from the three statements proved above that F(a,p)  
approaches infinity uniformly as 0 —> 0 and as a +  /32 —;► oo. Therefore, 
it assumes a smallest value at a certain point (a, p) in the half-plane p >  0. 
At this point we have

d In F(a, P)/da = N  +  d In <E>(o:, (3)/da = 0,

d In F(a, P)/dP = E +  d In $(a, P)/BP = 0

and, hence, that

d In <f>/da = —N, d In S»/d/3 = —E.

Thus, the existence of a solution of the system of equations (29) in the 
half-plane P > 0 has been proved; the uniqueness still remains to be proved. 
For this purpose, let us assume that the point (a', P1), which is different 
from the point (a, P), also satisfies this system of equations. Then, since 
the second derivatives of the function In F coincide with the corresponding 
derivatives of the function In <£,

In F(a, p) -  In F(a’, P')

= £ { (« -  a ' ) V  In $ / da + 2(a -  a ')(d  -  /3')<32 In $/dadP

+  (P ~  /3')V ln$/a/32},

where all three second order derivatives are evaluated at the same point

[a' +  6(a -  a’), +  0(/3 -  fl')] (0 < 6 < 1).
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We quickly arrive at the desired contradiction if we show that the quad
ratic form on the right side of the last equality is positive definite, because 
then

In F(a, ft) — In F(a', 13') > 0,

which is impossible in view of the definition of the point (a, (3). Thus, we 
must still prove that

d2 In $/da > 0,

(dt h i$ /da) (d2\n$/dpl) -  (d2 In <f>/dad/3)2 > 0

identically in the region f3 > 0.
We have

In *(«, 0) = In { y ( n ) e ^ a+̂ }

= EJLi hi Sr(a, 0),

where
Sr(a,(3) = (n)e~nia+̂ ’.

Hence,

(32) d2 In $/ da2 = S^iS t fSr/da* -  (dSr/ d a f \  = Tr ,

where
Tr = Sr~2{Srd2Sr/da ~  (dST/da)2} .

Since
dSr/da = -  En=o R7(n)e-"<a+,,Cr),

and
d2Sr/da2 = Z ^ n y ( n ) e - n(a+̂ \  

the Schwarz inequality easily yields

Tr > 0  (r = 1,2, •••),

and therefore, by (32),

d2 In <JyW > 0.

Furthermore, it is easy to see that if a differentiation with respect to a 
is replaced by a differentiation with respect to 0 in any partial derivative 
of the sum ST, then the partial derivative is multiplied by fr . Therefore, 
it follows from (32) that

d2 In */dad0 = X X i ZrTr ,
d2 In 4>/d/32 = £"= i e 2Tt .
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Hence, in the half-plane /3 > 0, in virtue of the Schwarz inequality, we 
conclude that

(33) (a2 In $ /aa2)(a2 In $/aj32) -  (a2 In $/dotdi3)2 > 0.

This proves our theorem.
In all that follows, we will understand a and d to be numbers satisfying 

the set of equations (29). The existence and uniqueness of this pair of num
bers have just been proved.

Let us make another important remark. Because of the relations (27) in 
§3, the set of equations (29), which defines the values of the parameters 
a and d> is equivalent to the set

(34) a ln $ i /da = - N / V ,  aln-Vd/3 = - E / V .

As was stated at the start of §3, we shall subsequently let the numbers N, 
E and V become infinitely large while holding their ratios constant. Hence, 
the right sides of (34) will be constants. Since the form of the function 
$i(a, d) is independent of N, V and E, the selected values of the param
eters a and d are also independent of them. Hence, we will always consider 
the numbers a and d as constants.

§5. Application of a limit theorem of the theory of probability

Now we shall establish asymptotic formulas for the distribution of the 
random pair ( S v, TV) which was constructed in §3. We stated at the end 
of §3 that this problem reduces to one of the most thoroughly discussed 
limit problems of the theory of probability, since the conditions necessary 
to apply the central limit theorem (in its local form) are satisfied and, 
moreover, we have the simplest case of identically distributed and mutu
ally independent terms.

We must first find the mathematical expectations of the quantities S v 
and T v ■ Since

$(«, d) = Z"«,-o e~ap~PqQ(p, q)/C{p), 

then, by (22) and (29),

ESv = E".,=opP(«Sr = p, T r = q)

= [*(«, 0)]“' Z “ ,=o pe-ap-*"Q(p, q)/C(p)

= —[$(a, d)] '[ ^ ( a ,  d)/d“] = — d In 4>(a, f3)/da 

= N.
Similarly,

ET v = - d  In 4>(c*, d)/dd = E.
Thus, the mathematical expectations of the quantities and T v equal
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N  and E, respectively, for the values of the parameters a and 0 which we 
selected. These results will impart especial simplicity to our asymptotic 
formulas.

Now we must determine the second central moments of the quantities 
S v and T v . We find

Bu = E{[Sk -  ES vf\  = E(£v2} -  {(l/$)(3<f-M,)}2 

= Z “,3= opP (£v  = p, T v = q) -  {(l/4>)(3<f>/3a)}2 

= ( l / ^ ) 2 “ ,9=opV “3,"^f2(p, q)/C(p) -  {(!/4>)(34>/3a))2 

= ( l/$){d%/da)  -  { (l/$ )(3$/3a)(2 

= 32 In 4>(a, 0)/da,  

and therefore, by (27) (§3),

Bn = Fd2 In 4>i(a, 0)/da = F6n ,

where bu = d2 In F /d a 2 is a constant.
In exactly the same way, we find

Bn = EfSpTV — ESv-ETk} = d2 In 4>(a, 0)/dad0 = F 6̂  ,

Bn = E{[Tv -  E7V]2) = d2 ln s (a , 0)/d02 = Vbn , 

where b12 and 622 are constants. Here, in virtue of (33) of §4,

BuB22 — B\2 = F  (611622 — 612) = F  A > 0.

To estimate the probability P(<Sr = N  + Ui, T v = E + u2) we use 
Theorem 2 of Chapter I. The vectors (X t , Y,), which compose the vector 
( S v , T v), are non-degenerate mutually independent integral-valued ran
dom vectors (§3), identically distributed according to the law P(X, Y). 
In view of I, §2, the vector (X ;, F,) has the maximal lattice do +  ka +  
10, b0 +  ky +  IS, where | aS — 0y | = | d | >  0.* Thus, the possible values 
of the vector (jSr , TV) belong to the lattice Vao +  ka +  10, Vb0 +  ky +  
IS. From equation (22) of §3 it follows that these possible values are simul
taneously those values of the arguments of the structure function fi(p, q) 
for which 12 is not zero. In other words, all the physically possible pairs of 
values of the number of particles and the total energy of the system are 
included in this lattice. Therefore, we must put

N  -f- Wi = Vao +  ka T  10, E T  u2 — F 60 T  ky IS.

Since N  and E are, respectively, the mathematical expectations of the

* The two different m eanings of each of the sym bols a, /3 can be clearly  d istin 
guished by context.
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quantities S v and TV , it follows that Ui and w2, in formulas (38) and (39) 
of Theorem 2 of Chapter I, have the same values as here. Moreover, we 
must evidently write V instead of n. Hence, formula (39) of Chapter I 
gives

P(*SV = N  - Ui) Tv = E -{- m2)
3̂5') = | d | (2iFA!) '1e' 11,MVKlll,!,' 2ll,“1“!+l” “1’1 +  0[V~2{\ +  u)],

where we put u = \ u\ | +  | u2 |. Similarly, formula (38) of Chapter I yields 
the more accurate estimate

P (S v = AT +  M i, T v = E Ui)
_  | ^ | (2 ^ 7 ^ ) ' V H,“ V1 (i" +611"1!)

d- (wzo “I- wiiMi +  MiUt)V 2 -f- 0\V 3(F^ d~ w8)],

where m0, m-i , ra2 are constants independent of V, ui and 112 ■
If it is noted that

^ —(1/2 A V) (611W22—2&i 2u 1u 2 +&22u l 2) _  ^  _J_ 0 ( 7 ~ V )

then equation (35) yields

P(Sr = N - { -U i ,T y  = E +  ui)

= (2irVAi)~1\ d | +  0[F“2(1 +  w2)].

Similarly, if the more accurate estimate
- ( 1 / 2 A V) (6 1 1 U2 2 —2i>i 2u I u 2 + ^ 2 2 ^ 1 2)

(37)

= 1 — (1/2AV)(buU2 — 2b\iU\Ui -|- 622W1 ) d- 0 (V  w4)

is used, then equation (36) yields

(38)

P(*Sr = N  + Ui, T v = E m2)

= (2irFAi) 4| d | d- V 2{wo d- ftiiUi d- W2W2 

— (4irA?)-1| d | (6hM22 — 2&12W1U2 d- &22Mi2)| 

+  O r r 3(7* +  w4)].

Formulas (37) and (38) will be used in all of the following sections. 
Let us state again that for these formulas to be valid we must choose val
ues of Wi and w2 such that the point (N + Ui, E + ut) belongs to the lat
tice Fa0 d- ka + 1/3, Vbn + ky + IS. In particular, this condition is always 
satisfied if Q(N d- «i , E  M2) > 0, i.e., if the system composed of IV d- 
Mj particles can have the total energy E -f- vt .
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§6. Mean values of sum functions

For the purposes of the present section we can limit ourselves to the 
crude estimate given by the very simple formula (37). Only later will we 
need the more accurate estimate given by formula (38).

First note that the theorem of §3 [formula (22)], in conjunction with
(37), yields

0 (IV Mi, E  -f- U2)

= C(N +  Wi)S(a, p)eaN+̂ e aui+?U2{(2nVAhy l\d | +  0[F“2( 1 +  w2)][.

In particular, for Mi = m2 = 0, it follows from this that

Q(N, E) = C(N)3?(a, !3)eaf,+fiE{(2irVAir 1\ d \ +  0 (F “2)},

and, therefore, that

12 (IV d- Ui i E M2)/S2(IV, E)
( 3 9 )

= {C(N +  Ul)eaui+Pu2/C(N)}{ 1 +  0[V~\  1 +  w2)]}.

Hence, having an asymptotic estimate of a ratio of the form

Q(N +  Ri, E +  Uz)/Q,(N, E),

we can easily find very simple approximate expressions for the mean values 
of the occupation numbers on the basis of the formulas derived in §2.

In the case of complete statistics for which C(p) = p!, formula (6) of 
§2, together with formula (39), yields

(40) < a r> = e-(a+^ { l  +  0[F“'(1 +  sr2)]].

In the case of symmetric statistics we have C(p) = 1, and formula (10) 
of §2, together with formula (39), yields

< a r>  = e- kla+0Cr)\ \ + 0 ( F “1/c V )]
(41)

= (ea+0Cr -  1 )-I{ 1 +  0{V~l£r ET_i A-Vt(“+̂ r))}.

Also, in the case of antisymmetric statistics C(p) = 1, and formula (13) 
of §2, together with (39), yields

(42) <aT> = (ea+̂  +  l r ' j l  +  0 ( y - ,c,2 Z L i

Evidently, (40), (41) and (42) can be combined into one very simple 
formula for any fixed value of r:

(43) < « ,>  = (ea+t>rr ~  a)~' +  0 (F “‘),

where a is the index of symmetry of the system.
In all those derivations, we relied on formula (39), which in turn was
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based on formula (37) of §5. Therefore, we must still convince ourselves 
that if (N, E) is a possible combination of the number of particles and of 
the total energy of the system, i.e., if the point (N, E) belongs to the lat
tice Vao +  ka +  Ifi, Vbo +  ky +  15,  then the point (N — k, E — ker) be
longs to the same lattice for any integer k > 0. But this is obvious since 
(1, Er) is a possible combination of the number of particles and the total 
energy of the system. Thus, if the points (IV, E) and (1, e t )  both belong 
to the aforementioned lattice, so also does the point (N — k, E — keT) 
for any integer k.

Now let 21 be a sum function related to the system, i.e., let

21 = Z t i 2li,

where the quantity 21, depends only on the Hamiltonian variables of the 
ith particle. If we assume that the mathematical expectation Er2h = Xr of 
the quantity 21, ,  in the state corresponding to the energy level er , is the 
same for all i and, consequently, depends only on r, then for the mean 
value of the quantity E21 we have, according to III, §5

<E21> = X̂=iXr <ar>.

Therefore, (40), (41) and (42) yield 

<E2l> = &  Xr(e“+fSrr -  a )”1

+  0 (7 ~*X)“=1 £r2 | Xr I E w  k2e~Ha+*'>).

In view of the remark we made at the beginning of §3, every absolutely 
convergent series of the form

X X l  f ( S r )

is a quantity proportional to V. Therefore, we obtain

<E21> = E"-iXr(e“+̂ r -  a)”1 + 0(1),
if all the series on the right side of the next to the last equality converge 
absolutely. [This requires that the quantity [ Xr | should not increase too 
rapidly — a condition which is always met in physical problems. We also 
assume that the double series is 0(V)  (see below).]

In the majority of cases \ r has the same value for all states with the same 
energy level er , i.e., Xr is a single-valued function <p(et) of eT. Hence, we 
can rewrite the last formula in terms of the numbers gk which we introduced 
at the beginning of §3:

<E2I> = vT.^xgkv{k){ea+̂  -  vr1 + 0(1).
This relation shows that < E21 > is asymptotically proportional to V. 

(This is clear directly since V is proportional to the number of particles
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N.) Moreover, this relation shows the remarkable accuracy that use of (he 
limit theorems of the theory of probability gives even for a very crude esti
mate of the remainder terms. This accuracy can be increased substantially, 
as we shall soon see, if a more precise estimate of the remainder terms in 
the limit theorems is used in the computations.

§7. Correlation between occupation numbers

Our next problem is to estimate the dispersion of sum functions. To do 
this we must first estimate the correlation between occupation numbers 
with different subscripts. This is necessary since III, §6, (24) shows that 
the value of the dispersion depends in an essential way on the order of 
smallness of the difference <aTas> — <aT> < as> . It can be foreseen, 
as in the photon case, that this correlation is very weak since the number 
of particles is very large and their mutual correlation depends only on the 
relations

5Z“=i ar = N, areT = E.
As before, we see that the main terms cancel when <aT> <a3> is sub

tracted from <aras> . Consequently, the degree of accuracy to which the 
formulas of §6 were derived is inadequate, and we must carry out all the 
computations anew, basing them this time on the more accurate formula
(38) rather than on (37). First, (22) and (38) give for all three statistics

Q(N U\ , E  -f- u2)

= C(N +  u ^ C a ,  p)eaN+fixe“Ul+fUa[(\ d [/27tFA*)

+  y - 2[(m0 +  miiti +  m2u2) — ([ d |/47rA’)(f>22i<i2 — 2bi2UiU2 +  bnu22)}

+  0 [F“3(F* +  u )}}; 

and, in particular, for u\ = u2 = 0,

Q(N, E) = C(N)*(a,  /3)e“" +̂ {(| d I^ttFA5) +  m0V~2 +  0 (F “S)1. 

Whence
Q(N Ui j E 1̂2)/S2(iV, E)

(44) = [C(N + ul)/C{N)]eaui+?U2{ 1 +  7 ' V i  +  l2u2
— (1/2A) { b 22U\ — 2 b 12UiU2 +  &hM22)]  +  0[F^2(V 2 +  w4)]} ,

where k and l2 are independent of V, U\ and u2.
This more accurate formula must replace formula (39) of the preceding 

section in subsequent computations. For convenience in writing, we put
Tr = Tr(a, p) = (e“+Pcr -  c Y 1 

for all three statistics.
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Now we find the more precise expression for the mean values of the oc
cupation numbers.

In the case of complete statistics formula (6) of §2 combined with (44) 
yields

< a r> = e (a+0£r){i — V ’[£i +  Uet +  (1/2A) (522 — 2f>i2£r +  f>n£r2)]

+ 0[V~2(V* +  £r4)]).

Noting that in the case of complete statistics
rp _  - ( a + $ c T)
1 r —  C  j

and therefore that

dTT/da = -  e"(“+0rr), dTr/d(3 = -  £re~ia+0Cr),

d2Tr/da = e-(*+ w , d2Tr/dadl3 = fre '(a+(,Ir),

d2Tr/d$2 = fr2e“(a+^ r),

we obtain

(45)
<aT> = Tt — V l[ — lidTT/da. — kdTr/dfi +  (1/2A) (bnd2Tr/dct 

-  2bnd2Tr/dadl3 +  bnd2Tr/dl32)] + 0[V~2(TrVk +  d'Tr/dtf)}.

In the case of symmetric statistics, formula (10) of §2 combined with 
(44) yields

(46)
< dr > — Z ”= 1 —k(a+&cr)i 1 -  V-'lHh + her)

+  (fcV2A)(ba -  2 bi2£r +  b u t / ) ]  +  O i V - ' i V *  +  f c V ) ] } .

This time we have

Tt = (ea+0c' -  I )”1 = £*“Li e- k(a+̂ \  

from which it follows that

dTr/da = -  Z?=i be-k(â Cr\  

dTr/dl3 = -  &  kere~Ha+0c'\  

d2Tr/da2 = Z?=ik2e-H°+̂ \  

d2Tr/dad0 = Zr=ifc2fre~l'(“+fl£r,! 

d2Tr/df32 = Z ? -  i k 2e 2e-k<-a+̂ \

Therefore, we find

<a, > = Tr — I '[ — lidTr da — I'dTr/dfi -T ( \/2A)(b2-id2Tr/da~

-  MtxPTr/dadp +  bnd1Tr/d02)\ +  0[V~2(TTVh +  347Vd/34)l,
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i.e., we find exactly the same formula (45) as in the case of complete sta
tistics.

Finally, in the case of antisymmetric statistics, formula (13) of §2 com
bined with (44) yields a formula which differs from (46) only in that the 
kth term of the sum is multiplied by ( — 1 )*-1 (k = 1,2, • ■ •). In this case 
since

T r =  ( e“+^  +  l ) -1 =  E t i  ( - l ) * - 1̂ ^ ,

it is easy to see that (45) is also valid for the case of antisymmetric sta
tistics. Hence, formula (45), which is the necessary improved asymptotic 
expression for <or> , is valid for all three statistics. (It is understood, of 
course, that Tr has different values in each of the three cases.)

Now, let us estimate the quantity <aTas> (r ^  s). In the case of com
plete statistics, we must start from formula (7) of §2 which, combined with 
(44), yields

<aTas> = _  r i[(Ji +  UEr)

+  (h  +  h £s) +  (1/2A)(4&22 — 4bi2[er +  £s]

+  bn[£, +  £.]’)] +  0[V~\V'  +  fr4 +  O ] )

(47) = TtTs -  V~1[ - l 1d(TrTs)/da -  hd(TrTs)/dp

+  ( l / 2 A ) ( b i2di ( T rT e) / d a  -  2b12d \ T rT s) / d a d p  

+  b n d 2( T rT s ) / d d 2)]

+  O W ^ i T r T ^  + Trd'T./dtf + T^Tr/dd')].

Since the method of obtaining formulas of this kind has been illustrated 
in several examples, we can leave it to the reader to show independently 
that formula (47), which we derived for the case of complete statistics, is 
also valid for the other two statistical schemes.

Now we shall estimate the difference <aras> — <ar> < a s>. First, 
note that formula (45) yields

<ar> <as> = TrTs -  V_1{-Ud(TrT, ) /da -  k9(TrT.)/dp 

+  ( l /2A)[bn(T^T./da  +  Tsd2Tr/ d a )

(48) -  2bu(Trd2Ts/dadd + Tsd2Tr/dadd)

+  bn{Trd2TJdd2 +  T j T r/dd2)]}

+  0[V~\TrT,Vi +  T,d*TJ 3|84 +  T,a4r r/ ^ 4)]. 

Furthermore, subtracting (48) term by term from (47), we find
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<aras>

(49)

< af> < as> = — (\/AV)[b2i(dTr/da) (dTg/da)

-  bn[(dTr/da)(dT3/d0) +  (dT./da)(dTr/dP)] 

+  bn(dTr/dP)(dT,/dl3)}

+  o [ r 2(TrTsy ! +  TTd4Ts/d0l +  r ^ T r /d p 4)].

This formula, like formulas (45), (47) and (48), holds for each of the 
three fundamental statistical schemes. It shows that the difference

<aTas> — <aT> <as> ,

which is a measure of the correlation between the numbers ar and as (r ^  s) , 
is infinitely small for the assumed conditions and is asymptotically pro
portional to V~l. Hence, the problem posed in this section has been solved 
completely.

§8. Dispersion of sum functions and the suitability 
of microcanonical averages

We shall now estimate the dispersion of sum functions which, as we know, 
is required to establish the suitability of their microcanonical averages. 
Besides the asymptotic estimates of the numbers <aT> and < aras> — 
<aT> <as> , which we have already found, we also need an estimate of 
the microcanonical dispersion of the number ar , i.e., we must estimate the 
number <a?> — ( <aT> )2. We shall study this latter problem first.

We saw at the end of §2 [formula (20)] that for all three fundamental 
statistical schemes

<a?> = <ar> +  (1 +  v)rr ,

where

Tr = <ara3> (r ^  s, eT = rs).

Therefore,

<or2> -  ( <aT> )2 = <ar> +  a(<aT> f
(50)

“b  ( 1  "f~ &) [ ^  d T(X3 ^  < a s >  ] r^ s .c r=£a,

since <ar> = <as> if er = e s .

This formula solves completely the problem posed above since the asymp
totic expressions for the numbers <ar> and <aras> — <ar> <aa> 
(r 9̂  s) are given, respectively, by formulas (45) and (49) of the preceding 
section.

According to III, §6 , (24), we have forthe microcanonical dispersion of a 
sum function 91 the expression
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0 (21) = Er-lO /r -  \ r2) <ar>

+  2Z“»=1 XrXs[< aras> — <ar> <a,>}

(51) = E ”= , U - v ’X « r>

+  5Zr*s» XrXs[< aras> — < a r> < a s>]

+  Er=iXr2[< a />  -  ( <ar> )2].

Putting, for any r and s,

c _  (<cwis> — <ar> <as> (r ^  s),
]r^s,cr=i, (l S),

we can rewrite (50) in the form

<ar2> -  (< a r> ) 2 = <ar> + a(<ar> ) 2 +  (1 +  <t)c„ . 

Inserting this expression in the right, side of formula (51), we find 

0(21) = J2r=l (Mr — \ r )<Rr> +  ^ .r  ̂  XrX«Cr»

+  X/”=l Xr2[< ar> +  <r(<ar> ) 2] +  (1 +  <r) ^"=1 Xr"cr,

(52) )  1 r^s XrXsCr5 I 7-=l X,, Crr

+  2 ^r=ilMr<ar> +  a \ 2\crT +  (< a r> ) 2]}

= 22”s=l XrXsCrs +  ^ ”=1 +  dX/fCrr +  ( < a r> ) 2]l.

Now turning to the asymptotic estimate of the quantity 0(21), we note 
first that the right side of formula (49) evidently represents the quantity 
c„ for any r and s (equal or unequal). For brevity, let us put Xr7\ = 
Q = Q(a, j3). Using (49), we obtain

y ' r,,—1 XrXsCrs

= -(l /AV){bv(dQ/da)2 -  2bn(dQ/da)(dQ/dP) +  6u(dQ/3|8)!}

+  0 [V *(Q V  +  Qd'Q/dp4)].

Let us recall (see the beginning of §3, for example) that every absolutely 
convergent series such as

f(€r)

is a quantity proportional to V. We have defined Q as precisely such a series 
since Xr and Tr depend on er . It is evident that any partial derivative of 
the function Q(a, /3) has the form of such a series. Hence, the quantity <3 
in the right side of the last equality, and all its partial derivatives, are 
quantities proportional to V. This yields
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E“.-iU.c™ = CxV + 0(7*),
where Ci is a constant.

Furthermore, by the same reasoning,

r̂=l{Mr<Hr> + <j\?[cTr + (<ar>)2]| = C2V,

where C2 is another constant. Therefore, because of the constancy of the 
ratio V/ N,  formula (52) yields

0(81) = (C1 +  C2)V +  0(F) = CN +  0(W*).
Hence, the microcanonical dispersion of a sum function is asymp

totically proportional to the number of particles N. We saw in III, §6 that 
compliance with the relation

0(81) = o(W2),

is sufficient to establish the suitability of microcanonical averages. We see 
now that this relation is (more than) satisfied for a sum function. Moreover, 
we obtained a very practical method to estimate asymptotically the micro- 
canonical dispersion. This is of substantial value to fluctuation theory in 
physics.

§9. Determination of the numbers gk for structureless particles 
in the absence of external forces

By analogy with the procedure used for photons in §5 of the preceding 
chapter, we now determine for material particles the number Vgk of possible 
energy levels included between k and k +  1 when the particles are enclosed 
in a vessel of volume V. We again assume that the state of a particle is de
termined by the Hamiltonian variables x, y, z, pz , py , p2 and that no ex
ternal forces act on the particle. Hence its total energy consists only of 
kinetic energy and the potential energy due to the vessel walls. We will 
assume that this latter energy vanishes within the vessel and is infinitely 
large outside. We again emphasize that the problem concerning us now has 
no relation to statistics. In particular, we can imagine that we are concerned 
with a single particle.

As was remarked in §5 of the preceding chapter, the energy c of a (non- 
relativistic) material particle is related to its momentum p by the equation

£ = me +  p /2m,

where m is the mass of the particle and c is the velocity of light in vacuo. 
Selecting the zero level of energy suitably, we can replace this relation by 
the simpler one

e = p 12m,
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which gives the expression

5C = — (h2/8ir2m) (d2/dx2 +  d2/dy2 +  d2/dz2)

for the energy operator 3C.
Thus, the time-independent Schrodinger equation becomes

— (h2/8ir2m )(d2U/ dx +  d2U/dy2 +  d2U/dz2) = EU,

or

(53) d2U/dx2 + d2U/dy2 +  d2U/dz2 = - (8w m E /h2)U.

(We take only the kinetic energy of the particle into account since the po
tential of the wall is zero within the vessel.) The solutions of this equation 
describe the stationary states of a particle corresponding to the energy 
level E.

We noted in §5 of the preceding chapter that a linear basis of the solu
tions of (53) can be constructed from functions of the form

U = C sin (ax +  rj) sin (by +  f) sin (cz +  £),

where in this case

(54) a2 +  b2 +  c = 8r2mE/h2.

We again assume that the vessel enclosing this particle is the parallelo- 
piped 0 < x < h , 0 < y < l 2 , 0 < z < l 3, hkh = V. Since the quantity 
| U(x, y, z) I2, which is proportional to the probability of finding the par
ticle at the point (x, y, z) of the vessel, must be zero at the vessel walls, 
any of the conditions x = 0, y = 0, z = 0, x = k , y = k , z = k imply 
U = 0. The first three conditions evidently lead to the requirement r; = 
f = f = 0, so that

U = C sin ax sin by sin cz, a2 +  b2 +  c = 8ir2mE/h2.

From the fact that U = 0 for x = l\ , it evidently follows that a = niir/h , 
where ni is an integer. Similarly, the last two conditions lead to the re
quirements b = nrir/k , c = n3x/l3, where n2 and n3 are integers. Because 
of (54), the numbers n\ , n2 and n3 must be related in the following way:

n 2/ l 2 +  n 2/ I 2 +  i i i /k2 = 8 mE/h2.

This means that the possible energy levels of the stationary states of a 
particle are precisely those numbers E which have the form

(h2/8 m )(n 2/ l 2 +  n 2/ l 2 +  n 2/ l 2),

where Hi , n2 and n3 are integers which can be assumed non-negative. Each 
such triplet of numbers gives one of the linearly independent solut ions of the
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Schrodinger equation (53) corresponding (o the given boundary conditions 
(U = 0 if at least one of the equalities x = 0, y = 0, z = 0, x = h , y — ,
2 = I) is satisfied).

Now let k be any integer. In view of the above statements, the number of 
linearly independent eigenfunctions of the energy operator corresponding 
to eigenvalues E < k will equal the number of solutions of the inequality

(h2/8m) (ni/li +  n22/Z22 +  n,*/«.*) < k
for integral rq > 0, n? > 0, n3 > 0. But this number is evidently asymp
totically (for large k) equal to one eighth of the volume of the ellipsoid

(h2/8m)(x2/h2 +  y2/ l i  +  z2/ l l )  = k,

i.e., is equal to

R(k) = \ \& hlM % m k/hy\  = 1(2 ) \V {.m '/ti)k%.

The number of linearly independent stationary states with energy levels 
included between k and k +  dk is approximately

(55) R'(k) dk = 4.w2iV(mi/h3)ki dk,

where the interval dk must not be too small (but, understandably, it must 
be small compared with k) or the approximate formula obtained will not 
have real significance. On the other hand, in our other notation this number 
is equal to

V Z r t t g r ,
so that

gr «  (47r2W/A3)fc- dk.

Consequently, the “average” value of gT in the interval k < r < k + dk 
equals

(4x2 W /A ')*1.

As in the photon case, we can put

gk = (4x2 ’m}/li)k>‘

directly for the majority of computations, particularly for large values of k. 
Also, as in the photon case, this number must be doubled if the particles 
we consider have “spin”.

Let us make the following remark. In classical physics, the Hamiltonian 
function of a particle within the vessel has the form

H = (1/2 m ){p 2 +  Tp2 +  p 2).
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The. volume V(A') of that part of the (six-dimensional) phase space of a 
particle in which H < k is equal to the product of the volume V of the 
vessel and the volume of the sphere H = k. This latter volume is obviously 
equal to

■j7r(2mA’)h

Hence,

V(fc) = fcrV(2m*)».

Therefore, the volume of that part of the phase space where k < H < k +  1 
equals

V(/c +  1) -  V(A') «  V'(A-) = 2wV(2mW.

Comparing this with formula (55), we find

Vgk «  [V(fc +  1) -  V{k)] /h\

This means that, on the average, the number of linearly independent 
stationary states with energy levels between k and k +  1 equals the volume 
of that part of the classical phase space of a particle for which

k < H  < fc +  1,

if the quantity lx is taken as the unit of volume. In other words, one stationary 
state is equivalent, in a well-known sense, to a “cell” of volume h3 in the 
classical phase space.



Chapter VI

THERMODYNAMIC CONCLUSIONS

§1. The problems of statistical thermodynamics

The most important problem of statistical physics has always been the 
explanation of the laws of thermodynamics on the basis of a model of the 
atomic structure of matter. It is well-known that thermodynamics has 
reached a high level of theoretical development independently of these 
models. Its logical scheme has been reduced to a purely deductive (axio
matic) structure where a small number of fundamental principles play the 
role of axioms. From these principles all further laws are deduced by purely 
logical means. The fundamental principles (axioms) are understood as laws 
of nature found by experimental means. Therefore, the problem of basing 
the foundation of thermodynamics on a model of the structure of matter 
always necessitates deriving these “axioms” from the model. The problem 
can be considered as solved when the derivation of these principles has 
been completed.

How may this derivation be carried out on the basis of our statistical 
theory? In order to find the answer to this question, we must state a funda
mental difficulty in principle that arises here. In “classical” (i.e., phenome
nological, non-statistical) thermodynamics the variables characterizing a 
given system depend upon a very small number of fundamental variables 
such as energy, volume, temperature, pressure, entropy, etc. If the values 
of an independent subset of these variables are known, then the thermo
dynamic state of the system is considered to be uniquely determined. On 
the other hand, in the statistical theory, we can have a situation such that 
for given values of the thermodynamic variables there exists an enormous 
number of different states of the system which are compatible with these 
values. Each eigenfunction U of the energy operator belonging to the eigen
value E of this operator, determines one of these possible states. Moreover, 
there is always an entire continuum of these eigenfunctions and even if we 
restrict ourselves to a linear basis of this continuum we will nevertheless 
have a very large, albeit finite, number Q(N, E) of such states. In a typical 
situation in classical thermodynamics a quantity 31 is uniquely determined 
by the values of the energy E and the volume V of the system. In the sta
tistical theory this same quantity can have widely different values in dif
ferent states which are compatible with the given E and V. However, if 
the statistical theory is to provide a logical basis for thermodynamic prin
ciples, it must certainly yield a unique value for such a quantity. Further
more, the value must coincide with that given to the quantity in classical 
thermodynamics.

153
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As we have mentioned repeatedly, there is only one solution to this diffi
culty: In the statistical theory, we must give some mean value <31 > for the 
value of the quantity 31 which is to be compared with the corresponding 
quantity of classical thermodynamics. The average must be taken over all 
states U which are accessible to the system, and must correspond to the 
given energy level E (and also, if necessary, to given values of some other 
parameters). The principle of averaging can be chosen arbitrarily, but we 
are obliged to show the suitability of the averages given by the statistical 
theory, i.e., to show that in an overwhelming majority of the states the 
value of the variable 31 is extremely close to <31 > . When this does not 
happen, it is meaningless to compare the value given by the theory with 
either the value given by experiment or the value given by the classical 
theory. In Chapters IY and V, where the microcanonical principle of aver
aging was used, this proof of the suitability was actually demonstrated in 
detail for the most important cases.

Thus, the path we must follow is clear: For each of the variables of interest 
in classical thermodynamics, we must find a corresponding phase function 
in our statistical theory. Moreover, we must show that the microcanonical 
averages of these phase functions are subject to the same relationships as 
are the corresponding variables in classical thermodynamics.

§2. External parameters, external forces and their mean values

The Hamiltonian function of a physical system as well as of an individual 
particle can depend on a number of parameters which define the position or 
the state of external bodies. A change in the values of these parameters 
causes a change in the form of the energy operator and by the same token 
causes changes in the energy levels and the possible states of the system or 
particle. In the preceding development, the presence of this type of parame
ter in the expression for the potential energy of a system or particle was by 
no means excluded. In fact, when examining a system of particles enclosed 
within some vessel, we always considered the potential energy to depend 
on the volume V of this vessel. The volume V is the most important parame
ter of the type being discussed. Other similar examples of parameters are 
the variables defining the position or the state of the sources of external 
fields which act on the system. Until now, however, we have not paid any 
particular attention to the possible presence of this type of parameter. We 
were able to do this because the values of these parameters were assumed 
to be strictly constant. I t was in this sense that we called our system iso
lated. Now, however, we must consider interactions between the given sys
tem and the bodies surrounding it for which this type of parameter under
goes changes. These changes are related to the work done by the particles 
of our system, and, therefore, are related to the change of energy both of the
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particles and of the entire system. Thus, a gas which is enclosed in a vessel 
of cylindrical form, upon expanding, generates work by the force of its 
particles which moves a piston and thereby changes the volume of the 
vessel.

We shall call the parameters just described the external parameters of the 
system. Thus, the Hamiltonian function of each particle depends, not only 
on the usual Hamiltonian variables of this particle, but also on a sequence 
of external parameters Xi , X2, ■ ■ ■ , X,. From a mathematical point of view, 
the external parameters are characterized by the fact that they have the 
same value for all particles. In fact, if desired, this latter property can be 
taken as the formal definition of an external parameter. [Let us also men
tion that the parameters a and 0 which were previously introduced, and 
are usually called the inner parameters of the system, have this same prop
erty (i.e., the same value forall particles): We know that fora given struc
ture of the particles and for known values of the external parameters, the 
numbers a and 0 are uniquely determined if the number of particles N 
and the total energy E of the system are given.]

Let one of the particles of our system be in the rth stationary state 
(energy level er), and let the elementary work dw performed by this par
ticle produce a change dXt in the external parameter X,-. This work is ac
companied by a change der in the energy of the particle:

de, = (deT/d \ i ) dXt-.

Since, due to the law of conservation of energy, dw = —deT, it follows that

dw = — (dEr/d\i) d \ i .
In mechanics the coefficient of dX, in this expression for elementary work is 
called the generalized force with which the particle acts upon the external 
bodies “in the direction” of the parameter X,. Thus, for the above particle, 
this generalized force is equal to — drr/dXt- . (It should be understood that 
the possible energy levels cr of the particle depend on the values of the ex
ternal parameters. In Chapters IV and V, for example, we saw that these 
levels depend in an essential manner on the volume occupied by the sys
tem.)

If the change dX< of the parameter X, is due to the total work done by all 
the particles of the system, then the generalized force A ,, with which the 
whole system acts upon the external bodies “in the direction” of the parame
ter X,, is equal to the sum of the generalized forces of all the individual par
ticles of the system. Let the system be in the basic state U which corre
sponds to a particular choice of the occupation numbers aT(U). We then 
have

A; = -Z :,« r(f/)(5 c ,/i)X ,') .
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This relation shows that the generalized external forces A* are phase func
tions in the statistical theory (and are defined at least for the set of basic 
eigenfunctions). If the elementary work &W done by the whole system 
causes the changes dXi , dk2, • • ■ , dXs in the external parameters, then we 
have

6W = A,- d\i = -  D = i { Z"=i or( U)(d£r/d \ i) } dXt .

Since

E “-i ar(U)cT = E
is evidently the total energy of the system,

(1) A* = -Z X ia r(t/)(der/dX,-) = - SE/ dXi ,
and we may write

SW = -  £  ■=i (dE/dXd dXi.

It is necessary to bear in mind that dE/dXi is a phase function defined by 
the relation (1), so that for given values of the total energy and the external 
parameters, dE/dXi is still not determined, but depends on the state U in 
which the system is found.

The generalized external forces

A; = -dE/dXi

are thus phase functions (and at the same time, evidently, sum functions). 
In virtue of the general methodological discussion in §1 we must therefore 
assume that the generalized forces considered in phenomenological thermo
dynamics have as their analogs in the statistical theory the microcanonical 
averages of these phase functions, i.e., the quantities

(2) <Ai> = - <8E/dX,> = - X X i  <ar>(d£r/dXi).

Likewise, the classical elementary work performed by the system on the 
external bodies should be interpreted in our theory as the microcanonical 
average

<SW> = <dE/3Xi> dXi = - E U  [ Z “=i <ar>(d£r/dXi) dX,].

We obtain approximate expressions for the variables <A,> if we sub
stitute in (2) the approximate expressions

<aT> K  (e“+|Sir -  o T 1,

of V, §6, where a is the index of symmetry of the system. This gives

CD < A, > »  - Z “=I (d£,./SX,)(ca+̂  -  a)-' (i = 1, 2, ••• ,« )•
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We recall that in V, §4 we found for the function 4>(a, /3) the general 
expression

H<*,0) = n ^ { E ^ o 7 ( n ) ^ +̂ ! ,

where

[\/n\ for complete statistics,
, , 11 for symmetric statistics,

7 ( n ) =  l ( n < l )r, / r  , x for antisymmetric statistics.[0 (n > 1)

Thus, in the case of complete statistics,

$ (« , 0 ) =  I I ”=i exP [f"(l,+,' r)].

and

In H a, 0) = ie~ ^ \

In the case of symmetric statistics

H a, 0) = IP = i [1 -
and

In <£(<*, 0 )  = - E ^ - i l n  (1 -  e~lo+fcrl).

Finally, in the case of antisymmetric statistics

H a, 0) = Ip = . {1 + e-{a+̂ } ,
and

In H a, 0) = Z - i l n  (1 +  <T(“+M ).

An elementary calculation based on these formulas shows that in all 
three cases the relation

d lnf>(«, 0)/d\i = (der/d\,)(ea+f>Cr -  a ) '1

is valid. Therefore, for all three cases formula (3) gives

(4) < A,-> = 0~'(d In 4>/3Xi) (1 < i < s),

and, consequently,

(5) <SW> = X u  < A,> d\i = 0~lY ,U  (a In */d\i)  rfX, .

In Chapter V we saw that the number of particles N  and the total energy 
E of the system are obtained by differentiating the function In $(a,0) with 
respect to the parameters a and 0. Now we see that the mean values of the 
generalized forces and of the elementary work done by the system are ex-
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pressed simply by means of partial derivatives of this same function In 'll 
with respect to the appropriate external parameters.

Formulas (4) and (5), as we shall see, form the basis of all the thermo
dynamic conclusions to be drawn from our statistical theory.

§3. The definition of entropy and the deduction of the second 
law of thermodynamics

An expression for the function 4>(a, 0), which occupies such a prominent 
place in our theory, was established in the preceding section for the three 
basic statistical schemes. It depends, as we have seen, not only on a and (3, 
but also on the external parameters Xi , X2, • • ■ , Xs . The logarithmic de
rivatives of this function, with respect to its different arguments, give us 
expressions for the most important variables characterizing the state of the 
system, such as the number of particles N, the energy E and the external 
forces <A,> (i = 1,2, • • ■ , s ). It is well-known that the so-called “char
acteristic function of Planck”, sometimes called “the thermodynamic po
tential”, possesses analogous properties in phenomenological thermody
namics. In the classical theory this function depends on the temperature of 
the system and on the external parameters. In our theory there are two 
“inner” parameters — a and 0. However, in view of the assumed constancy 
of the number of particles N  of the system, the relation

d In 3?(a, (3)/da = —N

permits us to eliminate one of these parameters (e.g., a) from the expressions 
for the function In 4>(a, 0) itself, and from any of its partial derivatives. 
Thus, we may assume that the function In 4>(a, /3) and each of its partial 
derivatives depend only on the parameters 0, \ i , • • • , Xs . The analogy 
with the classical theory naturally leads to the assumption that the parame
ter j3 is uniquely related to the temperature of the system. All our knowledge 
about this parameter confirms the assumption. Thus, in all cases where the 
system consists of several components in thermal contact with each other, 
a naturally defined value of the parameter 0 exists which is common for all 
these components. The parameter (3 must be related, therefore, to a physical 
quantity which, in the case of thermal equilibrium among several systems, 
has the same value for all of the parts. In thermodynamics, the tempera
ture is just such a quantity.

We recall now that the values of the parameters a and 0 were chosen 
(V, §4) such that the function

F(a, 0) = eaN+0EH a, 0)

has its minimum value at the point (a, 0). The function F(a,0), like4>(a,d), 
depends on the external parameters Xi , X2, • • • , X. as well as on a and 0.
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We have

In F(a, P) = aN +  pE +  In 3>(a, P), 

and, consequently (in view of the constancy of N), 

d In F(a, p) = N  da +  E dfi +  P dE +  d In $(a, p)

= N  da +  E dp +  P dE +  (d In $/da) da

+  (d In $/d/3) dp +  52*=i (d In $/dX.) dX, .

In view of the relations

d In $/da  = —N, d In <I>/d|8 = —E  

and formula (5), §2, we find

(6) d In F(a, p) = p[dE +  <5W>],

According to the laws of classical thermodynamics, the elementary incre
ment dE of the energy of a system, caused by corresponding changes in the 
temperature and in the external parameters, is composed of the work per
formed on the system by the external bodies, which evidently is equal to 
— SW, and of the quantity of heat SQ which is received by the system. Thus,

dE = — SQ.

In the above it should be understood that SQ, like <SW> , is not the total 
differential of any function of the parameters a, P, X,. However, the rela
tion (6), which may be rewritten in the form

(7) din F(a, P) = pSQ,

clearly shows that the product p SQ is a total differential, i.e., that P is an 
integrating factor for SQ.

One of the most convenient and generally used formulations of the sec
ond law of thermodynamics can be stated as follows: There exists a function 
S of the temperature and the external parameters, and another function 
0, depending only on the temperature of the system, such that

(8) 6SQ = dS.

In other words, SQ has an integrating factor depending only on the tem
perature of the system. The relation (7) coincides with the relation (8) if 
we set

0 = P, S = \nF(a,P).
In thermodynamics the function 0 is given by the expression l/AT, where 
T is the absolute temperature of the system, and k is the so-called Boltzmann
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constant. Therefore, in statistical physics, the physical meaning of the 
parameter 8 is always defined by the universal formula

0 = 1/kT.
The function S is called the entropy of the system: it is one of the most 
important variables of thermodynamic theory. Relation (7) now' assumes 
the form

8Q/T = k dS,

and turns out to be a direct expression of the second law of thermodynamics, 
which thus appears as a direct consequence of our statistical theory. In 
particular, the function F(a, 0), which was introduced in Chapter V as an 
auxiliary mathematical tool, now acquires a most important physical mean
ing— the quantity In F(a, 0) is the entropy of the system. In Chapter V 
w'e considered our special choice of values of the parameters a and 0 as a 
purely mathematical device designed to yield a simpler form for our asymp
totic expressions. Here we see that this choice leads to important physical 
consequences, one of which we now introduce as an example.

Assume that we have two systems initially completely isolated from each 
other, and also from the surrounding world. We shall denote, respectively, 
by the indices 1 and 2 the variables relating to the first and second system, 
and leave without indices the variables relating to the system obtained 
from the union of the two given systems. It is assumed that sufficient time 
has elapsed for thermal equilibrium to be established in the combined sys
tem. Evidently, v7e will have

N = N 1 +  N2 , E = Ei +  Eo, 'f’C**, 8) = ‘f’lCa, 0)$%(oi, 0)-

Hence, the entropy of the combined system is 

S = Na + E0 +  111 <f>(«, 0)
(9)

= [Nia +  Ei0 +  In $i(o:, /3)] T  \N201 +  E20 +  ln4>2(a, $)]. 

But the function

In Fi{a, 0) — ./Via +  Ei0 T  In $i(a, /3)

has its minimum value for a = an , 0 = 0i , w'hile the function In F2(a, 0) 
has its minimum value for a = a2,0  = 02 (since the numbers on , 0i , a2, 
02 are defined by this requirement). Therefore, relation (9) gives

S >  111 Fi(a 1 , 0i) +  111 F2 (0 1 2 , 0•>) =  S i +  S2,

i.e., if  tioo systems initially isolated from each other are brought into thermal 
contact, then after equilibrium is established the entropy of the combined system 
will never be less than the sum of the entropies initially possessed by the com
ponent systems.
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The equilibrium state is characterized by the fact that the parameters a 
and /? take on the same values for both components. Further, in the relation 
S  > (Si +  S t  the equality sign will hold true if, and only if, on = a2 = a,
ft =  f t = ft

We recall that the law of conservation of energy, which is the first law of 
thermodynamics, was established at the end of Chapter II in the form ap
propriate for quantum mechanics. This law, in contrast to the second, can 
be proved without statistical methods. As in classical mechanics, it is a 
simple consequence of the general laws of the evolution of physical systems 
in time (i.e., in the case of quantum physics a consequence of Schrodinger’s 
equation).

On the basis of the two fundamental laws now established, thermody
namics can be constructed in a purely deductive fashion independently of 
any special model of the structure of matter. Thus, we have completely es
tablished a foundation for thermodynamics on the basis of our statistical 
theory.



Supplement I

THE STATISTICS OF HETEROGENEOUS SYSTEMS

Throughout the main part of this book we have restricted ourselves to 
homogeneous systems, i.e., to systems consisting of particles of identical 
structure. The purpose of this restriction was to simplify the formal appara
tus so that the reader could concentrate on the conceptual bases of the 
method. However, without any changes in principle, our method can be 
used to describe the statistics of heterogeneous systems which consist of 
particles of several different types. The complications in the computational 
formulas which are caused by this transition are of a purely technical char
acter. Fundamentally, the difference consists only in that in place of the 
two-dimensional limit theorems of the theory of probability analogous 
multi-dimensional theorems must be applied. The formulations, proofs and 
the conditions for their applicability correspond completely to those estab
lished in Chapter I for the one-dimensional and two-dimensional cases. As 
a rule, for systems consisting of particles of k different types, it is appropri
ate to use a (fc +  l)-dimensional limit theorem. The remaining details of 
the methods do not differ from those described in the simple case of homo
geneous systems. Of course, for the case of a heterogeneous system, parti
cles of different structure can obey different statistics.

In the present supplementary section we shall discuss briefly systems 
consisting of material particles of two different types. The transition from 
two to three or more types is quite trivial and involves only a simple ex
tension of the formulas for the case of two different types.

Let the system under study consist of N  particles of two different types. 
As usual, we allow these particles (in particular, those of different type) to 
exchange energy freely. At the same time the interaction energy of the 
particles is assumed to be so insignificant that in all our calculations we 
can take the total energy of the system equal to the sum of the total ener
gies of all its constituent particles.

Let the numbers of particles of the first and second types be equal to 
N i and N i , respectively, (Ni +  A2 = N). We denote the possible energy 
levels for particles of the first type (in the usual order) by f i , £2 , ■ • • , and 
for particles of the second type, by iji, t/2, ■ ■ ■ . (Both spectra are assumed 
to be discrete. This is the same assumption we have made everywhere in 
the text.) For the sake of brevity we call the set of particles of the first 
(second) type, the first (second) component of the system. Let I/j , LT>, 
■ • • be a complete orthogonal set of “admissible” basic eigenfunctions of 
the energy operator of the first component, and let V\ , V2 , • • ■ be an 
analogous set for the second component. In virtue of the general results of

162
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Chapter III, the set of functions UiV,- (i , j  = 1, 2, ■ • •) is a complete or
thogonal set of basic eigenfunctions of the energy operator for the whole 
system. In a completely natural fashion we extend to our heterogeneous 
system the concept of a structure function. This function, denoted by 

, N 2, E), is the number of eigenfunctions of the form XJiVj which be
long to the eigenvalue E of the energy operator of the system. Since the 
energy of the system is equal to the sum of the energies of its components, 
we denote by Q,(Ni, E) and Q2(N2, E) the structure functions (defined 
in the usual manner) of these components. Thus,

(1) f iM  , n 2,E )  = XXoQiCATi, x)Q2(N2 , E ~ x ) .

Assume now that it is known that the system is in some definite state 
UiVj. This means that the first component is in the state LU , while the 
second is in the state F , . Since the states [/,• and V, are fundamental, the 
values of all the “occupation numbers” are precisely determined, i.e., for 
arbitrary r and s the number aT of particles of the first component in the 
state with energy level eT, and the number bs of particles of the second 
component in the state with energy level rjs , have definite values. The num
bers or and b3 always satisfy the relations

(.K ) £?=1  Or =  N i,  Z t l  b3 =  N 2 , Z - l  CirEr +  Z “ = l  &.*. = E.

Conversely, if a choice of occupation numbers ar > 0, bs > 0 is given 
satisfying the relations (K ), then to this choice, in general, there corre
sponds a definite number of states of the system of the form UiV, .  By 
using the method described in III, §5, it is easy to show that this number 
is equal to

(2) c 1(iyr1)c,(iv',)[n^i7i(or)][Ilr-iT«(6.)].

The notation introduced above is analogous to that used in the text: 
Ci(Ni) = Nil or = 1 depending upon whether the first component obeys 
complete statistics or either of the two other statistics; C2(N2) has a similar 
meaning for the second component. The functions 7i(ar) and y2(bs) are 
defined for the first and second component, respectively, in complete anal
ogy with our previous function 7 (a). (Each of these functions also depends 
on the type of statistics obeyed by its component.)

In order to obtain the number Q(N 1 ,N 2,E)  of eigenfunctions of the form 
UiV j belonging to the eigenvalue E of the energy operator of the system, we 
must obviously sum the expression (2) over all possible choices of the num
bers aT > 0, b„ > 0, which satisfy the relations (K ). Thus, we find

(3) Q(N, , N 2, E) = C\(AM<72(.V2) £ W Irn ° -I7 .(a ,)n n -1 7 * (M ).
This fundamental expression for the structure function is completely
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analogous to formula (14) of III, §5. Here, as there, it serves as the start
ing point for all further calculations. In V, §2 we expressed the mean values 
of the occupation numbers and their pairwise products in terms of ratios of 
structure functions. We will not carry out the analogous calculation here 
since, if necessary, the reader can independently establish the appropriate 
formulas.

However, we shall stop to examine, somewhat in detail, the second step 
of the investigation. This step is the reduction of the problem of finding an 
asymptotic estimate for the structure function to a limit problem of the 
theory of probability.

It is necessary to introduce two degenerate two-dimensional distribution 
laws Uk and i'i, where k and I are arbitrary integers. We also introduce 
three parameters <*i, a2 and 0, whose values are defined so that all the series 
to be considered will converge absolutely. The random vector (x , ?/), which 
is distributed according to the law uk , has as its possible pairs of values 
only points of the form x = n, y = n k (n  = 0, 1, ■ • •), where

P(x = n, y = nk)

= 7i(n)e-n(“1+w{i:"=o71(m)e-"'(“‘+wr 1 (n = 0, 1,

Analogously, for the law vi the possible pairs of values are the points of the 
form x = n, y = nl (n = 0, 1, • • •), where

P(z = n, y = nl)

= 72(n)e-(“2+'ii,{ i::= o72(m)e- m(“2+̂ )r 1 (» = 0, 1,
For brevity, we denote, respectively, by gik and gu the degrees of de

generacy of the energy levels er = k and t/s = I for particles of the first and 
second types, when the system occupies unit volume. We consider the sum 
of an infinite series of mutually independent random vectors (xu , yu) 
(i = 1,2, • • •), among which there are glk vectors distributed according to 
the law Uk (k = 1, 2, • • •), and we set

22<=i £ii = X i , yu = F] .

It is easy to show that both series converge with probability 1, (see IV, §3). 
Similarly, let {xu , y2i) (i = 1, 2, • • ■) be a sequence of mutually inde
pendent random vectors, among which there are g2i vectors distributed ac
cording to the law Vi (I = 1,2, • ■ ■), and set

Z"=i = V2, yti = F2.

Now we set Iq +  F2 = F and we denote by P the distribution law of the 
three-dimensional vector (Ah , X >, F). Evidently this law depends only 
on the nature of the particles composing the system and on (lie parameters 
ai , a2 and /3. In particular, it is independent of the numbers Ah , N 2, 1
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and E ( if, as we shall assume here, the ratios of these numbers always main
tain constant values).

Assume, finally, that we have the sum
(4) ( $ 1 7  , $ 2 7  , Tv)
of V mutually independent three-dimensional random vectors, each of 
which is distributed according to the law P,  described above. Then, we may 
set

*SilV =  1 .T U-; , $ 2 7  =  2Z(°=1 Xl I; ,

t v  =  23?= i 23?=1* yiki +  23?=. 2 3 S ! 1i i

where the vector (xUi , yiki) obeys the law uk , the vector , 3/2/4) obeys 
the law Vi , and all these elementary vectors are mutually independent. 
We find, therefore, for the distribution law of the three-dimensional vector
(4)

P  ( $ 1 7 =  Pi , $ 2 7  =  P2 , Tv  =  ? )

(5) = 2 3 (* w ) U II "=1 TU=1 P{xiki = aki , yiki = fca*,.)]

■ [n r - i IL - i1 P ( * « 4 = bl t ,v u ( = M l ,
where the summation extends over all possible sets of numbers a*, , bii , 
satisfying the relations

23?=i E<=1* aki = P i , Z w  23?=?' K  = p i ,

23?=i Zffi* k a k i  +  Er-x T J 1 V  I b u  = ff.
According to the definition of the laws uk and Vi , we have

P M  =  aki , ym = kaki) =

P M  = bu , ym = lbu) =
where

Tx(fc) = { Z ^ o 7 i(m )e -m(“1+w}-1, 
r,(Z) = j Z»=o yi(ni)e~m(a2+̂ l) j-1.

Substituting these expressions into the right side of relation (5), we find
P ( $ 1 7  =  Pi , $ 2 7  =  P2 , T V =  3 )

= ( I K -1 [r ,(fc)M | i n r -1 [r2(Z)]VC2!| E (* w > tn r= i I K l M M  

•[11?=. U l r  72(6/4)] exp [ - 0,2 *"-. E .f-i* -  «* E?=. E S 16*4

— (K23?=1 23?=!4 +  E?=. E S r  zbij]
= [n?= i [r2( 0 P 2'}

•E ^ p .a )  in?=i n s *  7 i(m j]n?= . n ? -* 172(6/4).
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The last sum on the right side of this relation differs only in notation from 
the sum

[ I I ”=i 7i(ar)][n?=i 72(61)],
which appears in the right side of formula (3). Thus,

P ( S 1V =  p i , S 2V = P i , T y  = q )

(6) = {IL"=i [ri(A-)]rsitj { Ilr-i [ r2(O f‘'2I}<r“1!,1“ “2P2“^

■Q(pi, P 2 , q ) [ C \ ( p i ) C 2( p 2)} 

Summing this equation over all integers p i  , p 2 , q, we find

1 = { I I "=1 [riCfc)]1'911} {Ilm i [ ^ ( O f 021} Zj-1,7.2.5 e~aiPl~a2P2~?,‘

•Q(Pi, P2 , q ) [ C d P i ) C i ( p i ) r \

The sum on the right side of this equation is a function of the parameters 
a i , <*2 and /3. We denote this sum by $(<*1 , a2, 13), so that

{ n L i [ r 1(/c)]Vei'= }{nm i[r2(0 ]v'ff2!} = [*(«!, *2 ,0)]-1.
The relation (6) gives

P($i v = P i, S 2r  = P i , T v  = q)

= [*(« 1 , «*, d)]“1e"“lPl- “2P2“^ ( p 1 , P2, q)[Ci(pi)C2(pi)r1-, 

and, hence,

fi(p i, Pi, q) = $ ( a i , “2 , /3)Ci(pi)C2(p2)e“lPl+“2P2+̂

• P ( 8 IV =  Pl , *S27 =  Pi , T y  - - q ) .

This formula, in exact analogy with formula (22) of V, §3 reduces the 
problem of finding an asymptotic estimate for the structure function 
U(pi, p2, q) to a limit problem of the theory of probability, since the vec
tor (Sir , S 2V , T v ) is defined as the sum of V  mutually independent iden
tically distributed three-dimensional random vectors. It should be remarked 
that the heterogeneity of our system results only in an increase of the num
ber of dimensions in the corresponding problem of the theory of probability. 
As previously, it is necessary to sum only random vectors which are iden
tically distributed.

The last step — the application of the (three-dimensional) local limit 
theorem — we shall not consider since, in essence, the procedure does not 
differ from that described in the two-dimensional case. We mention only 
that the values of the parameters on , a2 and B are determined from the 
relations
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d l i i $ / d a i  =  —N i ,  dln$>/da2 =  — N 2 , d \ n$ / d f t  =  — E.

The existence and uniqueness of the solutions of these equations may be 
established by a procedure analogous to that used in Chapter V. Since 
In <J?(<*i, ot2 , /3) (and each of its partial derivatives) is proportional to V, 
and since the ratios Ni/V, N 2/V , E /V  are assumed to be constant, the 
parameters a i , a2 and /3 must be constants.

In regard to the fundamental results of the theory, we remark that the 
mean values of the occupation numbers are given by the expressions

< a r>  =  (ea i + -  a . y 1 +  0 ( 0 ,

and

<bs> = (e -  O  +  0 ( 0 ,

where tri and o-2, respectively, denote the indices of symmetry of the first 
and second components. I t should be understood that the energy E1 is not 
a constant, but is a phase function of the system, and, in particular, a sum 
function. Its mean value can be written directly if the mean values of the 
occupation numbers are known. Thus, to a good approximation, we find

<Ei>  «  £ - 1  £r(eai+fiCr -  or)-1,

and, analogously, for the second component

< e 2>  «  r,s(ea2+̂ ‘ -  c2y \



Supplement I I

THE DISTRIBUTION OF A COMPONENT 
AND ITS ENERGY

§1
Let a system be composed of two components, and let us retain the 

terminology and the notation introduced in the preceding supplement. The 
states of this system, corresponding to an energy level E, constitute a 
linear manifold. A basis of this manifold is provided by a set of eigenfunc
tions of the form UiV,■, where Ui is one of the fundamental eigenfunctions 
of the first component, belonging to some energy level E i , and Vj is one 
of the fundamental eigenfunctions of the second component, belonging to 
some energy level E2. The energy eigenvalues of the appropriate functions 
Ui and Vj must satisfy Ex + E2 = E. As we saw in the preceding supple
ment [formula (1)], these facts permit us to write down immediately the 
important relation

(1) Q(Ni, A2 , E) = N i , x)Q2(Nz , E — x ) ,

which will serve as the starting point for our further calculations.
First we find the number of those fundamental functions UiV, of our 

system, belonging to the energy level E, in which the first index i has a 
definite value, i.e., in which the first component is found in a definite 
fundamental state U i . If this state corresponds to the energy level E\ = 
Ei(Ui) of the first component, then the unknown quantity is obviously 
the number of functions Vj corresponding to the energy level E — Ei , i.e., 
the number

^ 2 ( ^ 2 , E  — E 1)  — , E — Ei(Ui)].

Suppose now that 21 is a physical quantity that has a definite value in 
each of the fundamental states UiV j of this system (a phase function!). 
Moreover, let this quantity be completely determined by the state Ui of 
the first component, and hence be independent of the state F, of the second 
component, so that

21 = f(U i) .

Then this quantity retains the same value in all of those 02[A2, E — Ei( {/,-)] 
fundamental states UiVj of the system in which the first factor is equal to 
Ui (i.e., in which the first component is in the state Ui). Thus the micro- 
canonical average of such a quantity can be written in the form

168
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/ <2l> = < /( Ui) >
( 2 ) _

= , N 2, E f l - ' T f - i K U i m N i , E  -  E^Ui)] .

This relation, being almost self-evident, nonetheless has a profound mean
ing and, as we shall see later, important consequences. First, it shows that 
for quantities which depend only on the first component, the microcanoni- 
cal average (which is always an average over all the fundamental functions 
UiVj  of our total system belonging to the energy level E)  can be replaced by 
a certain average over the fundamental eigenfunctions Ui of the first component. 
We note immediately, however, that this “reduced” average has features 
which sharply distinguish it from the microcanonical average: In the micro- 
canonical average only states with the same fixed energy participate, while 
the definition (2) includes all fundamental eigenfunctions {/< of the first 
component, regardless of the energy levels to which they might belong. 
Further, in the microcanonical average all participating states have equal 
weight while in (2) the fundamental state Ui has the weight

Q2[Ni t E -  E(Ui)]/Sl(Ni  , N 2 , E),

which depends on the value Ex{ Uf) of the energy of the first component 
in the state U i , and may therefore be different for different fundamental 
states U i .

We consider now the important and frequently encountered special case 
in which the quantity St depends only on the energy E i of the first com
ponent, i.e., for all states U i , corresponding to the same energy level E i , 
it has the same value

St = v (Ei) = v[Ei(Ui)].

Then in formula (2), /([/<) = <p(x) in all terms for which E f  Ui) = x. 
The number of such terms is the number of fundamental eigenfunctions Ui 
of the first component, corresponding to the energy level x, i.e., fli(iVi, x).  
Thus, formula (2) assumes the form

<St> = <tp{E\) >
( 3 )

= , N , ,  E f t - ' T Z i v W M N i , x)Sk(N2, E -  x).

In particular, the microcanonical average of the energy of the first com
ponent is

(4) < E i >  =  [Q(Nl t  N t , E ) Y 1' 2 X « x n d N 1 , x)Q2(N2, E  -  *).

Formulas (2) — (4) are exact. However, for actual calculations they 
are completely useless because of the complexity of the expressions for the 
functions fii , and Q. Therefore, for practical computations, we must re-
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place them by simpler approximate formulas, which can easily be obtained 
with the help of the method developed in this book. We now study several 
important applications of this method. In most cases, we limit ourselves 
to the derivation of asymptotic expressions, and do not pause to make 
detailed estimates of the omitted terms.

§2
To obtain the necessary asymptotic expressions, we first turn to V, §(j.

(39). If we replace by 02 and N  by Ni in this formula, and assume Ui = 
0, u% = —x, then we find

fi2(.V2, E -  * )/02(tfs , E) = e ^ j l  +  o r w 'a  +  z2)]j.

Applying this estimate to the weight function 

0*[N*,E -  E ^ U d V ^ N ,  , N 2 , E)

= Q2[M2, E -  E. i Ui ) ][E"=o Q^Ni,  z)fl2(A2, E  -  ,r)J' 1 

of formula (2), we easily find for it the very simple asymptotic expresssion 

eH“ ,c"‘’[X X o n iM  , x)e~^x]~1 +  O (W ).

Thus, formula (2) can be replaced by the approximate formula

(5) <2I> = <f(Ui)>  «  Z ^ i f ( U i)e-?EiWi)[ Z ^ n 1(N1, x ) e ^ V -
Our derivation of this formula is very simple, but it contains an inac

curacy which makes formula (5) incorrect in the general case. Thus, in 
formula (39) of V, §6, upon which our calculation is based, E denotes the 
fixed total energy of a system whose structure function is 0(1V, E). But in 
our case E denotes the fixed value of the energy of our total system, while 
fi2 is the structure function of the second component. We shall, however, 
consider only systems in which the first component is negligibly small 
compared to the second. More precisely, we shall construct our asymptotic 
formulas under the assumption that the numbers W2, E and V approach 
infinity, maintaining constant ratios, while the number N 1 remains con
stant. The most interesting application is the case Ni = 1 for which the 
first component is an individual particle. In this case the energy of the 
second component is asymptotically equal to the energy E of the total 
system and, as can be seen without difficulty by a more detailed calculation, 
the error we mentioned above does not reduce the accuracy of equation 
(5).

For the case just described, we call the first component a small compo
nent of the system. Thus, for quantities which are determined hy the state of 
a small component (in particular, of an individual particle), the mirrncanon?-
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cal averages can he obtained, approximately by averaging over all the funda
mental functions of this component with the weight function

(6) e ^  ’.

In statistical physics this result is called Boltzmann's law, and it is usual 
to consider the weight function (6) as the probability of finding the small 
component in the state U,■. There would be no objection to such a ter
minology if, in the subsequent development of the theory, the term “prob
ability” always retained this meaning. However, experience has shown that 
on the basis of this terminology, as a rule, a good number of complications 
and imprecise formulations arise. Therefore, here, as in the rest of the 
book, we shall consciously avoid probabilistic terminology, especially since 
there is no pressing necessity for its use.

With the help of expression (6) for the weight function, formulas (3) 
and (4) can be rewritten as asymptotic expressions:

<?1> = <<P(E1) >
(7)

«  , z)e-^ :C U fli(A ri , x)e~l‘V

and

(8) < E >  «  Dr_o xQi iNr , Q iM  , x ) e ^ V -

Thus, the microcanonical average of any function of the energy of a small 
component (in particular, of an individual particle) can be obtained approxi
mately by averaging the f  unction over all possible values x of this energy with 
the weight f  unction

fMW,, £h(Ar! , x)e~fiT l-



Supplement I I I

THE PRINCIPLE OF CANONICAL AVERAGING

In this book we have always assumed that the system under study was 
energetically isolated, i.e., not exchanging energy with surrounding bodies. 
The whole method of microcanonical averaging is constructed on this 
premise, because the only states which participate in the formation of 
microcanonical averages are states in which the energy of the system has 
a strictly fixed value. However, this requirement of complete energetic 
isolation can be achieved only approximately under real conditions. In 
fact, in many cases of practical importance, the system is in more or less 
intensive energetic (for example, thermal) contact with surrounding bodies. 
As a consequence, its energy does not remain constant and, hence, the prin
ciple of microcanonical averaging is deprived of its theoretical foundation.

The results of Supplement II permit us to use our statistical theory in a 
rational way to construct the statistics of such non-isolated systems. We 
consider the extreme case in which the system can freely exchange energy 
with its almost infinitely large environment (whose energy is many times 
larger than that of our system). Physicists call such an environment a 
“heat bath”, and say that the system is “immersed in a heat bath”. The
oretical considerations lead to the conclusion that for a system immersed 
in a heat bath only the temperature of the heat bath is significant. Its other 
properties, including even its material composition (i.e., the nature of its 
component particles), are irrelevant. In particular, nothing prevents us 
from representing the heat bath in the form of an enormous number of 
physical systems which are exact replicas of the one being studied, and 
which freely exchange energy among themselves as well as with the given 
system.

If we adopt this point of view, then we can consider the combination of 
the given system S and the heat bath T as one isolated system S + T, 
with respect to which our system S, and each of the similar systems which 
comprise the heat bath T, play the role of individual particles. Since the 
system S +  T is isolated, we assume, of course, that all the preceding 
principles of microcanonical averaging are justified. Since the system S 
can obviously be considered as a small component (individual particle) of 
the isolated system S +  T, a microcanonical average over the states of 
the system S +  T is equivalent for system S to an average according to 
formula (2) of Supplement II. In this formula 02 and Q denote the structure 
functions of systems T and S +  T, respectively; Nj. = 1 and Ar2 is equal 
to the number of systems (identical to S) which constitute the heat bath. 
Also, E is the (constant) total energy of the combined system S +  T,
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E\{Ui)  is the energy of the given system in the fundamental state U i , 
and the summation extends over all such states. This conclusion is exact. 
However, as we have seen, formula (2) can to a good approximation be 
replaced by the incomparably simpler and more convenient formula (5),  
where the summation extends over the same range and where fii is the 
structure function of the system S. As for the parameter p, we know that 
it is universally related to the absolute temperature of the system by the 
equation

P =  1 /kT,

where k is Boltzmann’s constant (and where the symbol T for the absolute 
temperature, which we use here only in passing, is not to be confused with 
the symbol for the heat bath). Of course, the temperature of the system 
is the same as the temperature of the heat bath. It is clear that the prin
ciple of averaging for the system S, expressed by formula (5),  is independ
ent of the special nature of the heat bath and depends (through the param
eter p) only on its temperature. This temperature is fixed, both for the 
system and for the heat bath, as a result of the energetic contact between 
them.

We see, therefore, that if  we accept microcanonical averaging as the primary 
basis for statistical computations for isolated systems, then this necessarily 
implies a certain definite principle of averaging for systems which are freely 
exchanging energy with a large environment (heat bath). This principle is 
expressed approximately by formula (5) of the preceding supplement:

(1) <3I> = </(Ui) > « Eti/(f/;)e-TO[Z”=ofi(̂ , x ) e ~ ^ } - \

where N  is the number of particles, 0 is the structure function, E(Uf)  is 
the energy in state U i , P =  1/kT,  and T is the absolute temperature. (All 
these quantities refer to the system immersed in the heat bath.) The sum, 
of course, extends over all fundamental states of the system.

An average constructed in accordance with this principle is called a 
canonical average. The basic differences between it and the microcanonical 
average are: 1) All the fundamental states of the system participate in 
the canonical average, not just those belonging to a definite energy level, 
as in the microcanonical average. (This, of course, corresponds to the real 
difference between a system immersed in a heat bath, and hence able to 
change its energy, and an isolated system, whose energy remains un
changed.) 2) In the canonical average, as opposed to the microcanonical, 
the weights of the different fundamental states are different. The weight 
of any particular fundamental state depends on the corresponding energy 
level, so that all fundamental states belonging to the same energy level 
receive identical weights.
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It is obvious that the principles of averaging (7) and (8) of Supplement 
II are valid for a system immersed in a heat bath, because they are imme
diate consequences of formula (5) of that supplement.

The principle of canonical averaging has many important practical ad
vantages. In particular, canonical averages are incomparably simpler than 
microcanonical ones. Therefore, many authors introduce this principle from 
the beginning as a hypothesis and use it as the basis of all their statistical 
calculations. They sometimes refer to the theorem we have just proved 
(i.e., that microcanonical averaging for isolated systems implies canonical 
averaging for systems immersed in a heat bath), and state that only sys
tems of the second type are to be considered in the sequel. However, in 
the majority of cases the principle of canonical averaging is introduced in 
a purely postulational form. It is then applied to various systems, regardless 
of whether they are isolated, immersed in a heat bath, or, as usually hap
pens in practice, are in some intermediate state which only more or less 
approximates one of these two extreme types. In particular, this is pre
cisely the procedure followed by Gibbs, who first introduced both these 
principles into statistical mechanics and who coined their universally 
accepted names. We may well ask whether or not such a practice is logical.

In order to answer this question we recall first of all that even the micro- 
canonical principle was introduced as a postulate, whose arbitrariness we 
emphasized repeatedly. Although this choice was later given some justi
fication by our proof of the suitability of microcanonical averages, never
theless, as we repeatedly emphasized anew, only experiment could give 
final verification to this hypothesis. In particular, we examined in full 
detail a case where this choice was completely refuted by experiment, and 
had to be replaced by another choice (the introduction of the symmetric 
and antisymmetric principles of averaging). Gibbs and his followers in 
introducing the principle of canonical averaging also take this point of view 
that verification can come only from experiment. With the help of this 
principle Gibbs constructs statistical thermodynamics. The various con
cepts of this theory are then identified with the corresponding concepts of 
phenomenological thermodynamics. If, in fact, it turns out that the statis
tical theory is able to substantiate the fundamental formulas of phenome
nological thermodynamics, which have been well verified in practice, then 
this is all that can be required of the theory, and the postulate which was 
introduced is thereby justified.

However, there are profound differences between the two principles of 
averaging — canonical and microcanonical. Suppose we consider an isolated 
system whose energy has a definite value E. This means that the system is 
really in one of the states belonging to the energy level E. I'nder these 
conditions, to include, in the formation of mean values of physical quanti-



SU PP. I l l] TH E PR IN C IP L E  OF CANONICAL AVERAGING 175

ties, stales whose energy levels differ from E, and in which the system 
cannot possibly be found, is clearly inadmissible from a theoretical point 
of view. The practical success of the principle of canonical averaging when 
applied to isolated systems, if it is valid, is not due to the inclusion of these 
states, but results in spite of their inclusion. Another characteristic differ
ence between the two principles pertains to any type of system. While 
microcanonical averaging has as its basis only a very general assumption 
(identical weights for all admissible states), and hence is indisputably the 
simplest and most natural of all possible principles, the canonical principle 
ascribes a very special form to the weight function. We would, of course, 
like to know why this particular function appears and not some other one, 
and whether all the conclusions would remain valid if this special assump
tion were to be replaced by some more general one. If the canonical prin
ciple is taken as a postulate, then all these natural questions are avoided. 
Gibbs says of his own choice only that the canonical weight function is 
very convenient for performing calculations. If, however, one takes the 
path systematically followed in this book and 1) accepts for the treatment 
of isolated systems the very simple and natural microcanonical principle, 
2) modifies this principle in a natural way where theory and experiment 
require it (the transition to the “new” statistics!), and, finally, 3) proves 
rigorously the canonical principle for systems immersed in a heat bath, then 
all the doubts and perplexing questions pointed out above disappear com
pletely, and we get the same practical conclusions in a manner which is 
theoretically very satisfactory. We feel that for this purpose alone it wTould 
be worthwhile for the reader to master the fairly simple mathematical 
development required by this method.

Finally, one can take another point of view of the relationship between 
the canonical and microcanonical averages. Since we used the microcanoni
cal principle for isolated physical systems, we were forced to find simple 
asymptotic expressions for the averages obtained because of the complexity 
of the exact expressions. (This constituted the chief problem of our 
method.) On the other hand, in most cases canonical averaging (as the 
development of the theory shows) leads to results which differ but little 
from those of microcanonical averaging, and one can think of the canonical 
principle merely as a simple and unified mathematical prescription for 
finding approximate values for the microcanonical averages. As such, the 
method of canonical averaging is completely acceptable, especially since 
we are forced to provide approximate expressions for the microcanonical 
averages anyway. However, having taken this point of view, we must 
consider under what conditions the canonical averages can actually serve 
as approximations to the microcanonical averages. In particular, we must 
determine the magnitude of the error in these approximate expressions.
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We shall do this for the most important physical quantities, i.e., for sum 
functions.

We denote by F(U)  an arbitrary phase function of the system and by 
<FX> the microcanonical average of the quantity F( U) when E = x is 
the total energy of the system. (The average is, of course, carried out over 
the manifold 3)?x .) However, the canonical average of the function F(l ' )  
(when the system has total energy E ) is, by formula (1),

« F k»  = X t i  F( Ui)e-?E(Ui)[T ,^o n (x )e^ z]-\
where for brevity we write Q(x) instead of fi(2V, x),  and where the value 
of the parameter /3 is determined in the well-known way from the number 
of particles N  and the total energy E. Clearly, we can write

E?-i F { U i ) e - mV i ) = E*“Ue'  ̂ZWimxF(t/,-)
= ExM= of2 (^ )e^ lE £(ci)=x^(H,)][n(a;) r 1 = Ex"=o <FX> n(x)e~^,

since [f2(i;)]“1EB(ei)=x F ( Iff) is just the microcanonical average of the 
function F( U) when the total energy of the system has the value x.

Thus we find, for the canonical average of the function F(U),  the ex
pression

« F b»  = E”=o <FX> n(x)e~^[YlX=an(x)e~Px]~1-
This means that the canonical average « F E>5> of the phase function F( U) 
is a certain weighted average of its microcanonical averages over all pos
sible energy levels, where, to the level x, we ascribe the weight

p(x) = n(z)e“'3x[E”=o fi(a;)eHix]~1.
This weight depends, of course, on the total energy E of the system, since 
the parameter/3 depends on E. Our problem will now be to compare the 
canonical average of the function F(U)  with its microcanonical
average <FE> for the same energy E.

It is easy to see, by using formulas (22) and (35) of Chapter V, that 
the weight function p(x) [where tt(x) stands for fi(iV, a;)] can be expressed 
approximately by the normal law

p{x) «  (2 T B r ie~ix- A)2m,

where, as in Chapter Y, A = E  as a result of our choice of the parameter 
(3. (The two-dimensional normal law of V, §5 reduces here to a one-dimen
sional law, since N  is constant and hence the parameter Ui vanishes iden
tically.) By a detailed calculation which we omit here, we find that the 
dispersion B is an infinitely large quantity of the order of E, V and Ah Thus, 
we obtain
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(2) « F E»  <Fx>e-{x~E)V2B.

The weight function has its greatest value for x = E  and is negligibly small 
for values of x sufficiently far from E. Hence, in the weighted average (2) 
of the function <FX> , only those values of <FX> receive appreciable 
weight for which x is sufficiently near E. This is a typical example of ex
pressing a quantity approximately, with the help of an “integral kernel”. 
Here, the function corresponding to the integral kernel is the weight func
tion p(x).

To illustrate the computation of the error in the equation « F £»  «  
<Fe> , we assume that the quantity <FX> does not change too rapidly 
with x near x = E. For example, we assume that (at least for not too large 
a value of | y |) the “Lipschitz condition”

I F E + y — <CF£>  | K. C \ y |

is satisfied for some constant C > 0. Then we obtain

| « F e»  -  <Fe> ] «  (2 tB )“* I E  ( <FX> -  <FE> ) e - ^ E)2'2B
| x = — oo

= (2*5)"* I E  ( <FE+y> -  <FE>)e~y2nB
| y = — ao

< C(2ttB)“’ E  I V I e~vV2B
y = — oo

S3 C{2TcB)~h [  | y | e~y2,2B dy = CBh{2*)^  [  | z  | e~iz2 dz = C*N\
J— oo oo

where C* is a constant. If the function F( U) is a sum function (or the 
mathematical expectation of a sum function), then the quantity <FE> 
(as we have seen many times) will be infinitely large of order N. The last 
inequality shows, therefore, that in replacing the microcanonical average 
of a sum function by its canonical average, we introduce only a negligibly 
small relative error. This is precisely what we wanted to show.



Supplement IV

REDUCTION TO A ONE-DIMENSIONAL PROBLEM 
IN THE CASE OF COMPLETE STATISTICS

The reduction of the problem of finding estimates for structure functions 
to limit problems of the theory of probability was presented in V, §3. In 
the case of complete statistics, this reduction can be replaced by a con
siderably simpler one which leads to a one-dimensional limit problem. As 
we shall now see, such a replacement is possible because in the case of 
complete statistics the introduction of two parameters (a and /3) can be 
successfully avoided by the introduction of one parameter (0). In the case 
of the other two statistics both parameters are necessary. (We take this 
opportunity to mention that the discussion of this question given in §11 
of the author’s article [9], although it contains no errors, is unsatisfactory 
since this important one-parameter property of the problem is not empha
sized.)

We consider the elementary distribution law

(1) P (z = k) = g ^ kM P )  (k = 0 , 1,
where

$(/3) = ^  = X X i e ^ r-
Let the random variable R = E E  be the sum of N  mutually independ
ent random variables, each of which is distributed according to the ele
mentary law defined above. Then for a given integer E,

P(ft = E)  = E*( [ l i t .  P &  = h)],

where the summation extends over all combinations of non-negative in
tegers k-i satisfying the condition

(L) E t i  ki = E.

We abbreviate this sum by the symbol E a )  • In virtue of (1),

(2) P (R = E) = l i t .  gkt .

If a definite system of numbers kf (1 < i < N)  is chosen satisfying 
equation (L), then we may assume that the energy k, of the ith particle 
is fixed. Corresponding to this energy there are gt; different fundamental 
states of the particle. Therefore, since a fundamental state of the system 
in the case of complete statistics is uniquely determined by specifying 
the fundamental state of each of the particles, it follows that to a given
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choice of the numbers ki (1 < i < N)  there corresponds

n?=i Ski
different fundamental states of the system. The total number of funda
mental states of the system corresponding to the given energy level E is, 
therefore, equal to

Xu) 11̂ =1 S k i  ■

But this number is just 0 (N, E).  Hence, formula (2) gives

P (R = E) = m f i ) r Ne ^ Ea(N, E) ,

whence

(3) Q(N, E)  = [*(/3)]V*P(ff = E).

Since R is the sum of a large number N  of mutually independent random 
variables, distributed according to the same law (which is independent of 
N  and E),  relation (3) permits us to find asymptotic expressions for 
Q(AT, E) with the help of well-known one-dimensional limit theorems of 
the theory of probability. It is easily seen that the asymptotic expressions 
obtained in this way coincide with those found in Chapter Y.



Supplement V

SOME GENERAL THEOREMS OF 
STATISTICAL PHYSICS [10]

§1
In phenomenological thermodynamics the state of a physical system is 

determined by the assignment of a small number of parameters. Thus, the 
state of a given mass of gas, not under the influence of any external force 
fields, is usually determined by the assignment of its volume and tempera
ture. Every other quantity characterizing the state of the gas is then de
termined as a function of these two basic quantities, and hence may be 
considered uniquely determined if the values of the volume and tempera
ture are known. On the other hand, in statistical thermodynamics, to given 
values of the energy (or, equivalently, the temperature) and the external 
parameters there corresponds not one state but an uncountable set of dif
ferent states of the system. (In classical mechanics this set is the entire 
“energy shell”, and in quantum mechanics it is a linear manifold whose di
mension is the degree of degeneracy of the given energy level.) Any quantity 
which is determined by the state of the system will generally assume differ
ent values for different states of this family, and can no longer be considered 
a unique function of the energy and the external parameters. Thus, there 
are essential differences between the phenomenological and the statistical 
concepts. Since, on the whole, the implications of the phenomenological the
ory are considered to be substantiated by experience, the statistical theory 
must provide an answer to the following question: How can it be that, for 
given values of the energy and the external parameters, a quantity which 
can in principle assume different values always maintains the same value 
experimentally, in agreement with the deductions from the phenomenologi
cal theory?

The reasons for this phenomenon were correctly guessed by the founders 
of the statistical theory. Boltzmann, and later Jeans, Lorentz and others 
pointed out repeatedly that quantities which characterize a given system in 
the large (and a phenomenological theory is only concerned with such quan
tities), though generally assuming different values in different states (which 
correspond to fixed values of the energy and the external parameters), 
nevertheless remain “almost constant” . That is, for the overwhelming ma
jority of the states of such a family, a quantity takes on values which are 
very near to one another. Hence, an experiment only rarely detects a value 
which differs significantly from a certain definite number. This number is 
the one predicted by the phenomenological theory as the only possible value
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of this quantity under the given conditions. It is also the one predicted by 
the statistical theory as the most probable or mean value of the quantity. 
This property of phenomenological quantities (which Jeans called their 
“normality”) is explained by the fact that the value of such a quantity de
pends on the states of an enormous number of constituent particles. As a 
consequence, a mechanism which is analogous to the law of large numbers 
operates, and the “near-constancy” of the phenomenological quantities is 
thus analogous to the stability of arithmetic means in the theory of proba
bility.

Presumably the above argument correctly characterizes the state of af
fairs, and, as far as I know, it has never been subject to doubts. Hence, it 
is all the more important to point out that the assertion contained in this 
argument has not only never been proved, but, so far as I know, it has 
never even received a precise and general mathematical formulation. Just 
what kind of quantities possess Jeans’ “normality” and how can this prop
erty be rigorously justified? Apparently this question has not even been 
raised in a sufficiently general form. Until recently, one would encounter 
only passing remarks concerning the “normality” of some particular physi
cal quantity. However, Fowler in his well-known treatise [11] posed and 
solved the problem of “normality” for a broad class of quantities, in fact 
for those quantities which I call sum functions. A great many of the quanti
ties with which one is concerned in the phenomenological theory are sum 
functions. In my books I established the “normality” of sum functions un
der very broad conditions by means of a new method, based on the applica
tion of limit theorems of the theory of probability.

However, sum functions are not the only quantities of interest in a phe
nomenological theory. For example, the square of a sum function (an esti
mate of which is interesting, if only for the calculation of the dispersion) is 
no longer a sum function. On the other hand, it is by no means true that 
every quantity uniquely determined by the state of the system is of interest 
in the phenomenological theory. Therefore, it is necessary to define pre
cisely the class of physical quantities which can be given a reasonable phe
nomenological interpretation and with respect to which one might hypothe
size (and attempt to prove) the “normal” character.

In the first place, such a quantity must depend symmetrically on the 
constituent particles of the system. Let us discuss quantum-mechanical 
systems, for definiteness. As before we assume that the possible energy 
levels of a particle are integers. The number of linearly independent states 
of a particle corresponding to a given energy level r (r = 1,2, • • •) is asymp
totically proportional to the volume V occupied by the system. We denote 
this number by Vgr (if r does not belong to the possible energy levels of 
the particle, then gT = 0), and we denote the states themselves, enumerated
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in any order, by urs (1 < s < VgT). The state of the system is known if 
one knows in which of the states w„ each of the particles may be found. (In 
the case of Bose or Fermi statistics it is sufficient to know the number of 
particles in each of the states un .) A physical quantity whose value is 
changed by a permutation of any pair of particles is meaningful in the 
statistical theory only for Maxwell-Boltzmann statistics. Such a quantity 
is never of interest in a phenomenological theory because the state of the 
system obtained by some permutation of a pair of particles is not, in gen
eral, a different phenomenological state.

If we denote the state of the ith particle by u(l\  then each quantity of 
interest in the phenomenological theory must be a symmetric function of 
the states un), u(2), •••, u(N). However, in the great majority of cases, 
such a quantity will depend only on the energies of the individual particles, 
i.e., it will not change its value if we change some of the states u(l) to other 
states having the same energy.

In every case it is easy to show that a quantity which does not possess 
this property, in general does not have the normal character. Quantities 
of this type of the greatest physical importance are the occupation numbers 
ars. (ars is the number of particles in the state urs.) It is obvious that ars 
(in any of the three basic statistical schemes) depends symmetrically on 
the particles. However, when the number of particles approaches infinity, 
the distribution of the quantity ars tends to a certain definite limiting dis
tribution, with a definite, positive mathematical expectation and disper
sion. Hence the occupation numbers do not possess the “normal” character. 
On the other hand, the number N r of particles with a given energy r 
(Nr = E . - I « rs) , is a symmetric function of the states of the particles which 
depends only on the particle energies; and it is well-known that the numbers 
N r possess the “normal” character.

Thus, we arrive naturally at the conclusion that those physical quantities 
which are of phenomenological interest, and which may be expected to 
exhibit (for a large number of particles) the “normal” character, must be 
symmetric functions of the energies fq, f2, ■ • • , r.v of the constituent par
ticles. The fact that this “normality” actually holds (at least in those cases 
where the function in question satisfies certain very broad conditions of 
“smoothness” ) amounts to a general theorem of statistical physics which 
I shall prove below for quantum-mechanical systems obeying any of the 
three statistical schemes. This theorem also holds for classical systems. 
However, in this case its proof is more complicated mathematically. Ob
viously, it can be presumed that this theorem also holds for non-homogene- 
ous systems (i.e., systems composed of particles of several different types) 
if the function in question is symmetric with respect to all the particles of 
the same structure. In the present treatment, however, I shall not touch 
upon these extensions.
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Every symmetric function of the energies of the particles depends only 
on the numbers of particles in the various energy levels r, i.e., it is a unique 
function of the numbers N r (r = 1, 2, • • ■) defined above. We shall denote 
it by F(Ni  , N 2, • • • , N r , ■ ■ ■), or, more briefly, by F(Nr). Obviously, 
this function can also be considered a functional, dependent on the dis
tribution of particles among the different energy levels, i.e., dependent on 
the function N  (x ) — the number of particles whose energies do not exceed 
x. If this functional is linear, then

J,. ao 00 N
1 'f'(x) dN(x)  = £ tf ( r )W r = I > ( o ) .
0 r-1 i= l

Obviously F(Nr) is a sum function. Thus, from this point of view sum func
tions become the simplest group among the class of functions under con
sideration. [From the point of view of the pure theory of probability, the 
limiting behavior of such functionals has been studied carefully and with 
great success by von Mises [12, 13]. However (aside from the fact that he 
considers only finite-valued or continuously-distributed quantities, whereas 
we are interested in the case of a discrete but unbounded spectrum), von 
Mises assumed the energies of the particles to be mutually independent 
random variables, while the basic feature of our problem consists in taking 
account of their mutual dependence, which results from fixing the total 
energy of the system (i.e., the sum of the energies of the particles). The 
results and methods of von Mises can therefore not be applied to our prob
lem.]

§2
In most cases, a function F(N i , iV2, • • • , N r , • • •), which represents a 

quantity studied in the phenomenological theory, increases without bound 
as the number of particles N  approaches infinity (just as, for example, do 
the numbers N r). It goes without saying that by the “normality” of such 
a quantity we mean the requirement that, in the great majority of the 
states corresponding to a given energy level of the system, the function F 
should assume the same value, with an error which is small compared to the 
value of F itself. Thus, a sum function

Z U  * (* )
will, in general, be of order N  and we shall call it normal if the errors men
tioned above are of order o(N).  As is usually done in statistical physics, 
we shall always assume that the number of particles N,  the energy of the 
system E, and the volume it occupies V all increase without bound, while 
maintaining constant ratios. It is under this assumption that we shall es
tablish our asymptotic formulas. We shall also disregard the mutual poten
tial energy of the particles in our computations, so that the energy of the
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system may be regarded as composed additively of the energies of its con
stituent particles.

As we have already noted, we must impose on the function F certain 
general requirements in regard to its “smoothness”, i.e., the function F 
cannot vary too rapidly. The fact that a function which varies too rapidly 
cannot be “normal” can be seen by the simplest examples. In particular, 
the function eNr cannot be normal, as is easily seen by calculating its dis
persion. The limitation on the variation of the functions of interest to us 
is conveniently expressed with the help of conditions of the Lipschitz type. 
In order to see which of these conditions is the most natural and convenient 
for our purposes, we consider first, as an example, a fairly general and, to 
a certain extent, typical class of functions

(1) F(A r) = £ ”= i W ,

where p, q > 1 are positive constants. Let us put N r = Nlr (r = 1,2, • • • ), 
so that 0 < lT < 1 and 23“=i lT = 1. Let N r' = Nl /  be another set of values 
of the numbers N r , corresponding to the same values of N  and E. Then 
we have

I F(Nr') -  F(Nr) I <  I ( N / ) 9 -  (Hr)9 \

= i i a r  -  (h r  i,
or, since | (lr')q — (h)91 < q \ 1/ — U\,

| F(Nr') -  F(Nr) | <  qNg rp | V -  h\.

But F(Nr) = N q rvl?, whence

N 9 = F(Nr)/F(lr),

and we obtain

(2) I F(Nr’) -  F(Nr) I <  I F(Nr) \ <p(lT) E ”=i r v  \ I/  -  lT|,

where <p(lr) is a function of the numbers h , h , • ■ • , lr ,
This, then, is a Lipschitz condition satisfied by functions of the form (1). 

However, for our purposes we can broaden it considerably and hence prove 
that “normality” is possessed by a much wider class of functions. First of 
all we replace the quantities | 1/ — lT \ by the expressions | I/  — lr |M, where 
H is an arbitrarily small positive number. Further, we replace the factor 
rp by the expression e r, where X is an arbitrary positive number. Thus, we 
replace condition (2) by the much broader condition

(3) | F(Nrf) -  F(Nr) | <  C | F(Nr) | <p(lr) I V  -  U |V r.
This condition, which we impose on the function F{Nr) , must be understood 
in the following sense: A positive number n and a positive function <p(lr)
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exist, such that, for any value of X > 0, no matter how small, inequality (3) 
is satisfied for all permissible systems of values N r and N f, i f  the constant C 
is sufficiently large. In the following, this condition will be called the ex
tended Lipschitz condition.

§3

Suppose that a system is composed of N  particles and occupies a volume 
V. Then it is well-known that, to a given energy level E  of this system, 
there corresponds a certain linear manifold of states, whose dimension is 
given by the degree of degeneracy of this eigenvalue of the Hamiltonian 
of the system. We shall denote this degree of degenerary by Sl(N, E).  A 
linear basis for this manifold can be chosen in various ways [but it always 
consists of 0(N, E)  terms]. In particular, as was shown in detail in Chapter 
III, one can choose, for the elements of this basis, the states which I call 
fundamental. These states have the very convenient property that the 
numbers 2V, have definite values in each of them. (In general, in a given 
state of the system, the numbers 2V,, like all physical quantities, have only 
certain particular probability distributions.) In the following, we shall 
suppose that these fundamental states have been chosen for the basis, so 
that we can speak of a definite value for each number 2V, in each of these 
states. Moreover, any function F ( N i , Ar2, • • • ,2V,, ■ ■ •) of these numbers 
will have a definite value in each of the fundamental states.

That property of a quantity, represented by the function F(Nr), which 
is usually called its “normality”, can be precisely defined in these terms. 
We require the existence of a quantity < F > , depending on 2V, but not 
depending on the particular one of the U(N,E)  fundamental states in which 
the system is found, such that the ratio

[F(Nr) -  <F>]/<F>

is extremely small for the great majority of these states. More precisely: 
If £ is any positive number, and if Q(N, E)  is the number of those funda
mental states of the energy level E  in which

| [F(Nr) -  <F>]/ <F>  | >  e,

then we must have

Q(N, E)/Q(N, E)  ->0 (N ^  °° )

(assuming, of course, that E and V increase in proportion to N).
We now' show that this normality, as just defined, is possessed by every 

function F(Nr) which satisfies the extended Lipschitz condition defined 
above. In other wrords, normality is an inherent property of all quantities 
which depend symmetrically on the energies of the particles, provided that they
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do not vary too rapidly. This assertion is the content of Theorem I, formu
lated below. First we mast establish a lemma, with the help of which The
orem 1 can easily be proved.

All of our statements will hold for each of the three basic statistical 
schemes: complete statistics (Maxwell-Boltzmann, or scheme P), sym
metric statistics (Bose-Einstein, or scheme S), and antisymmetric statistics 
(Fermi-Dirac, or scheme A). In those places where separate arguments 
must be used for these three schemes, we shall carry them out for each 
separately.

§4

We have denoted by Sl(N, E)  the number of fundamental states of the 
system corresponding to the energy level E. Let Qr(M)  be the number of 
these states in which N r = M,  i.e., in which just M  particles have energy 
r. Let us find an expression for Qr(M)  for each of the three basic statistical 
schemes. To this end we must consider, besides the energy spectrum of the 
particles of our system, another spectrum differing only in that the level r 
is missing (gr = 0); all the other energy levels are the same (and have the 
same degree of degeneracy) as in the original spectrum. All quantities 
formed under the assumption of this second spectrum will be distinguished 
in the following by an asterisk (*).

In scheme P, in order to specify a fundamental state of the system it is 
necessary to fix the state of each particle. The number Qr(M)  therefore 
stands for the number of such choices of states of the particles in which 
we have M  particles with energy r. In order to realize such a choice, it is 
necessary first to choose from the total number N  of particles, those M 
particles whose energies are to be equal to r. This can be done in C(N, M)  
different ways. [We use the symbol C(N, M)  to denote the number of 
combinations of N  things taken M  at a time.] Furthermore, each of these 
M particles must be put in one of the VgT states which correspond to the 
energy level r. This, obviously, can be done in (Vgr)M different ways. Now 
we must assign states to the remaining particles. There are N  — M  remain
ing particles, the sum of their energies will be E — Mr, and their spectrum 
will be just the second spectrum we mentioned above. Thus, the number of 
choices of states for these remaining N  — M  particles is simply equal to 
the number of states of a system of N  — M  particles whose total energy is 
E — Mr on the assumption of the second spectrum, i.e., it is equal to 
0*(A — M , E  — Mr).  In the case of complete statistics, therefore, we have

(P) Qr(M) = C(N, M)(Vgr)irtt*(N — M, E — Mr).

Let us turn now to symmetric statistics (scheme S).  Here, a state of 
the system is specified by assigning the numbers of particles which are in
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the various states. To the energy level k there correspond Vgk linearly in
dependent single particle states. We denote by aks the number of particles 
in the sth state with energy k (k = 1,2, • • ■ ; s = 1, 2, • ■ • , Vgk ; aks = 
Nk). To each fundamental state of the system there corresponds a definite 
choice of occupation numbers aks , which, of course, satisfy the conditions

(4) £ * “-1  £ . - i  a*. = -V; & i  a*. = E.

Conversely, to each such choice there corresponds just one of the 0(Ar, E) 
fundamental states of the system. Consequently, Qr(M)  is the number of 
choices of occupation numbers which satisfy the relation

(5) N r = Z S  Or. = M

and the conditions (4). But, one can choose numbers aTS satisfying this 
relation in as many ways as there are integral solutions of the equation

Z .r-I *1 = M.
This number is C(M +  VgT — 1, M).  (The easiest way to see this is to 
note that the number of integral solutions is equal to the coefficient of xM 
in the expansion of (1 — x)~'“r in powers of x.) This choice having been 
made, we have to compute the number of ways that the remaining occupa
tion numbers a*-., (for all k ^  r) can be chosen. Since this choice is bound 
only by the conditions

Z *  aTS = N  -  M- Z *  kak. = E -  Mr,

the number of possible choices is equal to n*(W — M, E  — Mr),  and we 
find
(S) Qr(M) = C(M  +  Vgr -  1, M)Q*(N -  M, E -  Mr).

[The asterisk means that the term k = r is missing from the sum.]
Let us turn finally to the antisymmetric case (scheme A).  Here there 

is only one difference from scheme S : Instead of arbitrary solutions of equa
tion (5), we must count only those for which aTS < 1 (s = 1, 2, • • ■ , VgT), 
which, obviously, gives C(VgT, M)  solutions. Thus, we find

(A) Qr(M) = C(Vgr , M)V*(N -  M, E -  Mr).

Hence, our first problem is solved. To avoid misunderstanding, one must 
keep in mind that the expression Q*(N — M, E — Mr) in these formulas 
has different values for the three different statistical schemes.

§5
If B stands for some condition, depending on the numbers N r , then in 

general this condition will be satisfied for some of the Q(N, E) fundamental
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states of the system belonging to the energy level E, and will not be satis
fied for the others. For brevity, let us denote by P(B) the fraction of these 
fundamental states for which condition B is satisfied. We call P(.B) the 
'probability of condition B. In particular,

P(Nr = M) = Qr(M)/Q(N,  E),

where Qr(M)  is the number we defined above. Thus, we have the follow
ing formulas for this probability:

'C(N, M)(Vgr) l,a*(N -  M, E -  Mr)/Q(N,E),

(6) P(Nr = M)

(P)
C(M +  VgT -  1, M)U*(N -  M, E -  Mr)/Q(N, E),

(S)

C( Vgr, M)a*(N — M, E — Mr)/Q(N, E).

(A)

Now let a and /3 be two real parameters whose values are such that the 
following double series will converge:

$ (« ,£ ) = S ”=oe ap ^ ( p ,  q)/C(p),

where C(p) = p! in the case of complete statistics and C(p) = 1 in the 
other two cases. Then the following basic formula [Chapter V, §3, equa
tion (22)] is valid:

(7) Q(p,q) = C(p)Ha,0)eap+̂ P(p,q) ,

where P(p,  q) is a certain two-dimensional probability distribution. We 
shall have more to say about this quantity later on. We have the following 
expressions for the function $(a, (3) (see p. 157):

T,Z-iVgt e-la+fk), CP)

(8) In $(«, p) = -  Z?=i Vgk In [1 -  e”™ ] , (S)

1 Vgk In [1 +  e~(a+m]. (A)

If we turn to our “second” system and put (in accordance with our sys
tem of notation)

«*-(«, /3) = Z U e - ap̂ V*(p,q) /C(p) ,

then In $*(a:, /3) is given by the same sums (8), except that the term k = r 
is missing; whence
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In [$*(«, /3)/<f>(a, 0)] =

-V(jr e~la+fr\

VgT In [1 -  e -(“+3r)] 

-Thrill [1 +  e~<a+M]

(P)  

(S ) 

(A)
Applying formula (7) to the numerator and denominator of the fraction 
Q*(N — M, E — Mr)/Q(N, E),  we find

Q*(N -  M, E -  Mr)/Q(N, E)

= [C(N -  M ) / C ( N ) W ( a,l3)/Ha,l3)]e-ina+e')

■P*(N -  M, E  - Mr)/P(N,  E)

exp [ -VgT e~ia+?r)] (P )

[C(N -  M)/C{N)]e~ma+fr)Ru [1 -  e- (a+f)r)]Vgr, (S)

[1 + (A)

where
R m = P*(N — M, E — Mr)/P(N,  E).

We now substitute this expression in formula (6). For brevity we intro
duce the “index of symmetry” <r of the given system [a = 0 for (P), a = 1 
for (S), <j = —1 for (A)], and we put

(ea+Pr -  cr)-1 = Tr [(P), (S),  (A)]-
Then we easily obtain

(9) P (Nr = M)

[e-Ve'T'{Vgr TT)M/ M W M ,  (P)

C(M +  Vgr -  1, M)
(S)

■(Tt + 1)~v"[Tt/ ( T t +  1 

C(VgT, M ) T r*( 1 -  TT)VOr~MR M . (A)

In these expressions it is interesting to note that in all three cases the fac
tors preceding R M represent a very simple probability distribution, cor
responding to a certain integral-valued random variable. In all three cases 
we shall call it the “basic distribution”.

§6
First of all, let us estimate the factor

R m = P*(N — M, E — Mr)/P(N,  E).

The denominator of this expression (which is independent of M)  can be 
obtained from formula (37) of Chapter Y, §5. Thus,
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(10) P(N, E) = d/2rVbk +  0(V~2),

where d and S are positive constants.
The estimate of the numerator is much more complicated. However, for 

our purposes it is sufficient to consider only values of M  which satisfy the 
inequality

(11) \ M - V g rTr \ >  TT\V g r)x- \
where e is some constant (0 < e < ;) . Moreover, we require only a very 
crude estimate which can be derived easily by elementary means.

By definition, P*(N — M, E  — Mr) is the probability distribution of a 
certain integral-valued random vector (S*, T*). Hence

P*(N — M, E — Mr) = P(S* = N — M, T* = E -  Mr)

< P(S* = N -  M)  <  £ (11) P(S* = N — M).

where the summation extends over all values of M  which satisfy condition
(11) . It follows that

(12) P*(N -  M, E -  Mr) < P( | S* -  N  +  VgT Tr \ > Tr\ V g r)'^\ .

Until now the values of the parameters a and 0 have been arbitrary. 
Now we shall choose them in the usual way, so that the relations

N  +  d In $>/da = 0; E +  d In 4>/d0 = 0

are satisfied. (It is well-known that such a choice can always be made 
uniquely, and that the resulting values of a and 0 are constant, i.e., do not 
depend on N, E and V.) It is known (p. 139) that the mathematical ex
pectation of the quantity S* is

ES* = — d In $*/5a = — 3 ln3>/da — Vgr Tt

= N - V g r Tr .

Using this, and applying the Chebyshev inequality to inequality (12), we 
obtain

P*(N — M, E — Mr) <  P{ | S* -  ES* | > Tr'(U(/r),_'}

< DS*(Vgr/T r)2\V g ry 2,

where D»S* is the dispersion of the quantity S*. But S* is the sum of U 
mutually independent random variables which have the same constant 
(i.e., not depending on N, E  and V) probability distribution. If we denote 
the dispersion of this elementary distribution by b*, it follows that

DS* = Vb*,
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and we find

P*(N — M , E  — Mr) < b*(Vgr/T r)2tV~1g72.

We shall be satisfied with this very crude estimate [which holds for all 
values of M  satisfying condition (11)]. Combining it with estimate (10) 
for P(N,  E),  we find, for all such values of M  and for all three statistics

(13) R m = P*(N -  M, E -  Mr) /P(N,  E ) < c(VgT/T T)2'g72.

(Here c is some positive number, independent of V and r. A simple com
putation, which we omit, shows that

b* = V~ld2 In $*/da < 7 “‘d2 In ^ /da,

where the right side is independent of V and r.)
It is always assumed, of course, that the number r is one of the possible 

energy levels of a particle, i.e., that gr > 0.

§7
Now let us denote by Pa, E0 and I)a the probability, mathematical 

expectation and dispersion, respectively, of the integral-valued random 
variable corresponding to the basic distribution defined by the factor pre
ceding R M in each of the three formulas (9). Again applying the Chebyshev 
inequality, we find, for all three statistics,

P{ I Nr -  VgrTr I > TrW gr)1-'] = Z d i ) P o(M)Rm

< c(Vgr/ T r)2tg72Z an Po(M)
(14) = c{Vgr/T r)2lgT~2Pa{ \ N r -  VgrTr \ > Tr\ V g T) ^ \

< c{VgT/T T)i‘V~2g7~iEo{[NT -  VgTTr}2\

= d V g r / T ^ V - ^ D a i N r ) .

The above follows since each of the three basic distributions has (as is 
shown by an elementary computation) the mathematical expectation 
VgrTr , and hence in all three cases

£ 0{[ATr -  VgrTr\2\ = D0(Nr).

But it is also easily shown that in all three cases

D a ( N r )  =  VgTTr{l +  cTr),

where a is the index of symmetry. Therefore, inequality (14) gives

P{ I N r -  Vg,Tr | >  T7(Vgr)l~1} < c(Tr/Vgr)l- ieg r2(l +  cTr), 
or, since gT > 1,
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Pf I N r ~ VgTTT I > T rW g ,)1-'} < c{Tr/V)l- u{\ +  cTr).
This is our estimate of the probability of the inequality

(15) \ N t -  VgrTr \ > TrXVgr)1-'

for a fixed value of r. The probability that inequality (lo) holds for at 
least one value of r (1 < r < » ) ,  does not exceed the sum of the probabilities 
just estimated, i.e., it does not exceed the quantity

cV~il- U)'Er=l r r1-4,( 1 +  trTr) = c'F~(1' 4i)

(where c' is a positive constant). Thus, we have proved the following propo
sition:

L e m m a . With a probability greater than

1 -  cT~(1~4f) 

we can assert that for any r (1 < r < °o),

(16) \ N r -  VgrTr \ < T f ( V g r)l-%

where e is any positive number in the interval 0 < e < and c’ is some posi
tive constant. According to our definition of probability this means that the 
whole set of inequalities (16) will hold for all fundamental states of the 
energy level E with the exception of no more than cT/-<1-4') of the states. 
(Thus, the fraction of the fundamental states represented by the exceptional 
ones tends to zero with increasing N, E and V.)

§8
T h e o r e m  1. A function F ( N i , N 2, • • • , N r , • ■ •), which satisfies the 

extended Lipschilz condition, is normal.
Let us put

N r / N  =  lr , ( V / N ) g rT r  =  \ r  { r  =  1, 2, • • • ),

so that the numbers Xr can be considered constants. Then the quantity

<F> = F( N\ i , N \ i , ■ ■ • , NXr , • • •)

will depend on N  (and hence on E and V) but not on the particular state 
of the system (and, in particular, it will not depend on the numbers N r). 
Since the function F by hypothesis satisfies the extended Lipschitz condi
tion, we have, by (3), for any a > 0,

(17) | F{Nr) -  <F>  | <  C<F>v?(Xr)Z "= l Mr ~  Xr |V r,

where ^(Xr) = v(Xi , X2, • • •) depends only on the numbers Xr and is thus 
constant.
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Now we decompose the set of all il(N, E) fundamental states of the sys
tem for the energy level E into two classes K x and K-,, putting those states 
into class Ki  for which inequality (16) holds for some r. The remaining 
states are put into class K 2. We denote by Oi(N, E)  and ih(N, E)  the 
numbers of states in these two classes, respectively. By our lemma,

Q2(N, E)/Q(N, E)  < cT “ (h o  0 (N oo ).

On the other hand, for each state of class K i , we have

| lr -  A, | = AT11 N r -  VgrTr \ < Clgr(Tr/ V y  < c2gre ^ rF 'c, 
where Cj and c2 are positive constants; whence

\lr -  Ar r  <  crgSe-'^V-'*.

Thus, for any state of the class K u inequality (17) gives (if we remember 
that y(Ar) is constant)

\F(Nr) -  <F>  ] < c3F“t"< F > E "= i? rV x“^ >r.

If we choose A < eg/3, the series on the right converges and its sum is some 
constant; therefore,

(18) | F(Nr) -  <F>  | < ciV~t>‘<F>.

But this establishes the normality of the function F(Nr) since inequality
(18) holds for all states of class K i , which comprises the overwhelming ma
jority of the 0(Ar, E)  fundamental states with energy E.

Moreover, we have obtained a simple method of finding the quantity 
<F>  which is representative of the values of F in this majority of states. 
To obtain <F>  we must substitute in the expression of the function F not 
the numbersN r but their microcanonical averages VgTTT(r = 1, 2, • • •)• 
The number

< F >  = F(Vg1T1, Vg2T2, •■■)

will also be the value predicted by the statistical theory for the quantity 
expressed by the function F(N i , N ->, ■ • ■) for given values of N, E  and V.

§9

It is well-known that the microcanonical averaging of a quantity, for 
given values of N, E  and V, refers to the simple arithmetic average of its 
values for the U(N, E)  corresponding fundamental states. In other words, 
in microcanonical averaging, all accessible states have the same weight. If 
we normalize these weights so that their sum over all accessible states is 
unity, then we call the weights 'probabilities of the corresponding states. 
Thus, one can say that in microcanonical averaging, all accessible states
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have the same probability 1/ii. [Here, and in the following, we write it in
stead of 0(N, E) for brevity.]

In statistical physics after the work of Gibbs another principle of averag
ing, called canonical averaging, became widely used. In canonical averaging, 
as distinct from microcanonical, all fundamental states consistent with the 
given values of N  and V are assigned positive probabilities, regardless of 
the energy of the system. Of course, these probabilities can no longer all be 
equal to one another (since there are infinitely many such states). In canon
ical averaging each state with energy E  is assigned the probability

ce ,

where /3 is a positive constant and where c is a coefficient chosen so that the 
sum of the probabilities of all fundamental states will be 1.

Canonical averaging is very widely used, chiefly because it is much easier 
to calculate averages and their properties using the canonical distribution 
than it is to calculate using the microcanonical distribution. But, with re
spect to the theoretical principles of statistical physics, the canonical 
method of averaging at first sight always gives the impression of being 
rather arbitrary. Moreover, in the formation of mean values the canoni
cal method unnecessarily brings in states of the system which in general 
cannot exist for a given energy E, i.e., states with other values of the energy. 
(In the microcanonical method the probabilities of all such states is simply 
0.) Another disadvantage is that canonical averaging makes use of a very 
special distribution function which cannot be justified a priori except in 
that it is very convenient for computational purposes. (The microcanonical 
average, on the other hand, is based on the very simple distribution in which 
all accessible states are given the same probability.)

There are several different ways to overcome these difficulties. Tor ex
ample, one can show that in a very broad class of problems, including most 
of the ones frequently met in practice, canonical averages are practically 
identical with microcanonical averages. Hence, with complete justification 
we can consider canonical averages as convenient mathematical approxima
tions to microcanonical averages. (See Supplement III.) However, the dif
ficulties under discussion are usually approached from another point of view 
which is also completely satisfactory. This approach is based on a mathe
matical theorem proved by Gibbs, under special assumptions, and later 
generalized considerably by other authors. This theorem asserts that if a 
system is subject to a microcanonical distribution, then a small part of that 
system is necessarily subject to a canonical distribution. In particular, if we 
are dealing with a homogeneous system composed of N  particles of identi
cal structure, then it follows from the microcanonical distribution of this 
system that the individual particles are distributed canonically. More ac-
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curately, as N  —> » , the probability that a particle will have the energy r 
approaches the quantity

(V/N)grTr = (V /N )gr[ea+I>r -  . r f1

which is asymptotically proportional to gre~0r for large r. (Since VgT states 
of a particle correspond to the energy level r, it follows that the probability 
of finding a particle in any one of these states is asymptotically propor
tional to Tr .)

Thus, we no longer consider the original system to be isolated, but assume 
it to be in a state of free energetic contact with its very large surroundings 
(“heat bath”). We then take the “original system plus heat bath” as a 
new system, and consider the original system as a small part of this new 
system. We think of this new composite system as isolated, so that its energy 
is constant, and hence we assume that it is distributed microcanonically. 
The original system being just a small part will now be distributed canoni
cally in virtue of Gibbs’ theorem.

With this approach to canonical averaging the appearance of the canoni
cal distribution does not represent an arbitrary assumption, but is a neces
sary consequence of the original hypothesis. The assumption that the total 
system is distributed microcanonically remains as the only hypothesis. We 
shall see that by using Theorem 1 (proved above) we can to a very great 
extent remove even this hypothetical element, and extend Gibbs’ theorem 
to the case of a system whose distribution is to a large degree arbitrary.

§10
A system of energy E and volume V consisting of N  particles of identical 

structure is distributed microcanonically if each of the 0(fV, E)  = 0 ac
cessible fundamental states has the probability I/O. Let us assume now that 
this probability can be different for different states, but that it is a sym
metric function of the particle energies. (In this case antisymmetry would 
be in violent contradiction to our basic assumption about the equivalence 
of the particles.) In other words, this probability is a function of the num
bers N i , N 2, • • • , N r , ■ • • , and can be conveniently represented in the 
form

(19) F(Nlt Nt , ••• , N r , •■■)/0-

For the microcanonical distribution F = 1.
T h e o r e m  2 .  I f  the probabilities of the different states of the system, con

sistent with the given values of N, V and E are defined by (19), where the func
tion F(N i , A'L , • • • , N r , • • •) is bounded and satisfies the extended Lip- 
schitz condition, then, as N  —* r-c, the probability that an individual particle 
will have energy r approaches
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( V/N)grTr = (V/N)gr[eâ r -  a}-1.

Let us denote by K the set of all choices of the numbers Arr which satisfy 
the relations

(K)  &  .V, = .V; L i l .  r.Vr = E,

and let us put

F(VgiTi , L(liT i , • ■ • , 1 (jrTr , ■ • •) = < F> .

Let K\ denote that part of K  for which

(20) | F — <F> \ < ciV~‘,‘<F>,

and let A'2 denote the remaining part. As we showed in the proof of Theorem 
1, the number of states corresponding to K 2 does not exceed Q c'/ F 1-4*. Let 
us denote by A = A(Ari , AT , • • • , Arr , ■ ■ •) the number of different states 
of the system corresponding to a given choice of the numbers Nr ■ Then

EAL = n - 'E w  N r F ( N , , Nt , • • • , N r , ■ • ■) A (AT , • • • , N r , ■ ■ ■),

where the summation extends over all sets K  of choices of the numbers 
N r . Whence,

(21) EAT = < F > fi-1Z w  A>A +  Q-'Eor,) X r[F -  <F>]A

+  -  <F>]A.

Since, for any of these choices of the numbers N r , we have

Nr = N,

summing (21) over all values of r yields

(22) N  = <F>N  +  ATT'Zc*,) [F -  <F>]A

+  A Q [F — <F>]A.

But in K i inequality (20) is satisfied; therefore, remembering the bounded
ness of the function F, we obtain

I AAT'Zum) \F -  <F>]A  | <  c.1<F>A Tr -<'‘ < c5N l^ ‘.

On the other hand, A < 0 c '/L 1-4', and consequently, if we denote
the upper bound of the function F by .1/, we have

| ATT'Ecs.) [F -  <F>]A ! < A W \2M 9.c '/V l- ie) < c6N u.

Thus, relation (22) gives

| ATI -  <F>)  ! < a  Arl“',< +  c6 A'4' = «(AT),
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and consequently < / ’> —> 1 as N  —* =o. Since, on the other hand, the sum

^ A 'ri
is obviously the microcanonical average E„Arr of the number N r , relation
(21) gives

I E.Vr -  [1 + o(l)JÊ Vr j < c5 A'1""' + c6 At4\
Using the well-known formula of quantum statistics

E,JVr = VgrTr +  o(N),

we find

EArr = VgrTr + o(N).

But the probability that a particle have the energy r is obviously equal to

P.v(r) = A-'EAy.

Therefore, we find

/ \ ( r )  = (V/N)grTT +  o(l), 

and Theorem 2 is proved.



Supplement V I

SYMMETRIC FUNCTIONS ON MULTI
DIMENSIONAL SURFACES [14]

§1. Introduction
The general properties of symmetric functions on multi-dimensional sur

faces are very important for the mathematical foundation of the principles 
of classical statistical physics. If the surface is a “surface of constant en
ergy” in the phase space of a physical system, then every point of the sur
face describes a definite state of the system, consistent with the given total 
energy. In classical physics, any physical quantity associated with a system 
is uniquely determined by the state of that system and, hence, for a fixed 
total energy, is a function of position on the corresponding “energy shell”.

Obviously, one can consider that every macroscopic quantity, which is 
expressed as a function of the Hamiltonian coordinates of the particles of 
the system, will (in the case of a homogeneous system) always be sym
metric with respect to these particles. (From the mathematical point of 
view, it would perhaps be expedient to define a macroscopic quantity di
rectly as any function of the particle coordinates which is symmetric with 
respect to these particles.) Therefore, from the physical point of view, the 
general properties of such symmetric functions will express the general 
properties of macroscopic quantities for a system with a fixed total energy.

Among these properties, the “near-constancy” of such functions has the 
most important physical implications: When the system consists of a large 
number of particles, such a function, as a rule, assumes values which are 
extremely close to one another for the great majority of points on the en
ergy shell. I t  is clear that all these values will be very close to the micro- 
canonical average of the function over the given energy shell. This fact is 
especially important because it makes the introduction of an “ergodic” 
theorem or hypothesis unnecessary for the study of such systems. In fact, 
if for the great majority of points on the energy shell the values of the func
tion in question are very near to its average over the shell, then it is im
mediately obvious that the time averages along the majority of the system 
trajectories will practically coincide with this average over the shell. How
ever, establishing this nearness of “time-” and “phase-” averages is pre
cisely the goal of any “ergodic” theory.

Of course, this “near-constancy” of macroscopic quantities over an en
ergy shell was well-known to the founders of statistical physics. One finds 
clear hints of this property in Jeans, Lorentz and many other authors. It 
is rather surprising that, up to the present, apparently no one has attempted

198
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either to prove this property of symmetric functions under some fairly gen
eral hypotheses or to give a clear definition of the corresponding mathemati
cal problem. In Fowler’s Statistical Mechanics [11] this “near-constancy” 
is established for the special class of quantities which I have called sum 
functions. In my two books on statistical mechanics, I gave a proof for this 
same class of quantities by a new method, namely by reducing the prob
lem to one involving the local limit theorems of the theory of probability. 
Later (see Supplement V), I used this method to prove the “near-con
stancy” for very general symmetric functions in the case of the simplest 
type of quantum systems. The corresponding problem in classical physics 
is much more complicated. A quite general solution is given for the first 
time in this paper. The only condition necessary for the “near-constancy” 
of a symmetric function over an energy shell is that the function be con
tinuous, where continuity is understood in a certain very broad sense.

The basic result mentioned above is contained in §9. The intervening 
sections are concerned partly with preliminary results and partly with di
gressions, in which certain problems are solved which have no direct con
nection with the main development of the paper. Thus, in § §5 and 7, we 
obtain an accurate solution to the problem of finding the limiting distribu
tions of the different terms of a sequence obtained by arranging the ener
gies of the particles comprising the system in order of increasing magni
tude. This problem, no doubt, is of interest both in multi-dimensional 
geometry and in physics.

Finally, in §10, our basic result is applied to the generalization of a the
orem of Gibbs. This generalization seems quite significant to me. The dis
cussion concerns the theorem that a small part of a system, under very 
broad hypotheses, is distributed canonically in its own phase space when 
the system as a whole is microcanonically distributed on an energy shell. 
This theorem is usually (and justly) considered the most important the
oretical argument in favor of the widely used canonical method of averaging. 
The only remaining hypothesis is the assumption about the microcanonical 
distribution of the “large” system. In §10 I show that this hypothesis can 
be changed to a much broader one: I t is sufficient to assume that the dis
tribution of the system over the energy shell is symmetric with respect to 
the particles (and that certain natural and general requirements of bounded
ness and continuity are satisfied). In fact, according to the results of §9, 
any continuous symmetric distribution of the system over the energy shell 
is “almost equal” to a microcanonical distribution.

§2. Preliminary formulas
In this section we collect several well-known formulas of classical statis

tical mechanics which will be used later.
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Let us consider mechanical systems composed of a very large number N  
of particles of identical structure. We shall denote the energy of the system 
by E  and the energy of the fth particle by e , . We shall assume that

E  = £ t i  e.-.

The set of Hamiltonian variables of the z'th particle will be called briefly 
(q i, pi). Any physical quantity associated with the fth particle is a func
tion of these variables. In particular, the energy e* equals e(qi, pi) , where 
the form of the function e(ql , pt) does not depend on i. (This just expresses 
the fact that the particles have identical structure.) The Euclidean space 
whose Cartesian coordinates are the Hamiltonian variables of a particular 
particle is called the phase space of that particle. We shall denote by v(x) 
the volume of that part of this phase space in which e(qi, pt) < x. We as
sume that the zero value of the energy is chosen so that v(0) = 0.

The function u(x) = v'(x),  which plays a most important role in our 
work, will be called the structure function of the particle. The hypersurface 
e(q-i, pi) = x of the phase space of the fth particle will be called the “sur
face of constant energy x”. Denoting by da the “surface element” of this 
surface, we have the well-known result

w(x) = J  d<r/grad e(?i, p<),

where the integration is carried out over the entire surface e(qi, pi) = x.
We introduce analogous concepts for the system composed of N  particles. 

The Cartesian coordinates of the phase space of this system are the Hamil
tonian variables (qi , p{) of all the particles (i = 1, • • ■ , N).  The volume 
of this space in which

£ f=  i e(q( , p i ) < x 

is denoted by VN(x), and the function

&n(%) = Viv'(x)

is called the structure function of the system. If dSN is the “surface ele
ment” of the energy shell

(1) e(g,-, pt) = x,

then

9..\(x) = J  dSw/grad E, 

where the integration is carried out over the entire shell (1) and where
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E  =  X)f= 1 e(g,-, Vi )

is the total energy of the system.
The functions VN{x) and QN(x) for the system are related to the cor

responding functions for one particle by simple composition rules. The re
lation

/ (Y) N
H  {oj(Zi )  dZi

•l + ‘"+ZN<X 1=1
A N - l )  r A T - 1  " I  ̂

= / II {w(z,-)dzi} /
J J  Jo

X —  ( Z l  +  ' - ’ + Z t f - l )

CO (  Zff ) d-Zft

is almost obvious, and a differentiation with respect to x leads to the com
position rule for the structure functions

/ ( Y - l )  r v - i  - i  /  N- 1 \

n  {co{Zi) dZi\ u  (.x -  X j  Z ij  ,

where the integral is extended over the entire (N  — 1)-dimensional space.
Formally, this rule is completely analogous to the composition rule of 

probability densities for the sum of mutually independent random variables. 
This circumstance makes it possible to estimate the quantity Q,v(x) by using 
the local limit theorems of the theory of probability, as we shall see in de
tail below.

The physical state of a system is determined by the location of a point 
in its phase space. Every physical quantity which has a definite value in 
each state of the system is therefore some function/(P) of the point P in 
its phase space. The quantity < /> ,  defined by

< />  = [fi*(a:)] 1 J  f (P)  dhN/grad E,

will be called the mean value of f (P)  for a system with total energy x. The 
integration is extended over the constant energy surface E  = x. This is 
usually called the microcanonical principle of averaging. In particular, this 
allows us to define the probabilities of various relations among the Hamil
tonian variables of the system. In fact, for any such relation A we can put 
f (P)  = 1 if relation A is satisfied at the point P, and f (P)  = 0 otherwise. 
Then the probability of the event A (for E = x) is defined as the micro- 
canonical average of f (P)  over the surface E — x.

The following relation ([1; p. 37]) is often useful for computing micro- 
canonical averages:

< / >  =  [ M - r O r 1 (d/dx) f  f ( P ) dV ,
J F<x

( 3 )
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where dV stands for the volume element of the phase space of the system 
and the integral extends over that part of this space in which E < x .  Let 
us consider, as an example, the important case in which f (P)  depends only 
on the particle energies:

f ( P )  =  $ ( e i , • • • , e jv ).

Then we have

f f ( P ) j y = [  $ (Cl, •••,eJV) dV
J  E < x  ' ' « ! + •  " + e t f < x

=  /  $ ( z i , • • •, Zn )  n  ( « ( z i )  d z i \
J  Zl + ‘"+ z j i f< x  1

- r  _

• I , • • • , z n )<^{z n )  d z N .Jo

By (3), we then get
r(lf-l) / Y-l \

( 4 )  < / >  =  [fijv (m )]-1  j  $ ( z i ,  l t x  -  2 2  Z i )

{ n  d Z i j  j  03 -  X )  Z i )  ■

n  (co(zi) dZi)J

l - ( z i  +  . .-+ iJV_ 1)

This formula will be quite useful to us later. In the special case for which 
/(P )  = <p(e0 depends on the energy of only one (say the first) particle, (4) 
gives

< />  = <<p{ei)>  = [Ojv(x)] 1 f  <p(z1)u(z1) dzi
Jo

f ( Y - 2) p H  -1 /  N- 1  \

■ J  I n  { “ ( 2i )  dzi) I 01 \ x  —  X Zi ) .

According to (2), the inner integral on the right side equals V.N_i(x — zt), 
and we find

(5) <<p(e i) > <p(z)u(z)SlN- 1(x — z) dz.

Another important application of formula (3) is to express the distribu
tion of an individual particle in its phase space. For definiteness, let us speak 
of the first particle. Let us denote its phase space by r\ and let us determine 
the probability that the Hamiltonian variables (qi , pi) of this particle be-
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long to a certain region A of the space . This probability will be the micro- 
canonical average of the function/(F) (where F, as always, denotes a point 
of the surface E = x) defined in the following manner:/(F) = 1 if the point 
F  is such that (q, , pi) £ A, an d /(F ) = 0 otherwise. Clearly, since/(F) 
depends only on the Hamiltonian variables (q, , pt) of the first particle

f  /(F )  dV = f  f (P)  dv f  dV*.
•>E<x * 'r 1 •> E * <  i —e,

E* and dV* denote, respectively, the energy and volume element of the 
phase space for the rest of the system (i.e., the set of all particles other 
than the first), and ei is the energy of the first particle at the given point 
of the space T i. Obviously,

so that

Hence,

f  dV* = V„—i(.T -  Cl),
J  E * < x — e i

f  f ( p )  dv  = [ f ( P ) y ^ ( x  -  ei) dv,.
J Jr.

(d/dx) f  f (P)  dV = f  f (P)aN-!(x — ci) dvi = f  nK-,(x  -  e,) dv,,Je<x Jrj Ja
and consequently,

< / >  =  P{gi,Pi f A} =  [  [ Q y - i ( x  -  e ! ) / n x ( x ) ]  d v , .
J  A

This means that if x is the total energy of the system, the particle we 
selected is distributed in its phase space 1\ with density

(6) <p{q, , pi) = JlM (a: -  e,)/SlN(x),

where ei = e(gi, Pi) is the energy of the particle at the given point. In par
ticular, we see that this distribution depends only on the energy e(q, , pi) 
of the particle, so that for all points of the space Ti with the same value of 
the energy, the probability density will be the same. It is easy to show that 
(5) follows from (6) in a straightforward way.

§3. Distribution of the energy of a particle. Gibbs’ theorem

First, we consider the problem of the energy distribution of an individual 
particle. As in §2 we define the probability P(ei < u) that the energy of the 
first particle is less than the positive number u, to be the microcanonical 
average of /(F ) , where /(F )  is equal to 1 if, at the point F of the surface
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C\ +  • • • +  eN = E, we have Ci = e(qi, pi) < u, and is equal to zero other
wise. Since/(P) depends only on e,, we can put

f (P)  = =
fl (ei <  u)

0 (ei > u) 

and, according to (5), we have

P(ei < u) = <<p,Xei) > = [^'(a;)]"1 f  <pu(z)ai(z)Q^-1(E — z) dz
Jo

r>U

= j [<ii(z)£In- i(E  — z)/Qn(E)] dz,
Jo

(7)

where E denotes the total energy of the system. We see that for an asymp
totic estimate of the quantity P(ei < u) we must find approximate expres
sions for the quantities 0,v(i?) and 0A-_i(E — z).

For this purpose let us use the method described in my book [1]. We as
sume that the number of particles N  and the total energy E  of the system 
are infinitely large, maintaining the constant ratio E / N  = a. If we assume 
further that u(z) satisfies the usual conditions ([1; p. 76]), then a unique 
positive number a exists for which

(8) j  zu(z)e~a‘ dẑ  j  J  w(z)e~az dz = a.

Let us put

f  co(z)e~ai dz = X, oj(z)e~“* = \<p(z).
Jo

The function <p(z) is the density of a certain distribution whose mathe
matical expectation, according to (8), is equal to a. Since co(z) = Xe"V(2)> 
relation (2) gives

Qn(x ) = \ Neax$a(x),

where

(9) $n(x ) /( .v -i) r v - i  -I /  Y - l[n {<p(zi)

Therefore, relation (7) can be rewritten in the form

P(d  < u) = f  [XeaV(*)Xw“V c' “* V -i(£  -  z ) / \ NeaK4‘N(E)]dzJo

=  f [<p(z)$t,-i(E — z) /$N{E)] dz.
( 10)
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But 3>n(x ) , by its definition (9), is the density at the point x of the dis
tribution of the sum of N  mutually independent terms with density <p(z). 
According to the local limit theorem ([8 ; p. 228]), all of whose requirements 
are satisfied in our case, we have

(11) Na  +  z(Nb)h] = *k[E +  ziNb)*] = (2tt Nb)~ie~z2nNb +  N~*n(z),

where b denotes the dispersion of the distribution <p(z), and where as 
JV —> =°, 17(2) —> 0 uniformly on the entire real line ( — «  < z < a>). Thus,

* n(E)  =  (2 wNb)^ +  o(AT*),

and for 2 = 0 ( 1)

Q ^ i E  -  z) = (2rNbT* +  o(N~h).

Therefore, for constant u

(12) $*_i(E -  z) /$n(E) = l +  o(l)

uniformly in the interval 0 < z < u. From (10) we obtain as N  —» «

P(ci <  u) <p{z) dz +  o(l),

and consequently,

P(ei < u) —> [ <p(z) dz = [ u>(z)e~az dz /  [ u(z)e~az dz (N —> qo ). 
Jo Jo /  Jo

Thus, the problem of determining the limit distribution of the energy of a 
particle is completely solved. Let us recall further that the number a is the 
unique root of equation (8). In the sequel we put

J w(z)e~as dz j  J  <j)(z)e~az dz = K(u),  

so that for any u >  0

P(ei < u) -» K(u) ( N -**>).

The corresponding local limit theorem is also an immediate consequence 
of our calculations. Differentiating (10) and using the estimate (12) we 
find

dP(ei < u)/du = <p(u)&N- i(E  — u) /$N(E) = <p(u) +  o(l). 

Whence, as N  —> °°

dP(ei < u ) / d u —><p(u) = K' (u ) (0 < u <  «>).
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Further, according to (11), we obviously have = 0(N~')  uni
formly for — oo < x < oo. According to the asymptotic estimate we have 
obtained for $N(E),  there exists a constant c > 0 such that

3V-i(E — z) /$n{E) < c

uniformly with respect to all values of N  and z. Since (10) shows that

P(ei >  u) = f  [<p(z)$*-i(E — z)/*„(E)\ dz,
J u

we find for all N  and for all u > 0

(13) P(ci > u) < c f <p{z) dz = c[l — X(m)].
J u

Let us assume now that the function w(z)e~~yz is decreasing (at least for 
sufficiently large z) for any 7 > 0. (This is always the case in real physical 
problems.) Then, for sufficiently large u and with 0 < 0 <  a

1 — K(u)  = X-1 f e~a\i(z) dz = X-1 f e~fizio(z)e~<a~0u dz
V u v U

< \~1u(u)e~l'a~^u f  e ^ z dz = (/3X)_1co(R)e^“ < e ^ “,
J U

and, consequently, for any N  and sufficiently large u

P(ci >  u) < e-|3“.

Thus we arrive at the following general estimate which we will need later: 
L e m m a . Let 0 < $ < a. Then for any N  and sufficiently large u

P(ci > u) <  <T*“.

Formula (6), §2, for the density of the distribution of a particle in its 
phase space can also be approximated simply and conveniently with the 
help of these asymptotic formulas. First, we easily find

0w-i(£  -  ei) / M E )  = X“V " ^ _ i ( £  -  d ) /*k(E).
Since $ n- i (E — ex) /$N(E) tends to unity for constant ei and N —> °c, then 
as N —> oc,

lim [0»_i(£ -  ed/QsiE)] = X 'V “ei.

Formula (6) shows therefore that when N  and E approach infinity while 
maintaining a constant ratio, the density of the distribution of a particle 
in its phase space also tends fat the point (71 , pi) of this spacef to the quan
tity
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where ei = e(qi, pi) is the energy of the particle at the point (qi , pi). The 
probability that, for example, the first particle will belong to a certain do
main A of its phase space will thus tend to the quantity

] V ae(5.'pi) dVl// | r dvi,
where dv\ is the volume element of the space I\ . This result, which is usually 
called Gibbs’ Theorem, can be interpreted as follows: If a large system is 
microcanonically distributed in its phase space, a small part of this system 
(a particle) is canonically distributed in its phase space.

§4. Derivation of the fundamental formula

We turn now to the solution of a more difficult problem. Let an arbitrary 
u > 0 be given. Then, in general, for an arbitrary point P of the surface

e(qi, = E,

some particles will have energy less than u, and the others will have energy 
greater than or equal to u.

Let us denote by ĵv(w) the relative number of those particles whose 
energies are less than u, so that ifn(u) is one of the numbers

k /N  (fc = 0, 1, , N ) t

Obviously, \pN(u), for given N  and u, is a function of the point P of the 
constant energy surface and consequently, from our point of view, must be 
considered as a random variable. We shall now find the distribution of this 
random variable. The solution of this problem is the key to the study of sym
metric functions of the particle energies. In fact, at two points for which the 
values of ̂ n(u) coincide for all u > 0, the energies of the particles obviously 
can differ from one another only in so far as the particles are enumerated 
in a different order. Conversely, this means that any symmetric function of 
the particle energies assumes identical values at two such points. In other 
words, any symmetric function of the particle energies can be considered as 
a functional whose argument is the function ypN(u).

Such a functional (if it is continuous in a certain definite sense) will be 
“almost constant” on a surface of constant energy, if the function N{u) 
possesses this property. (This point is discussed in greater detail in §9.) 
It is for precisely this reason that we must study the distribution law of the 
quantity

The event P̂n(u) = k / N (0 < k < N),  whose probability we set out to
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determine, is the event in which k of the N  particles of the system have 
energy less than u, while the remainder have energy greater than or equal 
to u.

Since k particles can be chosen in C(N, k) different ways, and since all 
the particles are indistinguishable from one another,

P{iMtt) = */W|
(14) = C(N, k) P{e; < u (1 < i < k)- e; > u (k +  1 < i < N)}

= C(N, k)P{Ak(u)},

where, for brevity, we have used the symbol A k(u) to denote the event 
{e,- < u (1 <  i <  k ) ; ef > u (k +  1 < i <  N)}.  If we now put, as in §3,

[l (0 < 2 < u),
Vu(z) = I

(0 (2 < 0, 2 > u),

then the probability of the event A k(u) is by definition the microcanonical 
average of the quantity

Fk(u) = [ n ? - i ^ ( e i ) ] i u u + i [ i  -  *«(*)].

Therefore, if the total energy of the system is E, the application of (4), §2 
yields

} = <Fk(u)> = [Oat(E)]~l J  |"ll<!>u(zi)w(z,-) dzi
(15) L’=1

•ĵ  [1 -  v«(zi)]w(zi) dzijj^l — <Pu( e  -  Xj 2^Jo j^E  -  X) Zi  ̂.

This gives us a very inconvenient expression for the probability

P I M u )  = k/N}.

Hence, we shall make a preliminary transformation completely analogous 
to (although somewhat more complicated than) the one carried out in §3. 
Let us put

X = f  co(z)e~az dz,
■>0

where a is determined from the equation

co(z)e~az dz = E /N  = a.

Let us also put
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K(u)  = X 1 f  co(z)e dz,
Jo

<pu(z)w(z)e~azj J  <pu(z)w(z)e~ai dz = [ \K (u )r1(pu(z)u(z)e~az = f^z) ,  

and

[1 — <pu(z)]u(z)e~az j  jf [1 — <pu(z)h(z)e~az dz

= X-‘[l -  X ( « ) r [ l  -  <pu{z)U z)e~az = f 2(z),

so that fi(z) and / 2(z) are the densities of certain distributions. Thus, we 
have

*«(«)«(*) = \K(u)eazfi(z),

[1 -  <pu(z)]w(z) = X[1 -  K{u)]eazf 2{z), 

and (15) takes the form

P{4*(r)} = X2V[nJv(JE7)r1[/C(w)f[l -  K(u)] N-k aEe
(16) p(N-i)  r  k n r  n - i  - i /  y - l  \/ n/iw  ̂ n Mzi) /s (̂  - s  2»).•> L*=i J  L*=*+i J  \  »=i /

Here the (W — l)-fold integral on the right side obviously represents the 
density, at the point E,  of the distribution of the sum of N  mutually inde
pendent random variables, of which the first k are distributed with density 
fi(z') and the remaining N  — k are distributed with density/2(z). For brev
ity, let us denote this density by IIk{u, E).  Then (14) and (16) give

P{**(u) = k/N]
(17)

= C(AT,A:)XA'e“£[0Jv (£ ) r1[/f(M)f[l -  K(u)]N~kUk(u, E).

Finally, let us note that n 0(O, E)  represents the density at the point E 
of the distribution of the sum of N  mutually independent random variables 
distributed with density \~ 1u(z)e~az. In §3 we denoted this quantity by 
$ n(E) and we saw that

Q„(E) = \ NeaS*H(E) =  x V £n0(0, E).

Therefore, we find

P \ M u )  = k/N]
(18)

= C(N,k)[K(u)f[l  -  K(u)]N~kUk(u, F ) /n 0(O, E).

Formula (18) is basic to all our further calculations. We shall see that it
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is exceptionally convenient for this purpose. The study of (18) involves 
finding the asymptotic estimate of the density II*(w, E).  This computation 
naturally involves the distributions /i(z) an d /2(z). Therefore we shall de
scribe here some of the simplest properties of these distributions which will 
be needed later.

Let Mi(r) and M2<r) denote, respectively, the rth moments of the distribu
tions fi(z) and /2(z). Then

= K(u) f  zfi(z) dz = A-1 f  <pu(z)zw(z)e~az dz Jo Jo

and analogously,

[1 —  K(u)]M2t) = A-1 f zrw(z)e~az dz.J U
Whence,

K(u)M1(r) +  [1 -  K(u)]M2ir) = A-1 f  zTw(z)e~az dz.
Jo

Thus, a linear combination of the rth moments of the distributions /i 
and /2 with coefficients K(u)  and 1 — K(u)  is always equal (independently 
of u) to the moment of the same order of the distribution

A~1u(z)e~az = <p(z)

which we considered in §3. By the definition of the number a, the mathe
matical expectation of this law is equal to a = E/N.  Its dispersion will be 
denoted by b. Thus,

(19) K{u)Mxw +  [1 -  K(u)]M2w = a,

and
(20) K( u) M j® +  [1 -  K(u)]M2™ = 6 +  o*.

§6. Distribution of the maximum and minimum energy of a particle

Before we proceed to the general asymptotic analysis of the basic for
mula (18), let us consider some of its more elementary applications. We 
shall show that with the help of this formula it is easy to find a very ac
curate expression for the distribution of the maximum and minimum energy 
of a particle (when the total energy of the system is fixed). IHere, and in the 
sequel, by maximum (minimum) energy of a particle is meant that energy 
which is the maximum (minimum) possessed by any single particle for a
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given state of the entire system. Since the division of the total energy among 
the separate particles depends on the state of the system, so does the maxi
mum (minimum) energy of a particle.]

The requirement that the maximum energy of a particle be less than u 
is equivalent to the requirement that all N  particles have energy less than 
u. This implies that f/N(u) =  1. Thus the distribution of the maximum 
energy of a particle is

G(u) = P [ M u )  = 1), 

which can be found from (18) by putting k = N.  Hence,

(21) G(u) = {K(u)}NUN(u,E) /Ua(0,E).

We turn now to a detailed calculation whose result will express with 
great accuracy the limiting form of the distribution G(u):

T h e o r e m .  For constant x ( — °° <  x <  °o ) ,  as N  ,

G(oT1 In N{ 1 +  In o^cT1 In N )/In N  + x/\n N ) ) -*■ exp ( -  oT W T).

In particular, this theorem shows that for sufficiently large N  the maximum 
energy of a particle, with a probability as near as we like to unity, will be 
approximately

a 1 In N  +  a 1 In w(ck 1 In N).

Proof. For brevity let us put

a"1 In iV(l +  In « (a~1 In 2V)/ln N  +  x/ln N} = uN .

According to (21), the theorem will be proved if we show that, as N  —> » ,

(*) (A /wat)}* —> exp ( - a ^ r ’e-1)

and

(**) TIb{un , E) /Ua(0, E)  —> 1.

As in §3, we shall suppose here that the function u(z)e~yz decreases for 
any 7 > 0 and for sufficiently large z. Moreover we shall make the further 
assumption that as z —* w

(22) <i>'(z)/w(z) = o(z-1).

[Both assumptions are always fulfilled in real physical problems where 
w(z) is usually approximated by some power of the variable z. I t is easy, 
however, to show that our first assumption is a consequence of the second.] 

In order to prove relation (*), let us note that integration by parts gives
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1 — K(u)  = X 1 f  u(z)e az dzJ u

= (\ a ) 1(i)(u)e ““ +  (Xa) 1 f  a>'(z)e az dz.
J u

But it follows from (22) that, as z —» «>, c/(z) = o[u(z)] and therefore as 
U —> oo

and we find

1 -  K(u)  = (X arV -uK ™  +  o{ 1 -  £(«)}.

Hence, a su ->  20

(23) 1 -  K(u) = (\a)~lw(u)e~au{l +  o(l)}.

Further, it follows from our first assumption that for any 5 > 0 and for 
sufficiently large z we have «(z) < e ‘ and, hence, In u(z) < Sz. In other 
words we have In u(y) = o(y) and consequently, in particular,

In co(a~l In N)  = o(lniV).

Whence,

1 +  In o^cT1 In N)/ ln N  +  x/\n N  = 1 +  o(l) (N  -» oc ),

and thus,

uN = a-1 In N  +  o(ln N).

Consequently,

w(mjv) = ujoT1 In N  +  o(ln W)}

= a)(a-1 In N) +  o[ln Nu'iaT1 In N)].

Therefore, by (22) a s  ^  ®

(24) o>{uN) = ^(aC1 In N) +  o[«(a-1 In N)] ~  w(a-1 In N).

On the other hand, we have

(25) e~m‘N = exp [ - I n  N  -  In c^(cTl In N) -  x] = e 'lJ V ^ T 1 In AOf1. 

From (23), (24) and (25) it follows that as N  —> <»
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(26)

1 -  K{ un) ~  e~x[\aN]~\

K{u„) = 1 -  eH A atfr1 +  o{N~l),

{/^(wy))* —> exp ( — e x/\a ) ,

which proves relation (*).
Turning now to the relation

, E ) / n 0(O, E) - » l,

we notice first of all that the denominator of this ratio, by definition, coin
cides with the quantity (E),  which we investigated in §3. We saw there 
that as N  —> <»

n 0(0, E) = *„(E) ~  (2xNb)~\

where b is the dispersion of the distribution whose density is

tp{z) = \~ lw{z)e~a!.

Thus we have to investigate only the numerator , E). This quan
tity is the density, at point E, of the distribution of the sum of N  mutually 
independent random variables, each of which is distributed with the den
sity (see §4)

Therefore, the mathematical expectation of the sum will be near Na = 
E, i.e., just that point at which we must estimate the density of the dis
tribution of this sum. In order to make this estimate we must establish the 
order of smallness of the difference M i (I) — a. According to (27) and (28), 
we have

/i(z) = <pUN{z)o>(z)e-az[\K{uN)Y \

In §4 the mathematical expectation of this term was denoted by M i(1>. 
It equals

(27)

and as W —> oo it approaches

(28)
'o

zu(z)e dz — [1 — K(uN)][K(u?i)] 1 zcu(z)e az dz.
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By (26), the second term, as N  —> oo, has the form 0(N  1). As for the 
first term, integration by parts gives

f zw(z)e~az dz = oTluNw(uN)e auN +  a 1 f [01(2) +  z<J(z)]e az dz.
JUN JUN

I t  is obvious from (23), (26) and uN = 0(ln N),  that the first term of 
this formula has the form 0(N~l In N).  Using (22), we see that the second 
term is of order 0[1 — A(wa-)] = 0(N~l). Thus,

a -  M = 0{N~l In N),

and it follows that

(29) E -  N M i l) = N[a -  iU1(1)] = 0(ln N).

If, for brevity, the dispersion Mi(2> — [Mi(1>]2 of the law /i(2) is denoted 
by bN, then the local limit theorem [see (11), §3] yields

n*(u* , E ) ~  (2TNbN)~i exp ( — [E -  N M t ^ / W b t , )  ( N -> » ) .

It is obvious that, as N  —> oo, the dispersion fey of the law fi(z) tends to 
the dispersion b of the law <p(z). Since, by (29)

[E -  NM,wf/2NbN = 0(A -1 In2 N),

we have

IIjv(WAr , E)  ~  (27rA7>Ar)~J (N —> 00 )

i.e., IIat coincides asymptotically with n 0(0, E).  This proves relation (**) 
and simultaneously completes the proof of our theorem.

Now we turn to the distribution of the minimum energy of a particle. 
This problem is solved analogously to the previous problem, but the cal
culation here is much simpler. First of all, it is obvious that the probability 
that the minimum energy of a particle is less than u is equal to

g(u) = 1 -  P { Mu )  = 0}.

In order to get an asymptotic estimate of g(u), we can again use our 
basic formula (18), this time putting k = 0,

P[fv(w) = 0 }  = [i -  X(«)}wn 0(«, F ) /n 0(o, E).

Let us denote by v(w) the volume of that part of the phase space of a 
particle in which its energy is less than u. Then, by the definition of the 
function w(z),
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The function v(u) is continuous and increasing. Let us denote by -u(v) 
the inverse function which, consequently, is also continuous and increasing 
for any v >  0. Then the following limit theorem solves our problem. 

T h e o r e m . For any constant x >  0, and as N  —> a>,

g\u(x/N)\  —> 1 — exp ( — x/ \ ) .

Proof. Obviously, the theorem will be proved if we can show that, as
A' -A OO

(*) [ l - % ( ^ ) ) r ^ e x p ( - r A )

and

(**) n„{W(:r/A0, £?}/n0(O, E) -> 1.

We note that, a s u - iO

K(u) = X 1 f  a(z)e az dz = X-1 [ w(z)[l +  0(z)] dz 
Jo Jo

= X“‘v(m)[1 +  0(u)].

In particular, as N  —» «

K{u{x/N)} = \ ~ \ x /N) [ l  +  o(l)].

From this we easily establish relation (*).
In order to prove relation (**), we note first of all that the denominator 

n 0(O, E) is exactly the same as in the preceding theorem. We know that 
as N  —> oo it is equivalent to (2irNb)~\ Thus, again, we have to estimate 
only the numerator IIo{u(t/W), E). We shall not carry out the estimate 
explicitly as the calculation is very similar to that of the preceding theorem. 
The only difference is that this calculation is much easier. In this case the 
basic problem is to estimate the difference M2U> — a. We easily find that 
as N —> «>

M2m -  a = 0{N~l).

The application of the local limit theorem now shows, exactly as in the 
preceding theorem, that as N  —> °°

n 0\u(x/N),  E) ~  (2irNb)-h.

This proves relation (**) and hence the entire theorem.

§6. The basic limit theorem
Let us turn now to the general asymptotic analysis of (18), §4, which 

will be used to establish the most important limit theorem of the theory.
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First we make a few preliminary remarks. The quantity N\pN(u) denotes 
the number of particles whose energies are less than u. Formula (18) gives 
the probability that this number is equal to k. According to the results of 
§3, for large N  the probability that the energy of an individual particle is 
less than u is near K(u).  If this probability were exactly K(u)  and if the 
energies of the different particles, as random variables, were mutually inde
pendent, then we would be dealing with a simple case of Bernoulli trials: 
N\pN(u) would simply be the number of successes in N  independent trials 
of a certain event (d < u) w'hose probability for each individual trial is 
K{u).  The probability that this number of successes equal k, would be

C(N, k){K(u)}k\ 1 -  K(u)}N-k,

which is just the first factor of the right side of (18). However, the particle 
energies are dependent since their sum must equal the total energy E = Na. 
The second factor

n k(u, E ) / n 0(O, E)

of the right side of (18) is a “correction factor” which takes account of 
the mutual dependence of the energies of the particles. Since this depend
ence is very weak (we have a large number N  of random variables e,- re
lated by the one equation ^2, e, = Na),  we can expect that the correction 
factor in many cases will be nearly unity. For example, in both problems 
of §5 we saw that it tends to unity under appropriate conditions. (This is 
precisely why the problems of §5 were solvable by relatively elementary 
methods.)

We now perform the detailed calculation. In this section we consider the 
number u to be constant and therefore, for brevity, we write K  instead of 
K(u).  Otherwise we retain the notation of the preceding section.

The mathematical expectation of the quantity f/N(u) is obviously equal 
to P(e, < u), which (see §3) is nearly equal to K. We shall consider at 
first only those values of k for which k /N  is nearly equal to this mathe
matical expectation and thus nearly equal to K. Let us put

(k/N) -  K  = h.

We shall assume in the following that as N —> °°
h = 0(N~h).

By using the (local) Laplace-de Moivre theorem, Lve find for the first fac
tors of the right side of (18) the asymptotic expression

C(N, k)Kk( 1 -  K )N~k
= [1 +  o(1)}[2ttN K ( \  -  K )]~* exp [ - Nh2/ 2 K (1 -  K)].

(30)
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Consider now the last (correction) factor. Its denominator, which is in
dependent of k and u, is equal to

(31) U0(0,E)  = [1 +  o(l)](2irNby\

where b denotes the dispersion of the distribution whose density is

<p(z) = A~1w(z)e~0L

Thus, for the asymptotic analysis of (18) for values of k / N  near K,  we 
have to investigate only the behavior of the numerator IIk(u, E)  of the 
correction factor. Let us recall that n*(w, E) is the density, at the point 
E = Ala, of the distribution of the sum sK of N  mutually independent 
random variables, of which the first k are distributed according to the law 
/i(z), and the remaining N  — k are distributed according to the law /2(z) 
(see §4). The mathematical expectations of these two laws were denoted in 
§4 by Mi(I) and Af2(1). For brevity we shall denote them here by Mi  and 
M2.

The second moments of these distributions will be denoted by M i 2) and 
M2t2), and their dispersions by Dx and D2 , so that

Di = M i n -  Mi ,  D, = M2W -  Mi .

Denoting the mathematical expectation and the dispersion of the sum sN 
by <sN> and DsN , respectively, and using formulas (19) and (20) of §4, 
we have

<s,v> = kMi + (N -  k)M2 = N[(K +  h)Mi  +  (1 — K  — h)M2\

= N[KMi  +  (1 -  K ) M2 + h(Mi -  M 2)] = N(a  +  hA), 

where A = Mi — M2. Further, for h = 0(A1_!)

Dsn = kDi +  (N -  k)D2

= N[(K +  h ) ( Mi 2) -  Mi )  +  (1 -  K -  h){M2m -  Mi))

= N[KMi2) +  (1 -  K ) M i 2) -  K M i  -  (1 -  K ) M i  +  0(AT4)]

= N[b +  a -  K M i  -  (1 -  K ) M i  + 0(AT4)] = ND0 +  0(N*), 

where

D0 = b + a2 -  K M i  -  (1 -  K)Mi .

Hence, D0 is constant for constant u.
To get an estimate of the quantity II*(it, E) we can now apply the local 

limit theorem since all of the conditions are satisfied (see [8; p. 228]). We 
find that
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11*0,2?) = [1 +  0(l)](2wDs„) 5 exp ( — [E — <sN>]2/2DsK)
(32)

= [1 +  o(1)](2tND0) ^  exp ( -Nt i£?/2Da).

Using the estimates (30), (31) and (32), we can put (18) in the form

P{M ») = k/N}
= [1 +  o(l)]b‘[2T2VX(l -  2?L)Do]- i exp [~Ni i { \ /2K( \  -  K)  +  A2/2D0}], 

where h = (k / N ) — K  = 0(N~*). Let us put

K(  1 -  K)D0/b = D.

Then, under the same assumption, we obtain

P{ M u )  = k / N}

= [1 +  o(l)](27rAT2))“i exp [ - N h 2{D0 +  K(  1 -  K)A2}/2bD}. 

Finally, it follows from (19) of §4 that

D0 +  2C(1 -  K ) A2 = b +  a -  K M 2 -  (1 -  K)M?

+  K ( \  -  K ) ( M 2 +  M22 -  2MlMo)

= b +  a2 -  [KM1 +  (1 -  K)M2]2 

= b.

Consequently, the dispersion of is DN~l, and we have 

P{ Mu)  = k/N}

(33) = [1 +  o(l)](2xAO))-i exp ( - Nh2/2D ),

[h =  (k/N) -  K  = 0(2\r‘)].

This relation gives us the desired local limit theorem. Since the estimate 
given by (33) obviously holds uniformly for A/N* < h < B / N \  where 
A and B (A < B)  are any constants, we can use the classical method to 
find the corresponding integral form:

T h e o r e m .  Let A and B (A <  B) be any constants. Then for constant u >  0  

and N  —> <»
pB/VD)*

P{AJ\T* < M « )  -  K(u) < BN~'‘] it ’ dz,
j  Al( 2D)!

where D depends on u, but not on N.
Using simple transformations we easily obtain the following more con

venient form for D :
D = K ( l  -  K){1 -  A2K(1 -  K)/b\.(34)
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We can infer from the beginning of this section that if the energies of the 
particles could be considered mutually independent, then the dispersion of 
\f*iv(w) would asymptotically equal K(\  — K)N~'.  Formula (34) shows, 
therefore, that taking account of the mutual dependence of the energies of the 
various particles always decreases the dispersion of ypiv(w). This could have 
been foreseen since the relation e> = 7?, which relates the energies of 
the particles, obviously leads to a negative mutual correlation between the 
energies of any pair of particles.

As in the case of the classical Laplace-de Moivre theorem, it follows 
immediately from the proof of our theorem that the limit relation holds 
uniformly with respect to A and B ( — <x> < A < B < ®). In particular, 
as N  —> °° we have

(35)
P \ M u )  -  K(u) > AN'*} -» ir~* [ e '!l dz,

• M / (2  D)i 
r B/(2D)i

P \ t s(u)  -  K(u) < BN~*} -» x~* / e 'l! dz.J— co

Finally, as the Bernoulli theorem (the law of large numbers) follows 
directly from the Laplace-de Moivre theorem, so our theorem obviously 
has the following corollary.

Corollary. For any e > 0, no matter how small, and for any constant u 
and as N  —> °o

(36) P( | ^ nIu) — K(u)  | >  e} —> 0.

§7. Probability that the energy of a particle lies in  a g iven  interval

Previously the particle energies were denoted by e i , • • • , eN and were 
arranged in an arbitrary order. Now we shall suppose that these energies 
are arranged in order of increasing magnitude, so that, for example, ei 
stands for the minimum, and eN for the maximum energy of a particle.

In §5 we studied the distributions of ei and eN ■ Using the basic limit 
theorem proved in §6 we can study, to the same accuracy, the probabilities 
that particle energies lie in given intervals. We shall devote the present 
section to this study.

Let us denote by Uk the positive number defined by the equation

K(uk) = k /N

and let us put

Uk +  AN~* = u', uk +  BN~* = u", 

where A and B (A < B) are arbitrary constants. Then, obviously



220 SYMM ETRIC FU N CTIO N S ON M U LTI-D IM EN SIO N A L SU RFACES [SU PP. VI

P{«' < e k < u"} = P{M u ' )  < k / N < M u " ) }

(37) = 1 -  P{ Mu ' )  > k/N} -  P{Mu")  < k/N}

= 1 -  P[ M u ' )  > K(uk)} -  P I Mu " )  < K(uk)}.

In order to estimate the probabilities which appear on the right side of 
this equation, let us note that

K{y! ) = K(uk) +  (v! — uk)K'(uk) +  0{{u'  — uk)2}

= K(uk) +  AN~hK'{uk) +  0 ( N ~ l).

Whence,

K(uk) = K(u') -  AN~hK'{uk) +  0(N~l).

Analogously,

K(uk) = K{u") -  BN^K' iuk)  +  0 (A -1).

Therefore, we have

P {^(« ') > K{uk)} = P{Mu' )  -  K(u') > —N~hAK' (uk) +  0(N~‘)j 

P I Mu ")  < K(uk)} = P{Mu")  -  K(u") < -N^BK' i i i k )  +  0(A “1)} 

According to the limit relations (35), §6, we easily find, as N  —> oo

P f ^ r / )  > K(uk)} — 7T 1 f  e~*2dz^>0,
J-AK'(vk){ZD)-i

P [ M u " )  < K(uk)} — / e"‘ dz-^0,
J—oo

where D depends, of course, on uk (and thus on fc). The character of this 
dependence was established in §6. Comparing these relations with (37), we 
easily find

l~BK'(uk)(2D)~i
P luh +  AN~* < ek < u k + BN~l} -  iT* e"2 d z ^ O ,

JAK'(.vk)(2D)-i

(N -» * ).

We see that for large values of N, the energy ek is approximately dis
tributed according to a normal law with mean uk and dispersion

D(uk)/N[K'(uk)f.

More definite conclusions can, of course, be obtained only by making some 
special assumptions about the growth of the index k as AT —> =c. The sim
plest and most natural assumption is that the ratio k /N  tends to a certain
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definite limit X ( 0 < X <  1), as TV —>• °o. Then, determining the number 
Mo from the equation

K(uo) = X,

we can assert that as N  —> °o, the distribution of the quantity N'{et — M o )  

tends to a normal law with mean 0 and with constant dispersion

D{u«)/[K'{u,)\\

§8. A functional lim it theorem

In §6 we established that for any constant value of u (0 < u < °o), 
the random variable \pN(u) tends in probability to K(u)  as TV —> oo. This 
is just the content of the corollary of the basic limit theorem we in
troduced at the end of §6. Now our problem is to establish the fact that 
the function f/N{u) on its entire range (i.e., for 0 < u < «=), for large N  
and with very high probability, is arbitrarily close to the function K(u).  In 
order to impart to this assertion an accurate meaning, it is of course neces
sary to define accurately the mutual distance of the functions ^ (m ) and 
K(u).  Since both functions are distributions on the half-line (0, oo), it is 
natural to look for a convenient general definition of distance between two 
such distributions. Let Fi(u) and F2(u) be two distributions on the half
line (0, oo). The simplest definition of the distance between them is the 
upper bound

sup0<„<M| Fi(u) -  F2(u) I,

and it would be easy to show that this distance between the functions f/s{u) 
and K{u)  actually tends to 0 in probability as N  —> °c. However, these 
two functions are actually much closer; and since this fact is important 
for our calculations, it will be more advantageous to introduce a somewhat 
different definition of the distance between two distributions. Let us put

Pf(Fi , F,) = sup0<K<«( | Fi(u) -  F2(u) | e^|,

where /3 is a positive constant. This definition will give us, of course, a 
certain one-parameter family of distances. Two functions, for which P$(Fi , F2) is small, must be very near to one another for large values of u 
since for p»{Fx , F2) < « we have

| Fx{u) -  F2(u) | < ee^u.

We can now prove that if /3 is sufficiently small, then for large N  the 
distance p/s(̂ w , K)  becomes arbitrarily small with a very high probability, 
and consequently the functions n̂(u) and K(u)  become extremely close 
to one another. In particular, we can prove the following proposition:
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T h e o r e m . For any e > 0 and 0 (0 < 0 < a),

, K)  > e} —> 0 (N —> ).

First we must prove the following lemma.
L e m m a .  Let e > 0 and 0 < a. Then as u —> <&, we have

P{sup„>* [(1 -  \pN{v))eBv\ > tj —>0

uniformly with respect to N.
Proof of the lemma. Let 0 < y < a. Using the lemma of §3, we have

P{e, > u} < e~yu

for any N  and for sufficiently large u. Therefore, the series (the order of 
particle enumeration is again arbitrary)

Z?-o e*P(ei > k)
converges. Since

the series

P(ei > « )  = ! — E{^at(u) |,

Z"-o eBk[l -  E{iM*)|]

also converges.
Let ee~a = e' and, for k = 0, 1, 2, • • • , let

P(1 -  M k )  >  e 'e ^ l  =  p k .

Since the Chebyshev inequality yields

vk < ( ia v * u  -  E{Mm,
the series Z ”=° P* also converges. From this we conclude that

(38) P{sup*fcr[(l -  yp„(k))eBk] > e') < J^7~rPk-^0 (r —» » ) .

If for any k > 0

[1 -  Mk) ] eBk < d,
then for k < u < k +  1

^ n(u) ^  v{k) > 1  — de B ,

and, thus,
i  # /  \  ^  r — 0k t  — / 9 ( t i — 1)1 — ^ n ( u ) < e ' e  p <  e e < ee—0u
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Hence it follows from (38) that

P{sup„>r [(l — \f/N(v))et>v] > t) —>0 ( r —> oo),

uniformly with respect to N.  This proves the lemma.
Proof of the theorem. Let A > 0 be so large that

(39) P(sup„>j[(l — 4'N(v))e0v] > e) < e/2

for any N.  This is possible in view of the above lemma. In proving the 
lemma of §3, we saw that for p < y < a and for sufficiently large v

1 -  K{v) < e~yv < ee~0v.

Therefore, for sufficiently large v it follows from

1 -  'I'n ( v )  <  e e~ 0v

that

| 4>n{v) — K(v) | < te~0v.

From (39) it further follows that for sufficiently large A

(40) P{sup„>x[ | ^ k(v) — K(v)  | ê r] > «} < «/2.

Now let s be an integer greater than 2e0A/t.  For any integer r (0 < r < s) 
let us define the positive number uT by the equation

K(ur) = (r / s )K(A ),

so that

0 = Uo < Mi < ■ ■ • < us = A.

According to the corollary (36) of the basic limit theorem of §6, we have 
for sufficiently large N

P{ | M u r) -  K(itr) | > (e/2)e~0A} < e/2s (r = 1, • • •, s)>

and, consequently [considering the fact that \Lv(0) = K(0) = 0],

(41) P{supos,^s | î jv(Mr) -  K(ur) | >  (e/2)e~0A\ < e/2.

However, if 0 < r < s, and if both inequalities

| M u r )  ~  K{ur) I < (e/2)e~0A,

I M uth) ~  K(ur+i) | <  (e/2)e~0A 

hold, then for ur < u < ur+i,
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K(u) -  K( A) / s  -  (i/2)e~0A < K(ur+l) -  K( A) / s  -  (e/2)e~^A

= K(ur) -  (e/2)e~?A < M u r )  < M u )

< Mur+i) < K{ur+l) +  (e/2)e~^A 

= K(ur) + K ( A ) / s +  (e/2)e~*A

< K(u) + K(A) / s  +  ( t/2)e~PA.

Consequently,

| M u )  -  K(u)  | < (e/2)e~0A +  I/* < te~0A < ee^u.

Therefore, it follows from (41) that

P{sup„<x [ | M « )  -  K(v) | e*] > e} < e/2.

Comparing this inequality with inequality (40), we see that for sufficiently 
large N

, £ ) > « }  = P{sup0<„<®[ | ^n{v) — K(v)  | ê v] > e) < e.

This proves our theorem. In this way we show that for sufficiently large N  
the function ypN{u) (the assignment of which is equivalent to the assign
ment of the whole set of particle energies ex , • • • , eN without regard to 
order) is over its entire range extremely close to the function K(u)  for the 
overwhelming majority of points of the given constant energy surface. 
The form oiK(u)  depends only on the structure of the particles composing 
the system (and in particular does not depend on IV).

§9. Continuous symmetric functions

Now we turn to the basic problem of our study— the behavior of sym
metric functions of the particle energies on the constant energy surfaces of 
the system. We have in mind those functions/(ei , • • • , e^) of the particle 
energies which do not depend on the order of the ei , ■ • • , eK , i.e., those 
functions which are unchanged by any permutation of the arguments.

It is obvious that the value of such a function at any point on the con
stant energy surface e\ +  • ■ • +  eN = E  is completely determined by the 
value, at this point, of the function \ n̂(u) , whose properties we developed in 
the last section. Thus, we can consider a symmetric function f(ei , • ■ ■ , e,v) 
as & functional whose argument is the distribution of fxi'u). Such a point 
of view is especially convenient for us. In fact our goal is the study of the 
behavior of f(e\ , • • • ,eN) as N  —> °° (under the condition that ei +  ■ ■ ■ +  
eN = Na).  Thus, we are actually dealing not with one function /, but with 
a whole family of such functions (one for each .V). It is therefore first neces
sary to define accurately the meaning of /(ei , • • • , eK) for any N. It is
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simplest, of course, to do this by considering /  as a functional with argu
ment \pN{u), and defining this functional directly for any discrete distribu
tion \px(u) with any finite number N  of possible values, if all these values 
have the same probability l / N  and if the arithmetical average of these 
values is equal to the constant a. Actually, as we shall see, it will be con
venient (and to a certain degree necessary) to give to such a functional a 
much broader definition which includes the set of all distributions on the 
half-line (0, <x>). So, for example, if

f(ei , • • • , eN) = ( \ / N ) ( e k +  • • • +  exk),

where k is a positive constant, we have

f (ei , ■ ■ ■ , ex) = u dipN(u), 
Jo

and there is no reason why we cannot consider the functional

(42) I uk d\p(u)

to be defined for any distribution \p(u) for which this integral converges.
Of course, this whole method is possible only if /(e i, • • • , ex) is symmet

ric for any N.
Hence, we shall consider functionals F[\p] defined at least for all distribu

tions of the form ipN(u). We shall call such a functional (and also the cor
responding symmetric function of the particle energies) continuous, if the 
difference F[<p\ — F[p\ becomes infinitely small when the distance p(<p, ip) 
between the distributions <p and ip tends to zero. It is of course clear that 
this definition of continuity of the functional depends critically on the way 
in which we define p(ip, ip). If we take, in particular, the definition

Pe(v>, 'P) =  supo<u<oc[ | <p(u) -  iP(u) I e3“]

which we used in §8, then any functional F[ip], which is continuous for some 
value of the parameter /?, will obviously be continuous for all greater values 
of /3. I t is easy to compute that for any k > 0 the linear functional (42) 
is continuous for /3 > 0 and discontinuous at = 0. It is just this fact that 
the majority of the simplest and most useful functionals are discontinuous 
at /3 = 0 (i.e., when the distance between the distributions <p and ip is de
fined simply as the upper bound of the function | <p(u) — \p(u) | ), which 
forces us to introduce the distance p$. This definition is very convenient 
for the development of the theory and, moreover, broadens considerably 
the class of continuous functionals.

Our goal is to prove that all functionals F[\p], continuous for some (not 
very large) value of /3, possess the property of “near-constancy” on con-
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stant energy surfaces. This means that at the overwhelming majority of 
points of the surface

H i - 1  e(qi , Pi) = Na,

we must show that the functional F[\f/K(u)] assumes values arbitrarily 
close (if Ar is sufficiently large) to a certain constant (which is independent 
of N  and the choice of point).

Using the theorem of §8, we see that this number will be F[K], i.e., the 
value assumed by F[fi] for = K{u).  Of course, F[yp] must be defined and 
continuous at ^ = K(u).  Actually, it is an immediate consequence of the 
theorem of §8, and our definition of continuity, that the following theorem 
is true.

T h e o r e m . Lei the functional F\\p] be defined and continuous for =  K{u) 
[and, of course, for all $ = \^k(u)] for some ft < a. Then, for any e > 0, 
no matter how small, as N  —>

P{ I F[*.v\ -  F[K] I > e} -  0.

This theorem establishes the “near-constancy” of continuous symmetric 
functions of the particle energies on multi-dimensional surfaces of constant 
energy.

§10. Generalizations of Gibbs’ theorem

At the end of §3 we proved Gibbs’ theorem. This states that the micro- 
canonical distribution of a system on the constant energy surface

H 'i-i e(?>. Pi) = E = Na
(which we now denote by S N) implies, in the limit A'’ —» °c, the so-called 
canonical distribution for an individual particle in its phase space . This 
theorem is of fundamental importance since it gives a theoretical founda
tion to the widely used and very convenient canonical method of averaging 
for a system in contact with a heat bath (i.e., freely exchanging energy 
with practically infinitely large surroundings). This theorem provides the 
method of canonical averaging with a rigorous justification. Thus, canonical 
averaging is no longer just a convenient analytical device whose validity 
is established only empirically.

In this theory, the microcanonical distribution assumption for the “largo” 
system remains as a hypothetical and incompletely justified feature. Using 
the results of the last section, we can, to a certain degree, free ourselves 
from this assumption. Instead of the microcanonical distribution hypothesis 
we can limit ourselves to a much more general assumption, which requires 
only that the distribution of the system be symmetric with respect to its 
constituent particles. (Of course, we must also assume that the distribu
tions are, in a very broad sense, continuous and bounded.)
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To establish this result, we retain all the notation of the preceding sec
tion. Let us say that the functional F[\p], which we considered in §9, is of 
'positive type, if > 0 is always true and if F[K] > 0. We shall call F[f] 
bounded, if there exists a number Q > 0, independent of N,  such that the 
microcanonical average of the quantity E2̂ *] on the surface SN satisfies

(43) [QAE)]-1 [ (F2[f„\/grad E) dXN < Q,
JSN

where dZN is the “surface” element of the surface SN , and Q.v( E) is the 
“area” of the total surface. These properties are possessed by the functionals 
most frequently met in applications, and, in particular, by all functionals 
of the form (42).

The microcanonical distribution of the system on the surface S.v is com
pletely characterized by noting that its density is proportional to 1/grad E. 
We now consider a broad class of distributions which are characterized by 
densities proportional to the expression

F[4>n)/grad E,
where F[<p\ is any positive bounded functional, continuous for some 0 < a. 
(We have a microcanonical distribution if F\f] =1 . )

Each distribution of the system on the surface S N implies a certain com
pletely defined distribution for each particle in its own phase space, l'or 
example, the distribution of the first particle can be described by giving the 
probability P(^4i £ A) that the point A\ of the phase space Tj representing 
the state of the first particle, belongs to some domain A of this space. When 
the system is microcanonicalIy distributed on the surface S N , Gibbs’ the
orem tells us that as N  —> «

P{A! € A} -> £  e~ae(qi'p° d v i / f r e ^ '(" ,Pl) rfv,,

(see the end of §3). We now prove that this limit relation holds for the 
much broader assumptions which we have made. In particular, we prove 
the following theorem:

T h e o r e m . Let F[f) be a positive bounded functional, continuous for some 
0 < a, and defined for all 4/n(u) and for K{u).  I f  the system is distributed 
on the surface SN with a density proportional to the quantity

F[<In\/grad E,

then in the limit an individual particle will be distributed canonically, i.e., 
for any domain A of the space Pi , as .V —► «

Pj/1, C A ) -► d v , / f r
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Proof. Let us first introduce certain definitions. Let SN(A) denote the 
set of all points of the surface SN for which i i  £ A (i.e., the set of all Hamil
tonian variables for which the state of the first particle defines a point A x 
of the space Ti belonging to the domain A of Ti). The probability P(Hi £ A) 
will be denoted by Pm(-4, £ A) if the distribution of the system on the sur
face S N is microcanonical, and by Ps(.4i £ A) if the distribution satisfies 
the conditions of our theorem. We obviously have

(44a)

(44b)

P M  £ A}

Ps{Ax £ A) =

= |  [ dSjv/grad E} /  \ f  dZN/grad
l-WtA) ) /  [ JsN

= [QuiE)]-1 [ dZK/grad E,
jsn(A)

[ F[\fx] dZx/gmd e \ / 1 f  F[\px] d2*/grad e \ .
JSN(.A) 1 /  \-isN

For brevity, let us put

|j f  FhM d.ZN/ grad L’j  = \ N , F[K] = F*,

so that F* > 0 as in the hypotheses of the theorem.
We have, by (44b),

(45)
Ps{Ai £ A} — Xtr f  F[\px] dZx/grad E

JSN(A)

= \atF* f  dZN/ grad E +  Xx f  (F — F*) dZN/ grad E.
JSN(A) Js x (A)Sir (A)

Let SN' and SN" denote, respectively, the parts of the surface SN at which 
I Ftytr] — F* | < e and | F[\px] — F* \ > e where e is an arbitrary positive 
constant less than F*/2. In an analogous way we define the parts SN'( A) 
and Sir"(A) in the domain SN(A). Let us also put

/JsN
dZN/grad E = QN'(E), dZ^/grad E = fix"(E).

Using the theorem of §9, we have

(46) P m\ I F[,M  -  F*\ >  e} =  nN"(E) /nN(E) ^  0 ( N - *  oc ).

Further, it is obvious that

Xx
(47)

f  (F -  F*) dZx/grad E
JSx'(A)

< eXx [ dZNf grad E = eXx&x(E). 
JsN
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On the other hand, since e < F*/2,

Xy ^  f  F[^a] d2 Ar/grad E = F*Qy (A) -(- f  (F — F*) dZy/grad E Jsp/' Jsy'
> F*Sly(E) -  £ ly (E)  > \F*Qn\E ) .

But by (46)

lb /(E)/Uy(E)  > J, 

for sufficiently large N.  Therefore,

Xa > \F*£ly(E).

Whence,

(48) X rf,(£ ) < 4/F*.

In this case, it follows from (47) that

(49) X yf (F — F*) dSjv/grad E
JSy'(A)

<  4 t / F * .

Further, for any A and sufficiently large N,  (48) and (46) give

Xat f  F* dZy/grad E < XyF* f dZy/gradE 
(50) *'Sw "(A ) ■'■Sa''

— XyF*Qy (E) — XjvF*fiAf(A)[flA- (E)/Sly{E)] < e.

Finally,

Xw [  F[<py] dZy/grad E < XN f  F[\pK] dS^/grad E
JSy"(A) JSy"

= Xy [ F d^w/grad E +  Xa [ F dS^/grad EJsv" JSv"JSy"
(f<l/0

JSy" 
(F> I/O

< (Xy/t)$ly"(E) -j- Xa f  (F dZy/grad E 
JSy"

^  (Xa/OHaC-EHUa7̂ E)/Sly(E)] -f- tXy f F dZy/gvadE.

If N  is so large that

Qa"(£ )/0 * (£ ) < £2,

then by (48)

(51) X y f  Ftyy] dZy/grad E < 4e/F* +  4eQ/F* = (Q +  l)4 e/F*.
JSy"( A)
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We now collect our results. From (50) and (51) we have

(52) W f•>S\
\ jy I (F — F*) dZN/ grad E

fSiv"(A)
< e{4(Q +  1 )/F* +  1]

But by (49) and (52), it follows from (45) that

(53) .U i  £ A) — \ nF* f  dZN/ grad E
JS,V(A)

< Be,

where B is a positive constant. This inequality is fulfilled for sufficiently 
large N  no matter what the domain A of the space T i. For A = G ,

p .U i  e a ) = i,

and we find

| 1 -  XArF*n.v(£') I < Be.

Since e is as small as we like,

\ M E ) - * 1 / F *  ( # - » « ) ,
or

XtfF* = (1 +  an) , On —► 0 {N —> °° ).

Turning to (53) and using (44a), we therefore find

| Ps(̂ 4i £ A) — (1 +  aN) Pm(Ai 6 A) | < Be.

This means that as N  —* °°

Pa(^! £ A) — Pm(A,  £ A) -a 0, 

and consequently, according to Gibbs’ theorem,

e(Ai  £ A) —> fJ A ~ a c(?i ,Pi)

W L
—ae(ql tpi ) dvi ,

which was to be proved.
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